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FINSLERIAN MECHANICAL SYSTEMS IN
CONFORMAL FINSLER SPACES

OTILIA LUNGU

Abstract. In [2] Hashiguchi studied the conformal change of a
Finsler metric, namely F (z,y) = e“®F (x,y). Since that moment
other authors studied different kind of changes. In this paper we in-
vestigate the effect of the conformal change on Finslerian mechanical
systems. We established the difference between the coefficients of the
cannonical d-connection .

1. INTRODUCTION

Let M™ be an n-dimensional differentiable manifold and F" =
(M", F(z,y)), F = (M™, F (z,y)) be two Finsler Spaces with F' and
F fundamental Finsler functions. If the agle in F" is equal to that in
F" for ay tangent vectors, than F™ is called conformal to F and the
change F' — F is called a conformal change.

In [1 ] is shown
Proposition 1.1. A Finsler space F" is conformal to a Finsler
space F if and only if there exists a scalar field ¢ (x) satisfying

(1.1) F(z,y) = eC(I)F(aj,y).
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Let (z')be the coordinates of any point of the base manifold M™
and (y') a supporting element at the same point. We use the following
notations:

0;: partial differentiation with respect to z*;

0: partial differentiation with respect to Y

(3

9ij = 390 F* the Finsler metric tensor ;

iJ
l;, = (9F the normalized supporting element;
(2
hij = gi; — l;l;: the angular metric tensor;
Cijk = %agij: the Cartan tensor;
k

G': the components of the canonical spray associated with F" =
(M™, F (z,y));

N ]’ the components of the Cartan nonlinear connection associated
with F" = (M"™, F (x,y));
5?& = 821- — Nij 8iyj: the basis vector fields of the horizontal bundle.
Let consider F™ conformal to F" The geometric objects associated
with F will be denoted by barred symbols. Consequently we have

(1-2) 9ij = 620(1)9@'3’
and
(1.3) 79 = e 2@ g,

Between the Cartan tensors Cj;;, and éijk we have

(1.4) Ciji = ¥ (Cijk + gijOkc (@) :

Since the Cartan tensors are completely symmetric we have

(1.5) gijoke () = gidjc (x) ,
which implies
(1.6) Sjc = 0.

Now, from 1.4 we get

(17) Cijk = GQC(I)Oi ik
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and

(1.8) cl, = Cl,

that is the (h)v-torsion tensor C’fk of the Cartan connection is in-
variant under the conformal change.
From Izumi [3] we know that

j = GZ -+ BihCh
(1.9) G, =Gi+bi

ol

G = Gl + by,

Bih — yiyh o %F2gih
(1.10) b; = <8jB’h> ch
b;k == ak (a]Bm> Ch.

2. PRELIMINARIES

Radu Miron introduced the notion of Finslerian mechanical system.
The author have studied different kind of such mechanical systems.|7]

A Finslerian mechanical system X is a triple Xp = (M, F? F,)
where F, = F'(z,y) 9y’ are the external forces given as a vertical
vector field on the tangent manifold T'M. One considers F™ endowed
with Cartan nonlinear connection Nand F; (x,y) = g;;F (z,y) the co-
variant components of the external forces F,. The canonical nonlinear
connection of X5 has the coefficients

‘ ° 10F"

2.1 Ni= Nt -
(2.1) J 174 oy

This nonlinear conection determines the horizontal distribution with
the property T,7M = N, &V, YVu € T M.

A local adapted basis to the horizontal and vertical vector spaces
N, and V, is ( 0. 9 ) where

S0 0

Sz Ox Loy’

(2.2)
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or, from (2.1)

o

5 _ 0 10F 0
St dxt 40y oy
The adapted cobasis is (dz’, §y’) with

(2.3)

(2.4) oy' = dy"' + Njdx?,

or, equivalently,

1OF"
403

Theorem 2.1.[ 6] . The canonical metrical d-connection has the
coefficients expressed by the generalized Christoffel symbols:

(2.5) Sy =5y — dat |

i 09si | 69sk _ 99k
ij o 2g <(51’k + dxzI dxs

i 1 _is 6953 Ogs 99k

ik = 29 ( T T oy

Theorem 2.2. The coefficients Fj;, and C%; of the canonical met-
rical d-connection are

(2.6)

F]k-i- 1gis (Cskh g7 +C]sh R +C]kh8F )

Cjk = Cik

(2.7)

3. MAIN RESULTS

In this section we investigate the effect of the conformal change 1.1
on the Finslerian mechanical systems.

Let consider X = (M, F? F,) and Y = (M, FQ,F6> two Finsle-

rian mechanical systems in conformal Finsler spaces F™ and ' . In
Yrthe covariant components of the external forces are given by

(3.1) Fi(x,y) =g, F’ (z,y) .
From (1.2) we get
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(3.2) Fi(z,y) = *F (z,y).

The canonical nonlinear connection of > has the coefficients

oG
(3.3) N, = E¥E
Using 1.9 we obtain
and from 2.1,
—i ot 19F" 9 ,_,

This nonlinear connection determines the horizontal distribution
which is supplementary to the natural vertical distribution V on the
tangent manifold.

A local adapted basis to these distributions is (%, (;;) where

5 _ 0 0

(3.6)

sz O oyl
Using (3.5) we get
(3.7)
S5 9 i 10FF O 9, 0 & 10F & 0Bl 0
T = . . - . T = BJ -, = 3 — . h—
drt Ot N]+4 oyl Oyt Oyt (Bien) oy’ R oyl Oy’ e oyt Oy’
or
5 5 .0
(38) doxt  oat i oy’
with
. i J
(3.10) pi, = Lo _ 9B

i g gy M oyl
The adapted cobasis is (dxi,gyi) with
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(3.11) oy, = dy' +N§-d9€j.
From (3.5) ,(3.11) and (3.10) we obtain

(3.12) Sy = 8y — Diydad.
Theorem 3.1. The local coeflicients of the canonical metrical d-
connection of ¥ are

(3.13)

59, _ (hik (2@ g,;) = (52 + Diﬁ@f?) () gy;) =

(3.14) ort . »
— 620(96)014951' + eQC(x)% + e?c(m)Dljh agygij
and
8] _ 7 (@), \ — 2c(z)YIs]
(3.15) oyt OyF (*Wgy) = > o

In conclusion the developped expression of the coefficients sz and

Cx 1s given in the next theorem:
Theorem 3.2. The canonical metrical d-connection of ¥4 has the
coefficients

(3.16)
-t i i i Ogsi . 8.

{ Fio=Fj + 39" [(Ckgsj + ¢igsk — CsGjk) + (Dih T thaagT‘f — Df, agyjfﬂ
Cjk = ]Zk
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