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1. INTRODUCTION

Semi-open sets, preopen sets, a-open sets and [-open sets play an
important role in the researching of generalizations of continuity of
functions and multifunctions in topological spaces and bitopological
spaces. By using these sets, many authors introduced and studied
various types of modifications of continuity in bitopological spaces.

The notions of (7, j)-semi-open sets [20], (7, j)-preopen sets [11],
(i, 7)-a-open  sets [12], (i, j)-semi-preopen sets [14]; (i, 7)-semi-
continuity, (¢, j)-precontinuity, (4, j)-a-continuity and (i, j)-semipre-
continuity are introduced and investigated in bitopological spaces.

Keywords and phrases: m-structure, m-space, bitopological space,
multifunction, (7, m)-continuous, ultra continuous.
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On the other hand, the notions of quasi-open sets or 7;7-open sets
9], [21], [37], [38], quasi-semi-open sets [15], quasi preopen sets [30],
quasi-a-open sets [39], quasi-semipreopen sets [39]; quasi-continuity,
quasi-semi-continuity, quasi precontinuity, quasi a-continuity and
quasi semiprecontinuity are introduced and studied in bitopological
spaces.

As variations of quasi-open sets and quasi-continuity, the notions
of (1,2)-semi-open sets, (1,2)-preopen sets, (1,2)-a-open sets; (1,2)-
semi-continuity, (1,2)-precontinuity, and (1,2)-a-continuity are intro-
duced in [16]. The notions of (1,2)-semi-preopen sets and (1,2)-semi-
precontinuity are introduced and studied in [17].

Similarly, the notions of (1,2)*-semiopen sets, (1,2)*-preopen sets,
(1,2)*-a-open sets, (1,2)*-semi-preopen sets; (1,2)*-semi-continuity,
(1,2)*-precontinuity, (1,2)*-a-continuity, and (1,2)*-semi-precontinuity
are introduced in [36].

The present authors introduced and investigated the notions of mini-
mal structures, m-spaces [31] and [33], m-continuity [33], M-continuity
[31] and (7, m)-continuity [34] for functions. In this paper, we intro-
duce the notion of upper/lower (7, m)-continuous multifunctions as
multifunctions from a topological space (X, 7) into an m-space (Y, m).
The notion of (7, m)-continuous multifunctions is a generalization of
the notions of (7,m)-continuous functions [34] and ultra continuous
multifunctions due to Navalagi et al. [26]. In the last section, we
transfer the study of a multifunction F' from a topological space (X, 7)
into a bitopological space (Y, 01.02) to the study of a (7, m)-continuous
multifunction F' : (X,7) — (Y, m(01.02)). Then such multifunctions
enable us to obtain the unified theory of many generalizations of ultra-
continuous multifunctions.

2. PRELIMINARIES

Let (X, 7) be a topological space and A a subset of X. The closure of
A and the interior of A are denoted by Cl(A) and Int(A), respectively.
Let (X, 71, 72) be a bitopological space and A be a subset of X. The
closure and the interior of A with respect to 7; are denoted by iCl(A)
and ilnt(A), respectively, for i = 1, 2.

Definition 2.1. Let (X, 7) be a topological space. A subset A of X
is said to be

(1) semi-open [18] if A C Cl(Int(A)),

(2) preopen [23] if A C Int(Cl(A)),
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(3) a-open [27] if A C Int(Cl(Int(A))),
(4) B-open [1] or semi-preopen [3] if A C Cl(Int(C1(A))).

The family of all semi-open (resp. preopen, a-open, -open) sets in
(X, 7) is denoted by SO(X) (resp. PO(X), a(X), B(X) or SPO(X)).

Definition 2.2. The complement of a semi-open (resp. preopen, a-
open, (-open) set is said to be semi-closed [5] (resp. preclosed [23],
a-closed [24], f-closed [1] or semi-preclosed [3]).

Definition 2.3. The intersection of all semi-closed (resp. preclosed,
a-closed, -closed) sets of X containing A is called the semi-closure [5]
(resp. preclosure [10], a-closure [24], B-closure [2] or semi-preclosure
[3]) of A and is denoted by sCIl(A) (resp. pCl(A), aCl(A), sCI(A) or
spClL(A)).

Definition 2.4. The union of all semi-open (resp. preopen, a-open,
[-open) sets of X contained in A is called the semi-interior (resp.
preinterior, a-interior, B-interior or semi-preinterior) of A and is de-

noted by sInt(A) (resp. pInt(A), alnt(A), sInt(A) or splnt(A)).

Throughout the present paper, (X, 7) and (Y, o) (or simply X and
Y') denote topological spaces and F : X — Y (resp. f: X — Y)
presents a multivalued (resp. singlevalued) function. For a multifunc-
tion F' : X — Y, we shall denote the upper and lower inverse of a
subset B of Y by F™(B) and F~(B), respectively, that is,

FH(B)={r€ X :F(xr) C B} and
F~(B)={x € X : F(x)NB # 0}.

3. MINIMAL STRUCTURES

Definition 3.1. A subfamily my of the power set P(X) of a nonempty
set X is called a minimal structure (briefly m-structure) on X [31], [32]
if ) € my and X € my.

By (X, mx), we denote a nonempty subset X with a minimal struc-
ture my on X and call it an m-space. Each member of my is said to
be mx-open (briefly m-open) and the complement of an mx-open set
is said to be mx-closed (briefly m-closed).

Remark 3.1. Let (X, 7) be a topological space. Then the families T,
SO(X), PO(X), a(X), B(X), SPO(X) are all m-structures on X.
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Definition 3.2. Let X be a nonempty set and my an m-structure on
X. For a subset A of X, the myx-closure of A and the myx-interior of
A are defined in [22] as follows:

(1) mCl(A) =({F:ACF, X\ F €myx},

(2) mInt(A) = | {U : U C A, U € mx}.

Remark 3.2. Let (X, 7) be a topological space and A a subset of X.
If my = 7 (resp. SO(X), PO(X), a(X), B(X), SPO(X)), then we
have

(1) mCl(A) = CI(A) (resp. sCl(A), pCl(A4), aCl(A4), zCl(A),
spCl(A)),

(2) mInt(A) = Int(A) (resp. slnt(A), pInt(A), alnt(A), zlnt(A),
spInt(A)).

Lemma 3.1. (Maki et al. [22]) Let X be a nonempty set and mx an
m-structure on X. For subsets A and B of X, the following properties
hold:

(1) mCl(X \ A) = X \ mInt(A) and mInt(X \ A) = X \ mCI(A),

(2) If (X \ A) € mx, then mCl(A) = A and if A € mx, then
mlnt(A) = A4,

(3) mC1(0) = 0, mCl(X) = X, mInt(D) = 0 and mInt(X) = X,

(4) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),

(5) A C mCl(A) and mInt(A) C A,

(6) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A).

Lemma 3.2. (Popa and Noiri [32]) Let (X, mx) be an m-space and
A a subset of X. Then x € mC1(A) if and only if UN A # 0 for every
U € mx containing .

Definition 3.3. An m-structure my on a nonempty set X is said to
have property B [22] if the union of any family of subsets belonging to
myx belongs to mx.

Remark 3.3. Let (X, 7) be a topological space. Then the families T,
SO(X), PO(X), a(X), B(X), and SPO(X) have property B.

Lemma 3.3. (Popa and Noiri [35]) Let X be a nonempty set and mx
an m-structure on X satisfying property B. For a subset A of X, the
following properties hold:

(1) A € mx if and only if mInt(A) = A,

(2) A is mx-closed if and only if mCl(A) = A,

(3) mInt(A) € mx and mCl(A) is mx-closed.

Definition 3.4. A function f : (X, 7) — (Y, my) is said to be (7,m)-
continuous [34] at x € X if for each V' € my containing f(x), there
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exists U € 7 containing x such that f(U) C V. The function f :
(X, 7) — (Y, my) is said to be (1, m)-continuous if it has the property
at each point z € X.

Theorem 3.1. (Popa and Noiri [34]) For a function f : (X,7) —
(Y, my), the following properties are equivalent:

(1) fis (1, m)-continuous;

(2) (V) is open in X for every V € my;

(3) f(CI(A)) C mCI(f(A)) for every subset A of X;

(4) CI(f~4(B)) C f~YmCl(B)) for every subset B of Y;

(5) f~H(mInt(B)) C Int(f~*(B)) for every subset B of Y;

(6) f~H(K) is closed for every m-closed set K of Y.

4. (T,m)-CONTINUITY FOR MULTIFUNCTIONS

Definition 4.1. A multifunction F : (X, 7) — (Y, my) is said to be

(1) upper (1, m)-continuous at x € X if for each V' € my containing
F(z), there exists U € 7 containing « such that F(U) C V,

(2) lower (1, m)-continuous at x € X if for each V' € my such that
F(z)NV # 0, there exists U € T containing x such that F(u)NV # ()
for every u € U,

(3) upper/lower (1, m)-continuous if F' has this property at each
r e X.

Theorem 4.1. For a multifunction F : (X,7) — (Y, my), where my
has property B, the following properties are equivalent:

(1) F is upper (1, m)-continuous at x € X ;

(2) v € Int(F'*(V)) for each m-open set V of Y containing F(x);

(3) © € F~(mCl(B)) for every subset B of Y such that x €
CI(F~(B));

(4) * € Int(F*(B)) for every subset B of Y such that © €
F*(mInt(B)).

Proof. (1) = (2): Let V be any m-open set V of Y containing
F(z). There exists an open set U containing x such that F(U) C V.
Then z € U C F*(V). Since U is open, we have x € Int(F*(V)).

(2) = (3): Suppose that B is any subset of Y such that = €
CI(F~(B)). Since my has property B, by Lemma 3.3 mCIl(B) is my-
closed. Suppose that z ¢ F~(mCl(B)). Thenz € X — F~ (mCl(B)) =
FT(Y —mCl(B)). This implies that F(z) C Y — mCl(B). Since Y —
mCl(B) is an my-open set, by (2) we have € Int(F* (Y —mCl(B))) =
Int(X — F~(mCl(B))) = X — CI(F (mCl(B))) € X — Cl(F~(B)).
Hence x ¢ CI(F~(B)).
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(3) = (4): Let B be any subset of Y such that x € F*(mlnt(B)).
Suppose that « ¢ Int(F*(B)). Then z € X — Int(F*(B)) = Cl(X —
FH*(B)) = Cl(F (Y — B)). By (3) we have x € FF~(mCl(Y — B)) =
F~(Y —miInt(B)) = X — F"(mInt(B)). Hence x ¢ F*(mInt(B)).

(4) = (1): Let V be any m-open set of Y containing F'(z). Since
my has property B, V.= mInt(V) and z € F*(V) = F*(mInt(V)).
Then, by (4), x € Int(F™(V)). Therefore, there exists U € 7 contain-
ing = such that U C F*(V). Hence F(U) C V. This shows that F is
upper (7, m)-continuous at x € X.

Theorem 4.2. For a multifunction F : (X,7) — (Y, my), where my
has property B, the following properties are equivalent:

(1) Fis lower (T, m)-continuous at x € X;

(2) x € Int(F~(V)) for each m-open set V of Y such that F(x)NV #
0:

(3) © € Ft(mCl(B)) for every subset B of Y such that x €
CI(F(B));

(4) x € Int(F'~(B)) for every subset B of Y such that x €
F~(mInt(B));

(5) x € Fr(mCl(F(A))) for every subset A of X such that x €
Cl(A).

Proof. We prove only implications (3) = (5) = (4), being the
proofs of the other are similar as in Theorem 4.1.

(3) = (5): Let A be any subset of X such that z € CI(A). Since
Cl(A) C CI(F*(F(A)), by (5) we have z € F(mCI(F(A))).

(5) = (4): Let B be any subset of Y such that z € F~(mInt(B ))
Suppose that « ¢ Int(F~(B)). Then z € X — Int(F~(B)) = Cl(X
F~(B)) = Cl(F*(Y — B)). Then by (5), x € Fr(mClF(F*(Y
B))) € Ft(mCl(Y — B)) = FT(Y —mlnt(B)) = X — F~ (mInt(B)).
Hence z ¢ F~(mInt(B)).

Corollary 4.1. For a function f : (X,7) — (Y, my), where my has
property B, the following properties are equivalent:

(1) fis (1, m)-continuous at x € X ;

(2) x € Int(f~1(V)) for each m-open set V of Y containing f(z);

(3) x € f~HmCl(B)) for every subset B of Y such that z €
CUf(B));

(4) x € Int(f~Y(B)) for every subset B of Y such that r €
f~ (mnt(B));

(5) x € f~H(mCl(f(A))) for every subset A of X such that x €
Cl(A).
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Theorem 4.3. For a multifunction F : (X,7) — (Y, my), where my
has property B, the following properties are equivalent:

(1) F is upper (1, m)-continuous;

(2) FT(V) is open in X for every V € my;

(3) F~(K) for closed in X every my-closed set K;

(4) C{(F~(B)) C F~(mCl(B)) for every subset B of Y;

(5) F*(mInt(B)) C Int(F*(B)) for every subset B of Y.

Proof. This follows from Theorem 3.1 of [28].

Theorem 4.4. For a multifunction F : (X, 7) — (Y, my), where my
has property B, the following properties are equivalent:

(1) F is lower (T, m)-continuous;

(2) F~(V) is open in X for every V € my;

(3) FT(K) is closed in X for every my-closed set K;

(4) CI(F*(B)) Cc F*(mCl(B)) for every subset B of Y;

(5) F(CI(A)) € mCI(F(A)) for every subset A of X;

(6) F~(mInt(B)) C Int(F~(B)) for every subset B of Y.

Proof. This follows from Theorem 3.2 of [28].

Remark 4.1. By Theorem 4.4, we obtain Theorem 3.1 for the single
valued functions.

For a multifunction F' : (X,7) — (Y, my), we define D} (F) and
D_ (F) as follows:

D} (F) = {z € X : F is not upper (7, m)-continuous at = € X },
D. (F)={z € X : F is not lower (7, m)-continuous at z € X }.

Tm

Theorem 4.5. For a multifunction F : (X,7) — (Y, my), where my
has property B, the following equalities hold:
DEL(F) = Ugem, {F7(G) — Int(FT(G))}
= Upepo{F (mInt(B)) — Int(F(B))}
= Upepm {CI(F(B)) — F~(mCI(B))}
=Uper {CUF~(H)) — F~(H)}, where
P(Y) is the family of all subsets of Y,
F is the family of all m-closed sets of (Y, my).

Proof. We shall show only the first equality and the last equality
since the proofs of other are similar to the first.

Let z € D} (F). Then, by Theorem 4.1, there exists V € my
containing F'(z) such that x ¢ Int(F*(V')). Therefore, we have

v € FH(V) = Int(F+(V)) € Ugen, AF*(G) — Int(F*(G))}.
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Conversely, let © € Ugep, {F7(G) — Int(F7(G))}. Then there exists
V' € my such that x € F*(V) — Int(F*(V)). By Theorem 4.1, x €
DY, (F)
We prove the last equality.
Uner {CIF(H)) — F~(H)} C
Uperm) {CUEF™(B)) — F~(mCI(B))} = Df,(F).

Conversely, since my has property B, by Lemmas 3.1 and 3.3 we have

D2,(F) = Upepr (CUF~(B) = F-(mCL(B))} € Uger
{CU(F~ (1)) — F~(H)}.

Theorem 4.6. For a multifunction F : (X,7) — (Y, my), where my
has property B, the following equalities hold:
D2 (F) = Ugemy, {F7(G) — Int(F7(G))}
= Upepor{F (mnt(B)) — Int(F~(B))}
= Uperpn{CLEFT(B)) — FF(mCL(B))}
= Uaepx{Cl(A) — FF(mCL(F(A)))}
= Uper {CUF*(H)) — F*(H)}, where
P(X) is the family of all subsets of X,
P(Y) is the family of all subsets of Y,
F is the family of all m-closed sets of (Y, my).

Proof. The proof is similar to that of Theorem 4.5.

Let (X,7) be a topological space and (Y, my) an m-space. For a
function f: (X, 7) — (Y, my), we define D, (f) as follows:

D, (f) = {x € X : f is not (7,m)-continuous at = }.

Corollary 4.2. For a function f : (X,7) — (Y, my), where my has
property B, the following equalities hold:
Dro(f) = Ugem A7 ( ) — Int(f~1(G))}
= Upepon{/ ™ (mInt(B)) — Int(f~1(B))}
= UBeP(Y {CI(f~1(B)) — fH(mCB))}
= Uaep{CUA) — fH(mCI(f(A)))}
= Uper {CUfTH(H)) — f~H(H)}, where
P(X) is the family of all subsets of X,
P(Y) is the family of all subsets of Y,
F is the family of all m-closed sets of (Y, my).

Theorem 4.7. For a multifunction F : (X,7) — (Y,my), DI (F)
(resp. D, (F)) is identical with the union of the frontiers of the upper
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(resp. lower) inverse images of m-open sets of Y containing (resp.
meeting) F(z).

Proof. We shall prove the first case since the proof of the second
is similar.
Let x € D, (F). Then, there exists an m-open set V of Y containing
F(x) such that UN (X — F*(V)) # () for every open set U containing
x. By Lemma 3.2, we have z € mCl(X — F*(V)). On the other hand,
since z € FH(V) C CI(F*(V)) and hence z € Fr(F*(V)).

Conversely, suppose that F' is upper (7, m)-continuous at z € X.
Then, for any m-open set V' of Y containing F'(x), there exists U € T
containing x such that F(U) C V; hence x € U C F* (V). Therefore,
we have ¢ € U C Int(F*(V)). This is contrary to the fact that
x € Fr(FT(V)).

Corollary 4.3. For a function f : (X, 7) = (Y, my), Dm(f) is iden-
tical with the union of the frontiers of the inverse images of m-open
sets of Y containing f(z).

Definition 4.2. Let S be a subset of an m-space (Y, my). A point
y € Y is called an mg-adherent point of S if mCl(V)N.S # () for every
my-open set V' containing y.

The set of all my-adherent points of S is called the mg-closure of
S and is denoted by mCly(S). If S = mCly(S), then S is said to be

mg-closed. The complement of an mg-closed set is said to be mg-open.

Remark 4.2. Let S be a subset of a topological space (X, 7) and
mx = 7 (resp. SO(X),PO(X)), then mCly(S) = Clp(S) [41] (resp.
sCly(5) [6], pCly(S) [29]).

Lemma 4.1. (Popa and Noiri [35]) Let S be a subset of an m-space
(Y,my). If my satisfies property B, then mCly(S) is my-closed for
every subset S of Y.

Definition 4.3. An m-space (Y, my) is said to be m-regular [35] if for
each my-closed set F' and each y ¢ F', there exist disjoint my-open
sets U and V such that y € U and F C V.

Remark 4.3. Let (X, 7) be a topological space and my = 7 (resp.
SO(X), PO(X)). Then m-regularity coincides with regularity (resp.
semi-regularity [7], pre-regularity [29]).

Lemma 4.2. (Popa and Noiri [35]) Let (Y, my) be an m-regular space.
Then every m-open set is mg-open.
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Theorem 4.8. Let (Y, my) be an m-regular space, where my has prop-
erty B. Then, for a multifunction F : (X, 7) — (Y, my), the following
properties are equivalent:

(1) F'is upper (T, m)-continuous;

(2) F~(mCly(B)) is closed in X for every subset B of Y;

(3) F~(K) is closed in X for every my-closed set K of Y;

(4) FT (V) is open in X for every mg-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y. Then by Lemma
4.1, mCly(B) is m-closed in Y and by Theorem 4.3, F'~(mCly(B)) is
closed in X.

(2) = (3): Let K be a mp-closed set of Y. Then K = mCly(K) and
by (2) F~(K) is closed in X.

(3) = (4): Let V be an my-open set of Y. Then Y —V is myp-closed
and hence F~ (Y — V) =X — F*(V) is closed in X. Hence F*(V) is
open in X.

(4) = (1): Let V be any m-open set of Y. Since (Y, my) is m-
regular, by Lemma 4.2 V' is mg-open. By (4), F(V) is open in X and
by Theorem 4.3 F' is upper (7, m)-continuous.

Theorem 4.9. Let (Y, my) be an m-reqular space, where my has prop-
erty B. Then, for a multifunction F : (X, 7) — (Y, my), the following
properties are equivalent:

(1) F is lower (T, m)-continuous;

(2) FT(mCly(B)) is closed in X for every subset B of Y;

(3) FY(K) is closed in X for every my-closed set K of Y;

(4) F~(V) is open in X for every mg-open set V of Y.

Proof. The proof is similar to that of Theorem 4.8.

Let (Y,my) be an m-space. By mCI(F) : (X,7) — (Y, my), we
denote a multifunction defined by mCI(F)(xz) = mCIl(F(z)) for each
reX.

Lemma 4.3. Let F : (X,7) — (Y,my) be a multifunction. Then
(mCI(F))~ (V) = F~(V) for every m-open set V of Y.

Proof. Let V be any m-open set of Y and z € (mCIl(F))~ (V).
Then mCIl(F(z)) NV # () and there exists y € Y and y € mCI(F(z)).
Since V' is m-open, by Lemma 3.2 VN F(x) # () and hence x € F~ (V).
This shows that (mCI(F))= (V) C F~(V).

Conversely, let z € F~(V). Then we have ) # F(z) NV C
mCIl(F(z)) NV and hence x € (mCI(F))~ (V). This shows that
F~(V) c mCl(F(z))~ (V).
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Theorem 4.10. A multifunction F : (X,7) — (Y,my) is lower
(1, m)-continuous if and only if mCl(F) : (X,7) — (Y, my) is lower
(1, m)-continuous.

Proof. Let F' be lower (7, m)-continuous and V' € my. Then, by
Theorem 4.4 F~(V) is open in X. By Lemma 4.3, (mCIl(F))~ (V) =
F~(V) is open and by Theorem 4.4 mCI(F’) is lower (7, m)-continuous.
Similarly, if mCI(F') is lower (7, m)-continuous, F' is lower (7,m)-
continuous.

Definition 4.4. An m-space (Y, my) is said to be m-compact [28] if
every cover of Y by m-open sets of Y has a finite subcover. A subset
B of (Y, my) is said to be m-compact if every cover of B by m-open
sets of Y has a finite subcover.

Theorem 4.11. If F' : (X,7) — (Y,my) is an upper (7,m)-
continuous surjective multifunction such that F(x) is m-compact for
each x € X and (X, 1) is compact, then (Y, my) is m-compact.

Proof. The proof follows from Corollary 3.1 of [28].

5. MINIMAL STRUCTURES IN BITOPOLOGICAL SPACES

In this section, we recall four types of generaliztions of open sets
in bitopological spaces. Every family belonging to these types is an
m-space having property B.

A. (i,7)mx-open sets.

Definition 5.1. A subset A of a bitopological space (X, 7y, 72) is said
to be
(1) (z,7)-semi-open [20] if A C jCl(ilnt(A)), where ¢ # j, i, j = 1,
2,
(2) (i,7)-preopen [11] if A C iInt(jCl(A)), where i # j, i, j = 1, 2,
(3) (4,4)-a-open [12] if A C ilnt(jCl(ilnt(A))), where ¢ # j, i, j =
1,2
(4) (i, j)-semi-preopen (briefly (i, j)-sp-open) [14] if there exists an
(1, 7)-preopen set U such that U C A C jCI(U), wherei # j,i,j = 1, 2.

The family of all (7, j)-semi-open (resp. (i,j)-preopen, (i,7)-a-
open, (1, j)-sp-open) sets of (X, 71, 72) is denoted by (7, j)SO(X) (resp.
(¢,5)PO(X), (i,5)a(X), (i,j)SPO(X)).

Remark 5.1. Let (X, 7y, 72) be a bitoppological space and A a subset
of X. Then (i,7)SO(X), (¢,7)PO(X), (i, j)a(X), and (i,7)SPO(X)
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are all minimal structures on X. If (¢,7)mx = (i,7)SO(X) (resp.
(i, 7)PO(X), (4,7)a(X), (i, 7)SPO(X)), then

(1) (Zuj)mCI(A) = (Zvj)_SCI(A) (l"eSp. (27])_1301(*’4)7 (2,])—0&01(14),
(i,4)-spCI(A)),

(2) (4,j)mInt(A) = (i,75)-sInt(A) (resp.  (4,7)-pInt(A), (i,7)-
alnt(A), (4, 7)-spInt(A)).

Remark 5.2. Let (X, 7, 7) be a bitopological space.

(1) Let (i,5)mx = (i,7)SO(X) (resp. (i,7)(X)). Then by Lemma
3.1 we obtain the results established in Theorem 13 of [20] (resp. The-
orem 3.6 of [25]).

(2) Let (i, j)mx = (i, )SO(X) (resp. (i, /)PO(X), (i,7)(X),
(7,7)SPO(X)). Then by Lemma 3.2 we obtain the result established
in Theorem 15 of [19] (resp. Theorem 3.5 of [14], Theorem 3.5 of [25],
Theorem 3.5 of [14]).

Remark 5.3. Let (X, 71, 7) be a bitopological space.

(1) (4,7)SO(X) (vesp. (i, 5)PO(X), (i, j)a(X), (i, 7)SPO(X)) is an
minimal structure on X satisfying B by Theorem 2 of [20] (resp. The-
orem 4.2 of [13] or Theorem 3.2 of [14], Theorem 3.2 of [25], Theorem
3.2 of [14]).

(2) Let (i,f)mx = (1,)SO(X) (resp. (i, /)PO(X), (i, )a(X),
(7,7)SPO(X)). Then by Lemma 3.3 we obtain the result established
in Theorem 1.13 of [19] (resp. Theorem 3.5 of [14], Theorem 3.6 of
[25], Theorem 3.6 of [14]).

B. Quasi m-open sets.

Definition 5.2. A subset A of a bitopological space (X, i, 72) is said
to be

(1) quasi open [9], [21] or Tyo-open [37], [38] if A = B UC, where
B e and C € 7,

(2) quasi semi-open [15] if A = B U C, where B € SO(X,7) and
C € SO(X, 1),

(3) quasi preopen [30] if A = B U C, where B € PO(X,n) and
C € PO(X, 1),

(4) quasi semipreopen [40] if A = BUC, where B € SPO(X, 1) and
C € SPO(X, ),

(5) quasi a-open [39] if A = BUC, where B € o(X, 1) and C €
OZ(X, 7'2).

The family of all quasi open (resp. quasi semi-open, quasi
preopen, quasi semipreopen, quasi a-open) sets of a bitopological



SOME GENERALIZATIONS OF ULTRA CONTINUOUS MULTIFUNCTIONS 17

space (X, 7, 72) is denoted by QO(X), mm(X) or (1,2)O(X) (resp.
QSO(X), QPO(X), QSPO(X), Qa(X)).

Definition 5.3. Let (X, 71, 72) be a bitopological space and m (resp.
m?%) an m-structure on the topological space (X, 7;) (resp. (X, 7)).
The family

gnx ={AC X : A= BUC, where B € m} and C € m% }

is a minimal structure on X and hence is called a quasi m-structure
on X. Each member of gmy is said to be quasi mx-open (or briefly
quasi m-open). The complement of a quasi mx-open set is said to be
quasi mx-closed (or briefly quasi m-closed).

Remark 5.4. Let (X, 1, 7) be a bitopological space.

(1) If m% and m% have property B, then gmy is an m-structure
with property B.

(2) If my = 7 and m% = 7 (resp. SO(X,7) and SO(X, 1),
PO(X, ) and PO(X,72), SPO(X, 1) and SPO(X, 1), a(X, 1) and
a(X, 1)), then gmx = QO(X), m72(X) or (1,2)0(X) (resp. QSO(X),
QPO(X), QSPO(X), QaO(X)).

(3) Since SO(X, 7;) (resp. PO(X,7;), SPO(X, 7;) and (X, 7;)) has
property B for i = 1, 2, QSO(X) (resp. QPO(X), QSPO(X) and
QaO(X)) has property B.

Definition 5.4. Let (X, 7, 72) be a bitopological space. For a subset
A of X, the quasi mx-closure of A and the quasi mx-interior of A are
defined as follows:

(1) qmCl(A) = {F: AC F, X — F € gmx },

(2) qmInt(A) = U{U : U C A,U € gmx}.

Remark 5.5. Let (X, 7, 7) be a bitopological space and A a sub-
set of X. If gmx = QO(X) (resp. QSO(X), QPO(X), QSPO(X),
QaO(X)), then we have

(1) qmCl(A) = CI1(A) [38] (resp. qsCl(A) [15], qpCl(A) [30],
qspCl(A) [40], qaCl(A) [39]),

(2) qmInt(A) = qlnt(A) (resp. gsInt(A), gpInt(A), gsplnt(A),
qalnt(A)).
The notations qCI(A) and qlnt(A) are also denoted by mmCl(X) (or
(1,2)CI(A)) and myeInt(X) (or (1,2)Int(A)), respectively.

C. (1,2)*-mx-open sets

Definition 5.5. A subset A of a bitopological space (X, 7y, 72) is said
to be
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(1) (1,2)*-semi-open [36] if A C 7 72Cl(Ty72Int(A)),

(2) (1,2)*-preopen [36] if A C mymeInt(m72Cl(A)),

(3) (1,2)*-a-open [36] if A C mymeInt(m72Cl(Tim2Int(A))),

(4) (1,2)*-semi-preopen [36] if A C 7y 72Cl(T17oInt(m72Cl(A))).

The complement of a (1,2)*-semi-open (resp. (1,2)*-preopen,
(1,2)*-a-open, (1,2)*-semi-preopen) set is said to be (1,2)*-semi-
closed (resp. (1,2)*-preclosed, (1,2)*-a-closed, (1,2)*-semi-preclosed).

The family of all (1,2)*-semi-open (resp. (1,2)*-preopen, (1,2)*-
a-open, (1,2)*-semi-preopen) sets is denoted by (1,2)*SO(X) (resp.
(1,2)'PO(X), (1,2)°a(X), (1,2)*SPO(X))

Remark 5.6. Let (X, 71, 72) be a bitopological space and A a subset
of X.

(1) The families (1,2)*SO(X), (1,2)*PO(X), (1,2)*a(X), and
(1,2)*SPO(X) are all m-structures with property 5.

(2) By (1,2)*my, we denote each member of the above five
familes and call it an m-structure determinded by 7, and 7. Let

(1,2)*mx = 1120(X) (resp. (1,2)*SO(X), (1,2)*PO(X), (1,2)* a(X),

(1,2)*SPO(X)), then we have

(1) (1,2)*mCl(A) = mCI(A) (resp. (1,2)*sCl(A), (1,2)*pCl(A),
(1,2)°aCI(A), (1,2)spCl(4))

(i) (1,2)*mInt(A) = mmeInt(A) (resp. (1,2)*sInt(A), (1,2)*pInt(A),
(1,2)* aInt( ), (1,2)*spInt(A)).

(3) Since each one of (1,2)*mx has property B, by Lemma 3.3 we
have

(i) Ais (1,2)*mx-closed if and only if (1,2)*mCIl(A) = A,

(ii) A is ( 2) mx-open if and only if (1,2)* mInt(A) =A
for (1,2)*mx = 720(X) (resp. (1,2)*SO(X), (1,2)*PO(X),
(1.2)"0(X), (1,2)"SPO(X)).

(4) By Lemma 3.2, we obtain the result established in Proposition
2.2(ii) of [38].

(5) By Lemma 3.1, we obtain the relations between (1,2)*mCI(A)
and (1,2)*mInt(A).

D. (1,2)mx-open sets.

Definition 5.6. A subset A of a bitopological space (X, 7y, 72) is said
to be

(1) (1,2)-semi-open [16] if A C 17Cl(m1Int(A)),

(2) (1,2)-preopen [16] if A C 7Int(my2CL(A)),

(3) (1,2)-a-open [16] if A C 7Int(my7Cl(7Int(A))),

(4) (1,2)-semi-preopen [17] if A C 1 7Cl(T1Int(mm2Cl(A))).
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The complement of (1,2)-semi-open (resp. (1,2)-preopen, (1,2)-a-
open, (1,2)-semi-preopen) set of X is said to be (1,2)-semi-closed (resp.
(1,2)-preclosed, (1,2)-a-closed, (1,2)-semi-preclosed). The intersection
of all (1,2)-semi-closed (resp. (1,2)-preclosed, (1,2)-a-closed, (1,2)-
semi-preclosed) sets containing A is called the (1,2)-semi-closure (resp.
(1,2)-preclosure, (1,2)-a-closure, (1,2)-semi-preclosure) of A and is de-
noted by (1,2)sCI(A) (resp. (1,2)pCl(A), (1,2)aCl(A), (1,2)spCl(A)).
The union of (1,2)-semi-open (resp. (1,2)-preopen, (1,2)-a-open, (1,2)-
semi-preopen) sets of X contained in A is called the (1,2)-semi-interior
(resp. (1,2)-preinterior, (1,2)-a-interior, (1,2)-semi-preinterior) of
A and is denoted by (1,2)sInt(A) (resp. (1,2)pInt(A), (1,2)alnt(A),
(1,2)spInt(A)).

The collection of all (1,2)-semi-open (resp. (1,2)-preopen, (1,2)-a-
open, (1,2)-semi-preopen) sets of X is denoted by (1,2)SO(X) (resp.
(1,2)PO(X), (1,2)a0(X), (1,2)SPO(X)).

Remark 5.7. Let (X, 71, 72) be a bitopological space and A a subset
of X.

(1) The families 770(X), (1,2)SO(X), (1,2)PO(X), (1,2)a0(X)
and (1,2)SPO(X) are all m-structures on X having property B.

(2) By (1,2)mx, we denote each one of the above families and call
it an m-structure determined by the topologies 7 and 7 on X. If
(1.2)mx = 7mO(X) (resp. (1,2)SO(X), (12)PO(X), (12)a0(X),
(1,2)SPO(X)), then we have

(i) (1,2)mCl(A) = mnCl(A) (resp. (1,2)sCl(A4), (1,2)pCl(A),
(1,2)aCl(A), (1,2)spCl(A)),

(i) (1,2)mInt(A) = mInt(A) (resp. (1,2)sInt(A), (1,2)pInt(A),
(1,2)alnt(A), (1,2)splnt(A)).

(3) Since the families m7O(X), (1,2)SO(X), (1,2)PO(X),
(1,2)a0(X) and (1,2)SPO(X) have property B, a subet A of X is 717~
closed (resp. (1,2)-semi-closed, (1,2)-preclosed, (1,2)-a-closed, (1,2)-
semi-preclosed) if and only if A = mCI(A) (resp. A = (1,2)sCl(A),
A = (1,2)pCl(A4), A = (1,2)aCl(A), A = (1,2)spCl(A)) and also A is
T1T9-0pen (resp. (1,2)-semi-open, (1,2)-preopen, (1,2)-a-open, (1,2)-
semi-preopen) if and only if A = mInt(A) (resp. A = (1,2)sInt(A),
A= (1,2)pInt(A), A = (1,2)adnt(A), A = (1,2)spInt(A)).

(4) By Lemma 3.2, we obtain the results established in Lemma 8(iii)
of [4]

(5) By Lemma 3.1, we obtain the relations between (1,2)mCI(A)
d (1,2)mlInt(A).
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Remark 5.8. It follows from A, B, C and D that if (X, 7, 72) is a
bitopological space then some minimal structures on X determined by
71 and 75 are introduced. In the sequel, by m(m, 72) (simply mqs) we
denote a minimal structure on X determined by 7 and 75, that is,
(1,7)mx, gqm, (1,2)*mx or (1,2)mx.

6. (7,m)-CONTINUITY FOR MULTIFUNCTIONS

Definition 6.1. A multifunction F': (X, 7) — (Y, 01, 02) is said to be

(1) upper ultra continuous at a point € X [26] if for each (1,2)a-
open set V' containing F'(z), there exists an open set U containing x
such that F(U) C V,

(2) lower ultra continuous at a point x € X [26] if for each (1,2)a-
open set V such that F(x) NV # (), there exists an open set U con-
taining x such that F(u) NV # ) for every u € U,

(3) upper/lower ultra continuous if F has this property at each
reX.

Hence, it turns out that F': (X, 7) — (Y, 01, 02) is ultra upper/lower
continuous at a point € X if and only if F': (X, 7) — (Y, (1,2)a(Y))
is upper/lower (7, m)-continuous at a point x € X .

Definition 6.2. Let (X, 7) be a topological space, (Y, o1, 02) a bitopo-
logical space and mjy = m(oy,02) an minimal structure on Y deter-
mined by o; and oy. A multifunction F' : (X, 7) — (Y, 01, 09) is said
to be upper/lower (7, m13)-continuous at a point x € X (resp. on X)
if F:(X,7) = (Y,my2) is upper/lower (7, m)-continuous at € X
(resp. on X).

Hence a multifunction F': (X, 7) — (Y, 01, 02) is said to be

(1) upper (1,m12)-continuous at x € X if for each mjs-open set V
containing F'(z), there exists an open set U containing x such that
FU)cCV,

(2) lower (1, my2)-continuous at x € X if for each myz-open set V
such that F'(x) NV # (), there exists an open set U containing 2 such
that F'(u) NV # () for every u € U,

(3) upper/lower (T, mi2)-continuous if F' has this property at each
r e X.

Remark 6.1. (1) If m(o1,02) = (1,2)a(Y’), then we obtain the defi-
nitions of Definition 6.1

By Theorems 4.1-4.4, for the family m(oq,02) =
(i, 7)my,qm, (1,2)*my and (1,2)my, we obtain the following
characterizations.
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Theorem 6.1. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure mys = m(oq,09) on Y, the following properties are
equivalent:

(1) Fis upper (7, miz)-continuous at v € X;

(2) x € Int(F*(V)) for each miz-open set V of Y containing F(x);

(3) v € F~(m;aCl(B)) for every subset B of Y such that x €
CU(F~(B);

(4) x € Int(F*(B)) for every subset B of Y such that © €
Ft(mypInt(B)).

Theorem 6.2. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure mys = m(oy,09) on Y, the following properties are
equivalent:

(1) F is lower (T, m1s)-continuous at x € X ;

(2) v € Int(F~(V)) for each myz-open set V of Y meeting F(z);

(3) x € FT(mi2Cl(B)) for every subset B of Y such that x €
CI(FT(B));

(4) © € Int(F~(B)) for every subset B of Y such that x €
F~ (m121nt<B));

(5) x € F~(mClF(A))) for every subset A of Y such that
x € CI(A).

Theorem 6.3. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure mys = m(oy,09) on Y, the following properties are
equivalent:

(1) F is upper (7, m1a)-continuous;

(2) FH(V) is open in X for every V. € mya;

(3) F~(K) for closed in X every mis-closed set K;

(4) C{F~(B)) C F~(m3Cl(B)) for every subset B of Y;

(5) F™(my2Int(B)) C Int(F*(B)) for every subset B of Y.

Theorem 6.4. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure mis = m(oy,09) on Y, the following properties are
equivalent:

(1) F is lower (T, mi2)-continuous;

(2) F~(V) is open in X for every V € mya;

(3) FT(K) is closed in X for every mia-closed set K;

(4) CI(FT(B)) C F*(m2Cl(B)) for every subset B of Y;

(5) F(ClL(A)) C m;pCl(F(A)) for every subset A of X;

(6) F~(m2Int(B)) C Int(F~(B)) for every subset B of Y.

If m(oy1,02) = (1,2)a(Y), then we obtain the following four corol-
laries.
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Corollary 6.1. For a multifunction F : (X,7) — (Y,01,09) and a
minimal structure m(oy,09) = (1,2)a(Y) on Y, the following proper-
ties are equivalent:

(1) Fis upper (7, (1,2)a(Y))-continuous at x € X;

(2) x € Int(F*(V)) for each V € (1,2)a(Y) containing F(x);

(3) x € F~((1,2)a(Y)CUB)) for every subset B of Y such that
x € CI(F~(B));

(4) x € Int(F*(B)) for every subset B of Y such that © €
FH((1,2)a(Y)Int(B)).

Corollary 6.2. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure m(oy,092) = (1,2)a(Y) on Y, the following proper-
ties are equivalent:

(1) F is lower (7, (1,2)a(Y))-continuous at v € X;

(2) z € Int(F~(V)) for each (1,2)a(Y)-open set V of Y meeting

(3) r € FT((1,2)a(Y)CI(B)) for every subset B of Y such that
x € CI(F*(B));

(4) © € Int(F~(B)) for every subset B of Y such that x €
F((1,2)a(Y)Int(B));

(5) x € F~((1,2)a(Y)CL(F(A))) for every subset A of Y such that
x € CI(A).

Corollary 6.3. For a multifunction F' : (X,7) — (Y,01,02) and a
minimal structure m(oy,092) = (1,2)a(Y) on Y, the following proper-
ties are equivalent:

(1) F is upper (7, (1,2)a(Y))-continuous;

(2) F*(V) is open in X for every V € (1,2)a(Y);

(3) F~(K) for closed in X every (1,2)a(Y)-closed set K;

(4) C(F~(B)) C F~((1,2)a(Y)CI(B)) for every subset B of Y;

(5) FT((1,2)a(Y)Int(B)) C Int(F*(B)) for every subset B of Y.

Corollary 6.4. For a multifunction F : (X,7) — (Y,01,09) and a
minimal structure m(oy,09) = (1,2)a(Y) on Y, the following proper-
ties are equivalent:

(1) F is lower (7, (1,2)a(Y))-continuous;

(2) F~(V) is open in X for every V € (1,2)a(Y);

(3) FT(K) is closed in X for every (1,2)a(Y)-closed set K;

(4) CL(F*(B)) C F*((1,2)a(Y)CL(B)) for every subset B of Y;

(5) F(CI(A)) C (1,2)a(Y)CL(F(A)) for every subset A of X;

(6) F~((1,2)a(Y)Int(B)) C Int(F~(B)) for every subset B of Y.
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Definition 6.3. A function f : (X, 7,7) — (Y, 01,02) is said to be
(i, j) K-continuous [8] if for each (i, j)-semi-open set V of Y containing

f(z), there exists a 7;-open set U of X containing x such that f(U) C
V.

Hence a function f : (X, 7, 7) — (Y, 01,09) is (i, 7)K-continuous
if and only if a function f : (X, 7)) — (Y,(i,7)SO(Y)) is (7,m)-

continuous.

Definition 6.4. Let (Y, 01, 02) be a bitopological space and m(oy, 02)
a minimal structure on Y determined by o7 and o5. A function f :
(X,7) = (Y,01,0) is said to be (1, m)-continuous if a function f :
(X,7) = (Y,m(o1,09)) is (1, m)-continuous.

Remark 6.2. (1) If m(oy,02) = (4,5)SO(Y), then we obtain Defini-
tion 6.3.

(2) By Theorem 6.4, we obtain the following theorem for single val-
ued functions.

Theorem 6.5. For a function f: (X, 7) = (Y, 01,02) and a minimal
structure mys = m(oy,09) on Y, the following properties are equiva-
lent:
(1) fis (1, my2)-continuous;
(2) f~Y(V) is open in X for every V € mya;
(3) 1K ) is closed in X for every mia-closed set K;
(4) CI(f~(B)) C f~'(m15Cl(B)) for every subset B of Y;
(5) f(Cl(A)) C mlzCl(f(A)) for every subset A of X;
(6) f~H(mypInt(B)) C Int(f~1(B)) for every subset B of Y.

Remark 6.3. If m(oy,02) = (4,7)SO(Y), then by Theorem 6.5 we
obtain the result established in Theorem 1 of [§].

For a multifunction F' : (X, 7) — (Y, 01, 02) and a minimal structure
m(oy,02) on Y determined by oy and oy, we define D, (F) and
D, (F) as follows:

D} (F)={x € X : F is not upper (1, m(o1, 03)-continuous at

Tmi2
reX },
Dz, (F) ={xz € X : F is not lower (7,m(c1,02))-continuous at
reX }.

The following theorems follow immediately from Theorems 4.5 and
4.6.

Theorem 6.6. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure mys = m(o1,09) on'Y determined by o1 and o9, the
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following properties hold:
Djm12( ) = UGGm(al,U2){F+(G) - Int(F+(G))}
= Upeppn{F " (mi2Int(B)) — Int(F7(B))}
= Upepm){CLF(B)) — F~ (m12CL(B)) }
= Uper {CUF~(H)) — F~(H)}, where
P(Y) is the family of all subsets of Y,
F is the family of all m(oy, oq)-closed sets of Y.

Theorem 6.7. For a multifunction F : (X,7) — (Y,01,02) and a
minimal structure myy = m(oy1,09) on'Y determined by o1 and o9, the
following properties hold:

D2, (F) = Ucem(or o1 (G) —Int(F(G))}
= Upepm) {7 (m2Int(B)) — Int(F~(B))}
- UBEP(Y){CI<F+(B)) F*(m2CY(B))}
= Usepon{CUA) — FF(m1CL(F(A)))}
= Uper {CUF* () — F* ()}, where

P(X) is the family of all subsets of X,

P(Y) is the family of all subsets of Y,

F is the family of all m(oy, oq)-closed sets of Y.

For a function f : (X,7) — (Y,01,02) and a minimal structure
mis = m(oy,02) on Y determined by o1 and o9, by Corollary 4.2 we
obtain the following corollary.

Corollary 6.5. For a function f : (X,7) — (Y,01,02) and a mini-
mal structure m(oq,09) on'Y determined by o1 and o4, the following
properties hold:

Drmis(f) = Ugemor,on {1 (G) = Int(f7H(G))}
= UBeP(Y){f_l(m12Int<B>> —Int(f~'(B))
= UBeP(Y){C1<f_1(B)) — 71 (my,CI(B))}
= UieptCUA) — f~H(mi2CI(F(A)))}
= Uper {CUfTH(H)) — f~H(H)}, where

P(X) is the family of all subsets of X,

P(Y) is the family of all subsets of Y,

F is the family of all m(oy, 09)-closed sets of Y.

Let m(oy1,02) = (4,7)SO(Y), then by Corollary 6.5 we obtain the
following corollary.

}

Corollary 6.6. For a function f: (X,7) — (Y, 01,02) and a minimal
structure m(oy, 02) = (4, j)SO(Y) the following properties hold:

-DTm12( ) Uce (1,§)SO(Y {f ( )—Int(f_l(G))}



SOME GENERALIZATIONS OF ULTRA CONTINUOUS MULTIFUNCTIONS 25

= UBeP(Y){f_l((iuj)SInt(B)) — Int(f~1(B))}
= Upera{CLfH(B)) — f71((i,5)sCU(B)) }
= UnepotCUA) — f7H((4, 7)sCUF (A)))}
= Uper {CUSfHH)) — fH(H)}, where
P(X) is the family of all subsets of X,
P(Y) is the family of all subsets of Y,
F is the family of all (i, j)-semi-closed sets of Y.

Theorem 6.8. Let (Y, 01,02) be a bitopological space and m(oq,02)
a minimal structure of Y determined by o1 and oo. The set of all
points at which a multifunction F : (X,7) — (Y,01,03) is not up-
per/lower (T, m(o1, 03))-continuous is identical with the union of the
frontiers of the upper/lower inverse images of m(oy,02)-open sets of
Y containing/meeting F(x).

Proof. The proof follows from Theorem 4.7.

If m(o1,092) = (1,2)a(Y’), then we obtain the following corollary.

Theorem 6.9. Let (Y, 01, 02) be a bitopological space and m(oy,09) =
(1,2)a(Y). The set of all points at which a multifunction F: (X, 7) —
(Y, 01,09) is not upper/lower ultra-continuous is identical with the
union of the frontiers of the upper/lower inverse images of (1,2)a(Y)-
open sets of Y containing/meeting F(z).

For a single valued function f : (X,7) — (Y, 01, 02), we obtain the
following theorem.

Theorem 6.10. Let (Y,01,02) be a bitopological space and
m(o1,09) = (1,2)a(Y). The set of all points at which a function
f:(X,7) = (Y,01,09) is not ultra-continuous is identical with the
union of the frontiers of the inverse images of (1,2)a(Y)-open sets of
Y containing f(z).

Let (Y,01,0,) be a bitopological space and m(oy,02) a minimal
structure of Y determined by o; and o».

Definition 6.5. Let S be a subset of Y. A point y € Y is called an
mg(o1, 02)-adherent point of S if y is mg-adherent in (Y, m(oy,02)).
The set of all my(o1, 02)-adherent points of S is called the mgy(o1, 03)-
closure of S and is denoted by m(oq,02)Cly(.5).

If S =m(oy,09)Clp(S), then S is said to be my(oy, 02)-closed. The

complement of an mg(0oy, 09)-closed set is said to be mgy(oy, 03)-open.
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Definition 6.6. A bitopological space (Y,01,02) is said to be
m(oyq, 02)-reqular if the space (Y, m(oq,02)) is m-regular.

Remark 6.4. If m(o1,02) = (7,7)PO(Y), then by Definitiion 6.5 we
obtain the definition of (i, j)-pre-regular spaces due to [4].

By Definitions 6.5 and 6.6 and Theorems 4.8 and 4.9, we obtain the
following theorems.

Theorem 6.11. Let (Y,01,03) be an m(oy,02)-reqular bitopological
space and m(oy,0y) a minimal structure of Y determined by oy and
oy. Then, for a multifunction F : (X, 1) — (Y, 01,02), the following
properties are equivalent:
(1) F is upper (1,m(o1, 02))-continuous;
(2) F~(mg(o1,02)CL(B)) is closed in X for every subset B of Y;
(3) F~(K) is closed in X for every mgy(oq,09)-closed set K of Y;
(4) FT(V) is open in X for every my(oq,09)-open set V of Y.

Theorem 6.12. Let (Y,01,0,) be an m(oy,09)-reqular bitopological
space and m(oy,0q) a minimal structure of Y determined by o1 and
o9. Then, for a multifunction F : (X, 1) — (Y, 01,03), the following
properties are equivalent:
(1) F is lower (1,m(o1, 02))-continuous;
(2) F(mg(o1,02)CL(B)) is closed in X for every subset B of Y;
(8) FY(K) is closed in X for every mg(oq,02)-closed set K of Y;
(4) F~(V) is open in X for every mgy(oq,02)-open set V of Y.

Let (Y,01,02) be a bitopological space and m(oy,09) a mini-
mal structure of Y determined by oy and o3. Then, for a multi-
function F' : (X,7) — (Y,01,09), we denote by m(oy,09)CI(F) :
(X,7) = (Y, 01, 02) a multifunction defined by (m(oq,02)Cl(F))(z) =
m(oy,09)Cl(F(x)) for each € X. Then, by Theorem 4.10 we obtain
the following theorem.

Theorem 6.13. Let (Y, 01,09) be a bitopological space and m(oq,02)
a minimal structure of Y determined by o1 and oo. A multifunc-
tion F: (X, 7) — (Y, 01,03) is lower (1,m(o1, 09))-continuous if and
only if m(o1,09)CIF) = (X,7) — (Y,01,02) is lower (1,m(o1,09))-
continuous.

Definition 6.7. Let (Y, 01, 02) be a bitopological space and m(o, 02)
a minimal structure of Y determined by o; and o,. The space
(Y,01,02) is said to be m(oy,03)-compact if (Y,m(oq1,02)) is m-
compact.
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By Theorem 4.11, we obtain the following theorem.

Theorem 6.14. Let (Y, 01,09) be a bitopological space and m(oy,02)
a minimal structure of Y determined by oy and oo. If F : (X,7) —
(Y, 01,09) is an upper (1,m(o1, 03))-continuous surjective multifunc-
tion such that F(x) is m(oy, oq)-compact for each x € X and (X, T) is
compact, then (Y, 01,09) is m(o1, 02)-compact.
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