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Abstract. In this paper a general fixed point theorem of general-
ized Gregus type in symmetric spaces for hybrid pair satisfying a new
type of implicit relation using generalized altering distance and we
obtain simultaneous results for contractive and extensive mappings.
As application, new results for hybrid pairs satisfying contractive and
expansive conditions of integral type are obtained.
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1. INTRODUCTION

Let f and g be self mappings of a metric space (X, d). Jungck [13]
defined f and g to be compatible if lim,, ., d(fgz,, gfx,) = 0, when-
ever {x,} is a sequence in X such that lim,, . fz, = lim, , gz, =t
for some t € X.

A point x € X is a coincidence point of f and ¢ if fx = gxr. We
denote by C(f,g) the set of all coincidence points of f and g.
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Definition 1.1 ([14]). f and g are said to be weakly compatible if
fgu = gfu for all u € C(f,g).

Definition 1.2 ([3]). f and g are said to be occasionally weakly com-
patible (owc) if fgu = gfu for some u € C(f, g).

Remark 1.3. If f and g are weakly compatible and C(f,g) # 0, then
f and g are owc, but the converse is not true (see Example [3]).

Some fixed point theorems for owc mappings are proved in [1], [2],
[15] and in other papers.

It has been observed that in [11] that some of defining properties
of metric space are not used in the proof of certain metric theorems.
Hicks and Rhoades [11] established some common fixed point theo-
rems in symmetric space and proved that every general probabilistic
structures admit a compatible symmetric.

Definition 1.4. Let X be a nonempty set. A symmetric on X is a
nonnegative real valued function d on X x X such that

(7) d(z,y) =0 if and only if z =y,

(17) d(z,y) =d(y,x) for all z,y € X.

A symmetric space is a nonempty set X with a symmetric d and is
denoted by (X, d).

The study of fixed points for mappings satisfying an implicit relation
is initiated in [20], [21] and other papers. Actually, the method is used
in the study of fixed points in metric spaces, symmetric spaces, quasi -
metric spaces, b - metric spaces, convex metric spaces, reflexive spaces,
compact metric spaces, paracompact metric spaces, probabilistic met-
ric spaces, in two or three metric spaces for single valued functions,
hybrid pairs of mappings and set valued functions. Quite recently,
the method is used in the study of fixed points for mappings satis-
fying a contractive condition of integral type, in fuzzy metric spaces,
intuitionistic metric spaces and in G - metric spaces.

With this method the proofs of some fixed point theorems are more
simple. Also, the method allow the study of local and global properties
of fixed point structures.

The study of fixed point for hybrid pairs of mappings satisfying
implicit relation is initiated in [22] and [23].
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2. PRELIMINARIES

Let (X, d) be a symmetric space. We denote by B(X) the family of
all nonempty bounded subsets of X.
As in [22] we define the functions D(A, B) and §(A, B) as follows

D(A, B) = inf{d(a,b) :a € A,b € B}, A, B € B(X),

d(A, B) = sup{d(a,b) :a € A,b€ B}, , A,B € B(X).
If A consists of a single point a, we write 6(A, B) = d(a, B). If B
consists also of a single point b, we write §(A, B) = d(a, b).
It follows immediately from the definition of ¢ that
5(A7 B) = 5(37 A)?
d(A,B) =0if and only if A = B = {a}.

Definition 2.1. 1) A point z € X is said to be a coincidence point
of f: X -5 Xand F: X — B(X) if fo € Fr. We denote C(f, F)
the set of all coincidence points of f and F.

2) A point x € X is said to be a strict coincidence point of f and
F if {fx} = Fx. The set of all strict coincidence points of f and F
is denoted by SC(f, F)) and {z} = {fx} = Fx is said a point of strict
coincidence of f and F.

3) A point x € X is a fixed point of F': X — B(X) if x € Fux.

4) A point x € X is a strict fixed point of F' if {z} = Fx.

Definition 2.2. The hybrid pair (f, F'), where f : X — X and F :
X — B(X), is said to be occasionally weakly compatible if there exists
x € SC(f, F) such that fFx = Ffx.

Some strict fixed point theorem for hybrid pairs of mappings are
recently proved in [25].
Gregus [10] proved the following:

Theorem 2.3 ([10]). Let C' be a nonempty closed convex subset of a
Banach space X and let T' be a mapping of C' into itself satisfying the
inequality

(2.1) |Tx —Ty|| < allz -yl +bllz - Tx| +clly — Ty

forall x,y € X, where a >0, b,c >0 anda+b+c=1. ThenT has
an unique fixed point.

Some authors have generalized Theorem 2.3 in [5], [6], [7], [8], [19],
[24] and in other papers.
Quite recently, the following theorem is proved in [18].
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Theorem 2.4 ([18]). Let f and S be occasionally weakly compatible
self - mappings of a metric space (X,d) satisfying

(2.2) d(fx, f2x) # max{d(Sx, Sf(z)),d(fz,Sz),

' d(f?x,Sfx),d(fx,Sfx),d(Sxz, f2x)}
where fx # f2x. Then f and S have a common fized point.

An altering distance is a mapping v : [0,00) — [0, 00) such that

(¢n) : 1) is increasing and continuous,

(o) : Y (t) =0 if and only if ¢ = 0.

Fixed point theorems involving altering distances have been proved
in [16], [27], [30], [31] and in other papers.

Some fixed point theorems using a weakly form of altering distances
are recently proved in [25] and [28].

We introduce a generalized form of altering distance.

Definition 2.5. A generalized altering distance is a mapping ¥ :
[0,00) — [0, 00) such that ¥ (t) = 0 if and only if £ = 0.
3. GENERALIZED IMPLICIT GREGUS TYPE FUNCTIONS

In the following we denote by §¢ the family of all functions F :
RS — R satisfying

F(£,,0,0,t,¢) = 0,Vt > 0
and named this family, generalized implicit Gregus type functions.
Example 3.1. ¢(t1,...,ts) = t; — max{ts, t3,14,t5,t6}.
Example  3.2. ¢(ty,...,t6) = - ath — (1 -
a) max{th, 7 (tsts)%, (tste)%}, where 0 < a < 1 and p > 1.

Example 3.3. (b(tl, vy t6) = tl —Cltg —bmaX{tg, t4} —cmax{tQ, t5, tﬁ},
where a, b, c >0 and a+c=1.

Example 3.4. ¢(t1, ceny t6) =1 — ozmax{tg, tg, t4} — (1 — Oé) (CLt5 +bt6>,
where 0 < a<1,a,b>0anda+b=1.

t t
Example 3.5. ¢(t1,...,t5) = t; — aty — b&, where a, b > 0

1+ts+ts
and a +2b = 1.
Example 3.6. ¢(t1,...,t) = t1 — max {{o, 1 (3 + 1), 2 (t5 + t6) } -

Example 3.7. ¢(t1,...,t5) = t1 —ato — b(t3 +t4) — cmin{ts, ts}, where
a,b,c>0anda+c=1.
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Example 3.8. ¢(t1,....tg) = t1(1 + ate) — a(tsty + tstg) — aty — (1 —
a) max{ts, ty,
(tste)?, (tste)2}, where @ >0 and 0 < a < 1.

Example 3.9. ¢(t1,...,ts) = t1 — max{cty, cts, cly, ats + btg}, where
0<ec<1l,b>0anda+b=1.

Example 3.10. ¢(t17 ey t6> =1t —aty — b(tg + t4) — C(t5 + tﬁ), where
a,b,c >0 and a + 2c = 1.

Example 3.11. ¢(t1, ...7t6) = t1 — ats —

bmax{ts, tq, 2e 2atls Lt} yherea, b >0 anda+b=1.

Example 3.12. ¢(t1,...,ts) = t1 — aty — bmax{2ty + t5, 2ty + 6, t5 +
ts + te}, where a, b >0 and a +2b=1.

The following theorem is proved in [24].

Theorem 3.13. Let (X, d) be a symmetric space and ¢ € Fa. Suppose
that f,g,S and T are self mappings of X such that each of the pairs
{f,S} and {g,T} is owc and the inequality

o(d(fz,gy),d(Sz, Ty),d(fz,Sx),d(gy, Ty), d(fz,Ty),d(gy, Sz)) <0

holds for all z,y € X and least one of d(Sz,Ty), d(fz,Sz), d(gy, Ty),
d(fx,Ty), d(gy, Sx) is positive. Then f,g,S and T have an unique
common fized point.

In this paper a general fixed point theorem of generalized Gregus
type is proved similarly with Theorem 2.4 for hybrid pairs of mappings
satisfying a new type of implicit relation using generalized altering
distance and we obtain simultaneous results for hybrid pairs satisfying
contractive / extensive conditions. As applications, we determine new
results for hybrid pair satisfying contractive / extensive conditions of
integral type.

4. MAIN RESULTS

Lemma 4.1 ([[25]]). Let (X,d) be a symmetric space, f: X — X and
F : X — B(X) strict occasionally weakly compatible self mappings. If
f and F have an unique point of strict coincidence {z} = {fx} = Fz,
then z is the unique common fized point of f and F which is the unique
strict fixed point for F.
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Theorem 4.2. Let (X,d) be a symmetric space, f,g : X — X and
F,G : X — B(X) satisfying one of the relations

(41) o(L(0(Fx,Gy)), Y (d(fx,gy)),v(6(fz, Fr)),
V(6(gy, Gy)), v(D(fx,Gy)), v(D(gy, F'x))) #0

(4.2) P(L(0(Fx, Gy)),v(d(fx,gy)), v(D(fx, Fx)),
V(D (gy, Gy)), ¥ (6(fx,Gy)), ¥ (6(gy, Fx))) # 0

(4.3) o(L(0(Fz, Gy)), ¥(d(fx,gy)), v(D(fx, Fx)),
W(D(gy, Gy)), v(D(fx,Gy)),¥(D(gy, Fx))) # 0

(4.4) o(V(0(Fx,Gy)), Y (d(fx,gy)), v (6(fz, Fr)),
V(6(gy, Gy)), v(0(fx,Gy)),v(0(gy, Fr))) # 0

for all x,y € X with fx # gy, where ¢ € g and ¥ is a generalized
altering distance. Suppose that there exists x,y € X such that {u} =
{fz} = Fx and {v} = {gy} = Gy. Then, u is the unique point
of strict coincidence of f and F and v is the unique point of strict
coincidence of g and G. Moreover, u = v.

Proof. We prove this theorem only in case (4.1). For cases (4.2, 4.3,
4.4) the proof is similar.

First we prove that fx = gy. Suppose fx # gy. Then by (4.1) we
obtain

o(p(d(fz,gy)), ¥(d(fx,gy)),0,0,¢(d(fz, gy)), ¥(d(fx, gy))) # 0,

which is a contradiction of ¢ € §Fg. Hence, fr = gy and {u} =
{fz} = {9y} = Fr = Gy = v. Suppose that there exist z € X such
that {w} = {fz} = Fz and w # v = u. Then by (4.1) we obtain

o((d(fz,9y)),v(d(fz,9Y)),0,0,%(d(fz, gy)), v(d(fz gy))) # 0,

a contradiction. Hence, u = v is the unique point of strict coincidence
of f and F'. Similarly, v = v is the unique strict point of coincidence

of g and G. U

Theorem 4.3. Let (X,d) be a symmetric space, f,g : X — X and
F,G : X — B(X) satisfying one of the relations (4.1) - (4.4) for all
x,y € X with fo # gy, where ¢ € F and ¥ is a generalized altering
distance. If the pairs {f, F'} and {g,G} are sowc, then, f, g, F and G
have an unique common fixed point, which is a strict fived point for F

and G.
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Proof. Since {f, F'} and {g,G} are sowc, there exists z,y € X such
that {u} = {fz} = Fr and {v} = {gy} = Gy. By Theorem 4.2, u is
the unique point of strict coincidence of f and F' and v is the unique
point of strict coincidence of g and G and v = v. By Lemma 4.1, u is
the unique common fixed point of f and F' which is a strict fixed point
for F. Similarly, v = u is the unique common fixed point of ¢ and G
which is a strict point for ¢ and GG. Hence, u is the unique common
fixed point of f, g, F and G, which is a strict fixed point for F' and
G. O

Remark 4.4. 1. If in relations (4.1) - (4.4) we have "<” or ”>"
instead of "#” we obtain new results for contractive or expansive hy-
brid pairs.

2. By Examples 3.1 - 3.12 we obtain new particular results. For
example, by Example 3.1 we obtain

Corollary 4.5. Let (X,d) be a symmetric space, f,g : X — X and
F.G : X — B(X) such that the pairs {f, F'} and {g,G} are sowc
satisfying one of the relations

a)
Y(0(Fz,Gy)) # max{y(d(fz,gy)),v(0(fx, Fx)),
Y(6(gy, Gy)), v(D(fx,Gy)), v (D(gy, Fx))},
b)
Y(0(Fr,Gy)) # max{y(d(fz,gy)),v(D(fz, F'z)),
Y(D(gy, Gy)), v (6(fx, Gy)),¢v(6(gy, Fx))},
c)
Y(O(Fr,Gy)) # max{y(d(fz,gy)), v(D(fz, Fx)),
Y(D(gy, Gy)), ¥ (D(fz,Gy)), v (D(gy, Fx))},
d)
Y(0(Fr,Gy)) # max{y(d(fz,gy)), v(0(fx, Fx)),
V(0(gy, Gy)), v(0(fz,Gy)), v(0(gy, Fx))}

for all x;y € X with fx # gy, where ¥ is a generalized altering
distance. Then f,g,F and G have an unique common fized point,
which is a strict fized point for F' and G.

Remark 4.6. 1. If in relations (a) - (d) we have "<” or ”>" in-
stead of "#7 we obtain new results for contractive or expansive hybrid
PaITs.
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2. By case 7<” instead of "#” and (a) we obtain a generaliza-
tion of Corollary 1 [28].

If ¢(t) = t by Theorem 4.3 we obtain

Theorem 4.7. Let (X,d) be a symmetric space, f,g : X — X and
F,G : X — B(X) satisfying one of the relations

(4.5) O(8(Fx,Gy),d(fz,9y),6(fx, Fx),
3y, Gy), D(fx,Gy), D(gy, Fz)) # 0

(4.6) ¢(0(Fz,Gy), d(fx,9y), D(fz, Fa),

(4.7) ¢(6(Fz,Gy),d(fz, gy), D(fz, Fx),
' D(gy, Gy), D(fx,Gy). D(gy, F)) # 0

(4.8) ¢(6(Fx, Gy),d(fz,gy),6(fz, Fx),
6(gy7 Gy), 6(fZL‘, Gy)’ (S(gy’ FLL')) 7§ 0

for all x,y € X with fx # gy, where ¢ € Fg. If the pairs {f, F} and
{9,G} are sowe, then, f,g,F and G have an unique common fized
point, which is a strict fixed point for F' and G.

Remark 4.8. 1. If in relations (4.5) - (4.8) we have "<” or ”>"
instead of "#” we obtain new results for contractive or expansive hy-
brid pairs.

2. By Examples 3.1 - 3.12 we obtain new particular results.

If f,g,F and G are single valued functions, by Theorem 4.3 we
obtain

Theorem 4.9. Let f, g, F,G be self mappings of a symmetric space
(X,d) such that {f, F} and {g,G} are owc. If

(4.9) o((d(Fx,Gy)),(d(fr,gy)), v(d(fz, Fx)),
Y(d(gy, Gy)), v(d(fx, Gy)),(d(gy, Fz))) # 0

for all z,y € X with fx # gy, where ¥(t) is a generalized altering
distance and ¢ € Fq, then, f,g,F and G have an unique common
fized point.

If ¢(t) =t by Theorem 4.9 we obtain
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Theorem 4.10. Let f,g, F,G be self mappings of a symmetric space
(X,d) such that {f,F'} and {g,G} are owc. If

(4.10) o(d(Fz,Gy),d(fz,9y),d(fz, Fx),
d(gy, Gy),d(fz,Gy),d(gy, Fx)) # 0

for all z,y € X with fx # gy and ¢ € Fg, then, f,g9,F and G have
an unique common fixed point.

Corollary 4.11. Let (X,d) be a symmetric space. Suppose that each
of the pairs {f, F'} and {g,G} is owc. If

(4.11) d(Fx,Gy) # max{d(fz,gy),d(fz, Fx),
' d(gy, Gy),d(fz, Gy),d(gy, Fr)}

for all x;y € X with fr # gy, then f,g,F and G have an unique
common fized point.

Proof. The proof it follows by Theorem 4.10 and Example 3.1. O

Remark 4.12. 1. If in (4.11) we have "<” instead of "#” we
obtain Theorem 1 [15].

2. If in (4.11) we have ">7 instead of "#” we obtain a new
result for extensive mappings which is different by the results from
recent paper [12].

Corollary 4.13. Let (X,d) be a symmetric space, 0 < a < 1 and
p > 1. Let f,g,F and G be self mappings of X such that the pairs
{f, F} and {g,G} are owc. Suppose that

(4.12) d"(Fz, Gy) # ad”(fz, gy) + (1 — a)M(z,y),
for all x,y € X with fx # gy, where

o M(z,y) = max{d’(fz, Fz), & (9y, Gy),
d§(f£L‘7FI) : d§(f$,Gy),d§(fZL', Gy) ' di(gya F[E)}

Then f,qg, F and G have an unique common fized point.
Proof. The proof it follows by Theorem 4.10 and Example 3.2. U

Remark 4.14. 1. If in (4.12) we have "<” instead of "#” we
obtain Theorem 2 [15].

2. If in (4.12) we have ">7 instead of "#” we obtain a new
result which is different by the results from [12].
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5. APPLICATIONS
In [4], Branciari established the following result.

Theorem 5.1. Let (X, d) be a complete metric space, ¢ € (0,1) and
f: X — X be a mapping such that for each x,y € X

d(fa:,fy) d(xvy)
(5.1) / h(t)dt < c/ h(t)dt,
0 0

where h : [0,00) — [0,00) is a Lebesque measurable mapping which is
summable (i.e. with ﬁmte integral) on each compact subset of [0, 00)
such that for e > 0, fo t)dt > 0. Then f has an unique fized point
z € X such that for each v € X, lim,,_,, f"r = 2.

Remark 5.2. Theorem 5.1 has been generalized in several papers.

Let (X,d) be a symmetric space and (t) fo x)dx, where h :
[0,00) — [0, 00) as in Theorem 5.1.

Lemma 5.3. ¢ is a generalized altering distance.
Proof. The proof it follows by the definition of . OJ

Remark 5.4. The contractive condition of integral type in a metric
space (X, d), used in fized point theory can be written as usual con-
tractive condition in a symmetric space [17], [26].

The following theorem is proved in [24].

Theorem 5.5. Let (X,d) be a metric space and h : [0,00) — [0, 00)
be a function as in Theorem 5.1. Suppose that A, B, S and T are self
mappings of X such that the pairs {A, S} and {B,T} are sowc. If
F e 3q and

fo d(Az, By)h dt fo (Sz Ty dt fod (Sz,Ax) h(t)dt,
fd TyBy dt fd(Aa:Ty dt fo (BySa:) h( )dt) <0
for all z,y € X and least one of the distances d(Sx,Ty), d(Sz, Ax),
d(Ty, By), d(Az,Ty), d(By, Sz) is positive. Then A, B,S and T have

an unique common fixed point.

(5.2)

Theorem 5.6. Let f, g be self mappings of a symmetric space (X, d)
and F,G be maps of X into B(X) such that the pairs {f, F'} and
{g9,G} are sowc satisfymg one of the relations

oo "m0, [iT h@odt, [y hbyt

fOS(gyGy) dt foD foy h(t dt fo (9y,Fx) h(t)dt) # 0,

(5.3)
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(5 4) fOzS FxGy dt fd(fxgy dt fo (fz,Fz) h( )d

) fOD(gy ,Gy) hit dt fé(fﬂc Gy dt fé(gy JFz) dt) # 0,
) OU Gt o Rt [ bt

: fOD(gyaGy) h( )d ’f()D(fm ,GY) h(t)dt, fOD(gvaI) h(t)dt) 7& O,
(5.6) S(L2I pyar, [ neydr, [290D (et

f05(gyGy dt fo way)h dt fo(gyF:v) h() )7&0’

forall x,y € X, with fr # gy, ¢ € Fo and h(t) is as in Theorem
5.1.

Then f,g, F and G have an unique common fized point, which is a
strict fixed point for F' and G.

Proof. We prove this theorem in case (5.3), because the cases (5.4),
(5.5), (5.6) are similar proved.
As in Lemma 5.3 we have

6(Fz,Gy) d(fz,g9y)
(0(Fz,Gy)) = f h(t)dt, ¢ (d(fz, gy)) = f h(t)dt,

fox 6(gyGy)
b(0(fx, Fr)) = f h(t)dt, ¥ (6(gy, Gy)) = 6[ h(t)dt,

(fx Gy) D(gy,Fzx)
VD(fr.Go) = Doy Fa) = [ h(o)

Then by (5.3) we have

o (6(Fa, Gy)),v(d(fx,gy)), v (d(fz, Fx)),
Y(0(gy. Gy)), v(D(fz,Gy)),v(D(gy, Fx))) # 0,

which is relation (4.1). O

Because in Lemma 5.3 1)(t) fo x)dz is a generalized altering
distance, the conditions of Theorems 4. 7 are satisfied, from Theorem
5.6 and Example 3.1 we obtain

Corollary 5.7. Let f, g be self mappings of a symmetric space (X, d)
and F,G be maps of X into B(X) such that the pairs {f, F'} and
{g,G} are sowc satisfying one of the relations:
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a)
§(Fa,Gy) d(fz,9y) §(fz,Fx)
/ h(t)dt # max{/ h(t)dt, / h(t)dt,
0 0 0

3(gy,Gy) D(fz,Gy) D(gy,Fx)
/ h(t)dt, / h(t)dt, / h(t)dt},
0 0 0
b)
(Fz,Gy) d(fz,gy) D(fz,Fzx)
/ h(t)dt +# max{/ h(t)dt,/ h(t)dt,
0 0 0

D(gy,Gy) 0(fx,Gy) d(9y,Fzx)
/ h(t)dt, / h(t)dt, / h(t)dt},
0 0 0
c)
o(Fz,Gy) d(fz,gy) D(fz,Fx)
/ W)t # max] / h(t)dt, / h(t)dt,
0 0 0

D(gy,Gy) D(fz,Gy) D(gy,Fz)
/ h(t)dt,/ h(t)dt,/ h(t)dt},
0 0 0
d)
(Fz,Gy) d(fz,gy) d(fz,Fa)
/ h(t)dt # max{ / h(t)dt, / h(t)dt,
0 0 0

3(gy,Gy) d(fz,Gy) d(gy,Fx)
/ h(t)dt, / h(t)dt, / h(t)dt)
0 0 0

for all x,y € X with fx # gy, where h(t) is as in Theorem 5.1.
Then f,qg, F and G have an unique fized point, which is a strict fixed
point for F' and G.

Remark 5.8. 1) By Ezxamples 3.1 - 3.12 we obtain new results.
2) By Theorem 5.5 and Corollary 5.7 and "<” or ”>" instead
of 7#7 we obtain new results.

In f,g,F and G are single valued mappings, by Theorem 5.6 we
obtain

Theorem 5.9. Let f, g, F and G be self mappings of a symmetric
space (X,d) such that {f, F} and {g,G} are owc satisfying the in-
equality:

d(Fz,Gy) (fez, d(fz,Fx)
([ dtfo 9) dtf t,

(5'7) fd(gyGy dt fd szy dt fo gyFI) () >7£0
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forallz,y € X with fx # gy, where ¢ € Fo and h(t) is as in Theorem
5.1. Then f,g,F and G have an unique common fized point.

Remark 5.10. 1) If in (5.7) we have "<” instead of "#” we
obtain a generalization of Theorem 4.1 [24].

2) By Theorem 5.9, Examples 3.1 - 3.12 and "<” or 7>" instead
of 7#” we obtain new particular results.
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