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Abstract. In this note we characterize a weak Orlicz-Poincaré
inequality through the Holder continuity of locally integrable func-
tions possessing upper gradients in the corresponding Orlicz space,
under some growth assumptions on the Young function. Our results
are proved in the setting of doubling metric measure spaces.
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1. INTRODUCTION

Poincaré inequality is an essential tool in the extensions to met-
ric measure spaces of the theory of Sobolev spaces [11], [22], [9], of
quasiconformal theory [16], [15], of nonlinear potential theory [3], in
the study of differentiability of Lipschitz functions on metric measure
spaces [4].
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Orlicz-Poincaré inequalities have been introduced by Tuominen [23]
in the setting of metric measure space. Orlicz-Poincaré inequalities
are closely related to (1,p)—Poincaré inequalities with 1 < p <
00. An Orlicz-Poincaré defined via a Young function ®, called a
(1, ®) —Poincaré inequality, is a (1, p) —Poincaré inequality if @ (t) =
tP. Moreover, every pair of functions (u, g) satisfying a (1, ®) —Orlicz-
Poincaré with ® doubling also satisfies a (1, p) —Poincaré inequality,
provided that log, Cs < p < oo, where Cg denotes the doubling con-
stant of ®. A generalization of Orlicz-Poincaré inequalities in which
the Orlicz space is replaced by a Banach function space has been in-
troduced in [20].

Orlicz-Poincaré inequalities have self-improving properties as proved
by Heikkinen [12] , that generalized results proved by Cianchi in the
Euclidean setting and by Hajlasz and Koskela [11] for (1, p) —Poincaré
inequalities on metric spaces. Heikkinen also gave a characterization
of Orlicz-Sobolev spaces by means of generalized Orlicz-Poincaré in-
equalities [13]. J. Bjorn characterized Orlicz—Poincaré inequalities on
doubling metric measure spaces by means of pointwise inequalities in-
volving maximal functions of the gradient [2]. Orlicz-Poincaré inequal-
ities on metric measure spaces have applications to nonlinear potential
theory [19]. Geometric consequences of (1,p) —Poincaré inequalities,
even in the case p = 0o have been investigated in [6], [7], [8].

Very recently, E. Durand-Cartagena, J. Jaramillo and N. Shanmu-
galingam [8] established the following result, providing two charac-
terizations of p—Poincaré inequality in a complete Ahlfors ()—regular

space with p > @, one in terms of the locally (1 — %) —Hoélder con-
tinuity of the functions in N'?(X) and the other in terms of the

p—modulus of quasiconvex curves connecting pairs of points in the
space.

Theorem 1. Let X be a complete Ahlfors Q—reqular space andp > Q).
Then the following conditions are equivalent:

(1) X supports a weak p— Poincaré inequality.

(2) There are constants C > 0, T > 1 such that every u € N'P (X)

18 (1 — %) — Hoélder continuous and for all x,y € X we have

Sl

1—
|U(IE) - U(y)‘ <C HgUHLP(B(x,Td(z,y))) d (.77, y) ’

where g, is the minimal p— weak upper gradient of u.
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(8) There is a constant C' > 1 such that, for every pair of distinct
points x,y € X,

1
Mod, (T" ({z}, ,C) > —m,
() (91,00 2 Gt
where I' ({z},{y},C) denotes the family of C—quasiconvezr curves
connecting x to y.

In this note we give a characterization of a weak Orlicz-Poincaré
inequality in a doubling metric measure space through the Holder
continuity of locally integrable functions possesing upper gradients in
the corresponding Orlicz space, under some growth assumptions on
the Young function.

2. PRELIMINARIES

Let (X, d, 1) be a metric measure space. We will denote by B (z, 1)
the open ball centered at © € X of radius » > 0. If B = B (x,r) is
a ball given with center and radius and o > 0, we denote by oB the
ball B (z,or) with the same center and the radius multiplied by o.
Note that the pair center-radius of a ball in a metric space may be not
unique.

The measure p is called doubling if there exists a constant
C,, > 1so that u (B (z,2r)) < Cup (B (x,r)) for all z € X and all
r > 0. Doubling measures play an important role in harmonic analysis,
through the notion of space of homogeneous type [5]. The following
lower bound estimate holds for a doubling measure

To
where @) = log, C,,, for every ball B (zo,ry), whenever x € B (z,70)
and 0 < r < ry. If u satisfies the above lower bound estimate for some
@ > 0, then the constant @) is called a homogeneous dimension of the
metric measure space (X, d, p).

A useful special case of doubling metric measures spaces is that of
Ahlfors regular spaces. Recall that the metric measure space (X, d, u)
is said to be @Q—Ahlfors regular, where ) > 0, if there is a constant
C4 > 1 so that

1) égQSMBuw»soﬂQ
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for every ball B(x,r) in X with 0 < r < diam (X). Note that for an
(Q—Ahlfors regular space a homogeneous dimension is Q).

Given a locally integrable function v on X and F C X a measurable
set of positive finite measure, we denote the integral mean of u on E

by ug, i. e. uE:ﬁfudu.
E

In first order calculus on metric spaces, the notion of upper gradi-
ent, introduced by Heinonen and Koskela in [16], is a substitute for
the length of the gradient of a smooth function. A Borel measurable

function g : X — [0, 00| is an upper gradient of a real-valued function
uwon X if

2) u(y (a)) — u(y (B))] < / g ds

Y

for every non-constant rectifiable curve v : [a,b] — X. We will recall
later the more general notion of weak upper gradient on a metric
measure space, with respect to a Young function.

In applications of Orlicz spaces, some growth conditions for the
corresponding Young functions are very useful. A Young function
P : [0,00) — [0, 00] is said to be doubling or to satisfy a Ay—condition
if there is a constant C' > 1 such that ®(2t) < C®(¢t) for all ¢t > 0;
in this case we will denote Cp = sup% and will call Cy the dou-

>0
bling constant of ®. A doubling Young function is real-valued, strictly
increasing and continuous. The inverse of a strictly increasing Young
function @ : [0, 00) — [0, 00) is an increasing concave function which is
subadditive, hence is doubling with a doubling constant 1 < Cg-1 < 2
23, Lemma 2.9]. By [23, Lemma 2.7|, iterating the A,—condition

O (2t) < CpP(t) for a doubling Young function ¢ we get
(3) D (At) < OpN2%2d (t) forall A > 1,¢ > 0.

We collect some estimates on the growth of the inverse of a doubling
Young function, see [23, Lemma 2.7] and [23, (5.7)].

Lemma 2. Let & : [0,00) — [0,00) be a doubling Young function,
with a doubling constant Cy. Then the inverse @1 : [0, 00) — [0, 00)
satisfies for all t > 0 the inequalities

(4) O (M) < 2N %1971 (1) if A > 1
and

(5) O (M) < 22FRG O (1) if 0 < A < 1.
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Proof. The first inequality follows from condition (3) applied to ®~!,
since Cp-1 < 2.

Let t >0and 0 < A< 1. If t =0 or A = 0 inequality (5) obviously
holds. Let t > 0 and 0 < A < 1. Inequality (3) shows that for all

0 <a<bwehave ®(b) < Cp (2)10;52 “ g (a), hence
1
a e CI)(CL) Tog2 Cor
_ < C g2 Lo N7 .
= (50)
For a = &' (\t) and b = &' (¢) the latter inequality implies (5),
1
since C’&f” @ =92z
Corollary 3. Iflog, Cp - log, Cy,—1 < 1, then
(6) 71 (M) < Cmin (AT, Nk Cat ) @71 (1)
for all X\ >0 and t > 0.

Remark 1. In the classical case where ® (t) = t? with p > 1 one has
log, Cs = p and log, Cp-1 = %, hence log, Cg - logy Cy /-1 = 1.

Let ¢ > 0. We have
2% = & (07 (2t)) < B (Cp 1@ () < O (Cypr) B2 ¢,

We applied (3) to get the second inequality. Then 2 < Cp (Cp-1)"82
which implies log, C (1 + logy, Cg-1) > 1.

It would be interesting to find more examples of Young functions
satisfying log, Cp-log, Cy,-1 < 1, besides the classical case @ (t) = C't?
with 1 < p < 0.

Let (X, A, 1) be a measure space with p a complete, o—finite mea-
sure and let ® : [0,00) — [0,00] be a Young function. The Or-
licz space L®(X) is the set of all real-valued measurable functions
uw in X such that [ ®(A|u|)dp < oo for some A > 0. We identify

X

any two functions that agree pu—a.e. L?(X) is a vector space and
[ull pox) = inf{k >0 :){@('—Zl)d,u < 1} defines a norm on L?(X),

called the Luxemburg norm.

Let T" be a family of curves in the metric measure space (X, d, ).
An admissible metric for I' is a nonnegative Borel function p on X such
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that [ pds > 1 for all locally rectifiable curves v € I'. The ®-modulus

gl
of the family T is
Mg (I') = inf HPHL<I>(X) )

where the infimum is taken over all admissible metrics for I'. Note
that for @ () = t* with 1 < p < oo the ®-modulus does not coincide
with the usual p—modulus Mod,, since My (I') = (Mod, (TN, but
p—modulus and ®-modulus are both outer measures on the set of
curves in X.

A Borel nonnegative function g on X is a ®—weak upper gradient
of real-valued function u on X if the inequality (2) from the definition
of an upper gradient holds for all non-constant rectifiable curve
v : [a,b] = X except for a curve family of zero ®—modulus.

Tuominen [23] introduced the Orlicz-Sobolev space N»® (X). The
collection N'® (X) of all real-valued functions u € L® (X) possesing
d—weak upper gradients in L® (X) is a vector space. The application
defined on N'* (X) by [lull, 4 = [ull po(xy + Inf[[g]| o x), where the
infimum is taken over all ®—weak upper gradients g € L? (X) of u
is a seminorm. Setting u ~ v if [lu —v||, 4 = 0, for u,v € NE® (X)),
we obtain an equivalence relation on NL® (X). The set of equivalence
classes of functions u € N-® (X) is a vector space denoted by N1® (X))
and its norm as a quotient space is defined by [|ul| y1.e(x) = [[ull; 4-

If ®(t) = t» with 1 < p < oo, then N¥*(X) = NP (X) is the
Newtonian space introduced by Shanmugalingam [22].

The (1, ®)—Poincaré inequality introduced in [23] is a generalization
of the well-known (1, p)—Poincaré inequality [16], [11]. Let ® be a
strictly increasing real-valued Young function. It is said that a function
u € L}, (X) and a non-negative measurable function g on X satisfy a
weak (1, ®)—Poincaré inequality if there exist constants Cp > 0 and

7 > 1 such that

1 1 1
(7) EB/!U—UBIWSCP@ M<TB>/®<9>d“

B

Moreover, it is said that the metric measure space (X,d,u) sup-
ports a weak (1, ®)—Poincaré inequality if the inequality (7) holds for
each pair (u,g) with u € L}, (X) and g an upper gradient of u, with
constants Cp, 7 not depending on (u, g).
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For @ (t) = t*, 1 < p < o0, the (1, ®)—Poincaré inequality is the
(1, p)—Poincaré inequality

1 1 »
(8) MB/W—UBM;LSCPT FB)/gd,u

B

Assume that (X, d, u) supports a weak (1, ®)—Poincaré inequality
(7) and that ® satisfies a As—condition. Then replacing Cp by CpCs
in (7) we obtain an inequality that holds for each pair (u,gy) with
uwe L, (X) and gy a ®—weak upper gradient of u, as we show in the
following.

There exist a sequence of upper gradients (g,),~,; of w such that
Jim llg. = gollicx) = 0, which implies lim [ ® (|gn — gol) dp = 0
(23, Lemma 4.3]. For each n > 1 the pair (u, gT) = (u, g,) satisfies (7).
Since @ (g,) < 2@ (g0) + 2P (|gn — go|) and 7! (u+ o) <
Co® ! (u) + Ce® ! (v) for all u,v > 0, we get

-1 1 1 1
1 1
#Co0 | s [ @ gy —

It follows that for all n > 1

1 1
m/|U—UB|d[L S Cqu)’I“(I)_l /(I)(go) du
B

+CpCpd ! /<I>(|gn—go|)d,u

TB

w(TB)

Letting n tend to infinity we see that (u, go) satisfies the analogous (7)
with CpCs instead Cp.

3. THE INTERPLAY BETWEEN ORLICZ-POINCARE INEQUALITY
AND HOLDER CONTINUITY

Let ® be a Young function satisfying a A,-condition. If g € L® (X),

then for every measurable set A C X we have [®(g)du < oc.
A
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We denote Ig (g, A ( [ ®(g ), using the convention that

t—o0

Is (g,A) = oo if fCID dp = oo. If in addition lim q>(t) = 00, then
A
L*(X) c L},.(X) [21]. Note that in general Iy (g, A) and [|g]| o4

are not comparable.
In what follows, we denote p := log, Cp and q := log, Cy /1.

Theorem 4. Let (X, d, u) be a metric space with a doubling measure
i and a homogeneous dimension @Q > 1. Let ® be an Young function
satisfying the Ag— condition, such that p > @Q and q < 1/Q. Then
there exists some constant C' > 0 such that for every pair (u,g) satis-
fying a weak ®— Poincaré inequality (7), where u € L}, (X) and g is
a nonnegative measurable function, we have

(9)

[u(e) = ()| < Cmax (d(w,9)'" 7 d(@,1)") Lo (9, B (2, 2rd (2.,)))

for all distinct Lebesque points x,y € X of u. The constant C' depends
only on p,q, on the constants C,, Q),Ca associated with ( and on the
constants T, Cpy associated with the weak ®— Poincaré inequality (7).

Proof. Let u € L. (X). Let x,y € X be distinct Lebesgue points of u.
We apply a telescoping argument similar to that from the proof of [22,
Theorem 4.1]. Denoting By = B (z,2d (z,y)) and By = B (y,d (z,y)),
define B_;_1) = —B —y and B, = %Bi for all integers ¢ > 1. Then
By = B (z,2'" Zd(m y)) and B; = B (y,2'"'d (x,y)) for all i > 1.

Since z,y are Lebesgue points of u, we have u(z) = lim up_, and
1—>00

u(y) = limug,. Then
1—>00

|( |<Z‘UB 1+1'

1=—00

Recall the following estimate: if B C B C X are balls, then for

every measure p which is finite and positive on balls and each u €
L} . (X) we have

loc
(1 (B) 1/
up —ug| < wdp
el = ey )

Note that Bi(i+1) C B:ti = 2Bi(i+1) for all 7 Z 1, while Bl C Bo C
3B, C 22B,. Since p is doubling, it follows from the above inequality
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that for each i > 1, )UBi(i+1> —upy,| < C, (@ Ik ud,u) and
B,

lup, — ug,| < (Cp) (me UdM)- Then
0
(10)

lu(x) — Z Bﬂ /ualu—l—(C’u)2 M(IB(])/UCZM

=1 B+; Bo

Since the pair (u, g) satisfies the weak ®—Poincaré inequality (7), we
have

(11)
1
f (Bi)

. 1
dpy < 2l=ig o ———— / ®(g) d
/U :U“_CP[ (xay) U(TB:I:Z) (g) H

B+; TB+;

Our goal is to estimate the last factor from the right hand
side of the above inequality Jp (¢9,7B%;), where Jg(g,B) =

-1 <ﬁf®(g) du), in terms of Ip (g, 7B%;). Note that
B

Iy (g9,7B=%;) < Is (g9, 7By), since ® (g) is non-negative and ®~! is in-
creasing. Let ¢ be a nonnegative integer. By Lemma 2,

Jo (9,7B%;) < 2u(7By;) 1 (g, 7B%;)
if u(7By;) <1, while
Jo (9, 7B%;) < 2pu (1Bs;) P I (9, 7B+))
if u(7By;) > 1.
Using the first inequality in (1) these inequalities yield
Jo (9, 7B+;) < 204779 (2'7'd (=, y))_QQ Iy (g, 7B+;)
if 1 (7By;) < 1, respectively
Jo (g, 7BE:) < 2057779 (27 (2, y)) " Iy (9, 7B+:)
if 4 (7B4;) > 1. Then (11) implies
1
1 (Bxi)

where we denoted
M (z,y) = max (CZ\TﬂIQ (217id (x, y))l_qQ , C’i‘/p»;-*Q/P (217id (z, y))l—Q/P)‘

(12) / udp < 2CpM (z,y) Is (9, 7B+;) ,

i
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But
max (C’Zﬁ_qQ (2'77d (x, y))k(JQ ,Cl/Pral (27d (s, y))lfQ/p> <

Cymax (2090799, 20-90-0/0) max (d (2, )" ,d (2,)' %),

where

C} = max <C§T“1Q, C’i/pT_Q/p) and

max (2(1*1')(1711@)72(1*1')(1762)/10) — max (Qlqu’QlfQ/p) for i = 0 and
max (2(1_i)(1_qQ), 2(1_i)(1_Q)/p) = m= for i > 1, where

m := min (2(1*‘1@, Q(I*Q)/p). Note that m > 1, due to our assumptions

p>Q and ¢ < 1/Q, hence > m'~ =m/ (1 —m).

=1
From (10), (12) and I (9, 7B=;) < Is (g9, 7Byp) for i > 0 we get (9)
with
2m (1-4Q) 5(1-Q)/
C = QCMijcl 1— +CM max (2 a ,2 p) .
—m
|

Corollary 5. Consider the assumptions of the above theorem. Sup-
pose that that X supports a weak ®— Poincaré inequality (7). If pg < 1,
then there exists some constant C' > 0 such that for every u € Lj,.(X)
with a ®— weak upper gradient g we have

u(@) — u(y)| < Cmin (d(2.9)" % d(2,y)"%) Lo (9, B (x,2rd (,9)))

for all distinct Lebesgue points x,y € X of u. Here
c=C (pa q, O/.M Q7 OA: T, OPI)-

Proof. Let u € L, (X) and g be a ®— weak upper gradient of u. Since
X supports a weak ®—Poincaré inequality, the pair (u, g) satisfies a
weak ®—Poincaré inequality (7).

We slightly modify the proof of Theorem 4. Taking into account

Corollary 3, we may replace inequality (12) by the stronger inequality
1

f (Bi)

(13) / wdpt < 2Cpom (2,y) Iy (9,7 BL,)

where
m(z,y) := min (C%T—qQ (21—id (, y))l—qQ : Ci/pT—Q/p (21-id (, y))l—Q//p)'
From (10)’ (13) and Ig (gaTBii) < Iy (g,TBQ) for © > 0 we get

[u(r) —u(y)| < Caod (x, y)l_Qq I (9, 7Bo)
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and 0
u(z) — u(y)| < Csd (z,y)' "7 Is (9,7Bo),
where we denoted Cy = QCHCPICZT_QQZI_QQ (ﬁ + C’#) and

2
Cs:= ZCHCPICXPT_Q/Z)QI_Q/IJ (—21_Q/p 3 + Cu) )

Setting C' = max (Csy, C3) the claim (5) follows. B

Corollary 6. Consider the assumptions of the above theorem. Sup-
pose that that X supports a weak ®— Poincaré inequality (7), where

tlim@ = oo. Then for every u € NY* (X) there exist a constant
00

C (u) > 0 and a continuous representative u of u satisfying
i) — i(y)| < C (w) max (d(z,)" "7 d(w,y)""%)

for all x,y € X. Moreover, if pqg < 1, then every u € NY®(X)
has a representative u which is (1 — Qq) —Hdlder continuous and
(1 —Q/p) — Hdélder continuous.

Remark 2. The above Corollary generalizes implication (1) = (2)
from [8, Theorem 5.1].

Remark 3. By [18, Theorem 1], if the pair (u,g) with u € L}, (X)
and g € LY (X) satisfies a weak ®— Poincaré inequality, then u has
a representative that is locally (1 — Qq) —Hélder continuous, provided
that g < 1/Q. There it was not assumed that p > Q, but the claim is

weaker than that of Theorem 4.

We are looking for a generalization of the implication (2) = (1)
from [8, Theorem 5.1].

Lemma 7. Let (X,d, ) be a metric space with a doubling measure
satisfying u (B (z,1)) < Car@ for every ball B(z,r) in X with0 < r <
diam (X)), where Cx, Q > 0 are constants. Let ® be an Young function
satisfying the Ag—condition. Let u € Li,.(X) and g be a non-negative
measurable function. Assume that there exist some constants a > 0,
A > 1 and C' > 0 such that the following inequality holds, for almost
all v,y € X with x # y:

u(z) — u(y)| < Cd(z,y)" Is (9, B (z,Ad (z,y))) .
Then for every ball B = B (a,r) C X we have

1 1
— —ugldu < Cyrot@ip—! /(I) d
M(B)B/lu up|dp < Cyr LGAB) (9)dp

5\B
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if w(5AB) > 1 and

1 Q 1
14) —— - di < Cor®t o @1 /CD d
(14) MB)B/W us|du < Cor g | P

5AB

if 5 (5AB) < 1. Here Cy = 2°7LC (Cp)? and Cy = 2072C (C4) Y.
If in addition pqg < 1, then (14) holds for every ball B = B (a,r) C
X.

Proof. Let u € L. (X) with a ®— weak upper gradient g. Let
B = B (a,r) C X be a ball. Since

) ol -

flu y)| dp ()

for every x € X, we have

/|u sl < (o )//|u — ) dyt (3 dp ().

There exists a null set £ C X such that

lu(z) —u(y)| < Cd(x,y)" Is (g9, B (x, M (z,y)))

for all z,y € X\E with = # y.
If z,y € B, then
B (xz,\d(z,y)) C (4X+ 1) B C 5AB, hence
Is (g, B (z,Md(x,y))) < Is (g,5AB). Note that
lu(z) —u(y)| < 2Cr*ls (g, B (x,\d (z,y))) for x,y € B\ E.
It follows that
lu(z) — u(y)| <2*Cr*le (g,5AB) for all z,y € B\ F, hence

i! () dp (y) <

(16)
(ﬁ) //|“(9”)—U(y)\du(y)du(sc)§2a0r°‘1¢ (9,5\B) .
B

y (15) and (16) we get

1
/ |u —up|du < 2%Cr®le (g,5AB) .
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But

I3 (9,5\B) = ¢~ (SAJ;BCD(Q) du) <

<2uGAB)" 0 (s [ U,

where s = ¢ if p(5AB) > 1 and s = }D if i (5AB) < 1.
Using the Ahlfors regularity of u we obtain

(18) I (g,5AB) < 2(Cy)° r9 ™! M(51)\B) /@(g)du :
5AB

where s = ¢ if £ (5bAB) > 1 and s = ]l) if 4 (5AB) < 1. If in addition

pg < 1, then for 1 (5AB) > 1 we have (u(5AB))? < (u(5AB))"?,
therefore inequality (18) with s = % holds for every ball B = B (a,r) C
X.

Now (17) and (18) imply the claim. n

The following Proposition is a straightforward consequence of
Lemma 7.

Proposition 8. Let (X, d, 1) be a metric space with a doubling mea-
sure pi satisfying p (B (z,7)) < Car@ for every ball B(z,r) in X with
0 <r < diam (X), where Cy, Q) > 0 are constants. Let ® be an Young
function satisfying the As— condition, such that p > Q and pq < 1.
Assume that there exist some constants A > 1 and C > 0 such that
for every u € L, . (X) with a ®— weak upper gradient g the following

inequality holds, for almost all x,y € X with x # y:

_Q
|U(ZL‘) - u(y)| < Cd (Zlf, y)l P ICD (ga B (ZL‘, Ad (l‘, y))) .
Then X supports a weak ®— Poincaré inequality.

Proposition 8 partly generalizes the implication (2) = (1) from [8,
Theorem 5.1]. To obtain a full generalization we would need a result
guaranteeing that a space supporting a Orlicz-Poincaré inequality for
functions u € N»® (X) also supports a Orlicz-Poincaré inequality for
functions u € L, (X), that would be a counterpart of a result of Keith
[17] where ® (1) =, 1 < p < 0.

We conclude with the following result, combining Corollary 5 and
Proposition 8.
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Theorem 9. Let (X, d, p) be a Q— Ahlfor reqular metric measure space
with @ > 1. Let ® be an Young function satisfying the As— condi-
tion, such that p > @Q and pg < 1. Then the following conditions are
equivalent:

(1) X supports a weak ®— Poincaré inequality.

(2) There ezist some constants A > 1 and C > 0 such that for every
we L} (X) with a ®— weak upper gradient g the following inequality

loc

holds, for almost all x,y € X with x # y:

_Q _
u(z) — u(y)| < Cd (x,y)" "5 &~ / & (g) du
B(z,A\d(z,y))
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