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GROWTH AND OSCILLATION OF SOLUTIONS TO
HIGHER ORDER LINEAR DIFFERENTIAL
EQUATIONS WITH COEFFICIENTS OF FINITE
LOGARITHMIC ORDER

AMINA FERRAOUN AND BENHARRAT BELAIDI

Abstract. In this paper, we study the growth of solutions of com-
plex higher order linear differential equations with entire or meromor-
phic coefficients of finite logarithmic order. We extend some precedent
results due to L. Kinnunen; B. Belaidi; J. Liu, J. Tu and L. Z. Shi; H.
Hu, X. M. Zheng; T. B. Cao, K. Liu and J. Wang and others. We also
consider the fixed points of solutions in this paper.

1. INTRODUCTION

We assume that the reader is familiar with the fundamental results and
the standard notations of Nevanlinna’s theory (see e.g. [13,27]). For
r € [0, +00), we define exp, r := €” and exp,,, ; 7 := exp(exp, 7),p € N.
For all r sufficiently large, we define log; r := logr and log,, ;7 :=
log(log,r), p € N. We also denote exp,r := r = log,r, log_,r :=
exp, r and exp_; r := log; r.
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Furthermore, we define the linear measure of a set £ C [0,400) by
m(E) = [, dt and the logarithmic measure of a set F' C [1,400) by
my(F) = [, %. Now, we shall introduce the definition of meromorphic
functions of [p, g]-order and [p, q|]-type, where p, ¢ are positive integers
satisfying p > ¢ > 1 or 2 < ¢ = p+ 1. In order to keep accordance
with the definition of iterated order (see e.g. [21,26]), we will give
a minor modification to the original definition of [p, ¢]-order (see e.g.

[19,20]).

Definition 1.1 ([23,24]). Let 1 < ¢ < por 2 < g = p+ 1. The
(p, q)-order of a meromorphic function f is defined by

log, T'(r,
oon(f) = Tim log, T(r.f)

r—+oo  log, r

where T'(r, f) is the characteristic function of Nevanlinna of the func-
tion f. If f is an entire function, then

——log,,, M(r, f)
Tpo)(f) = TEQHOO%T
q

where M (r, f) is the maximum modulus of f in the circle |z| = r.

Remark 1.1 (i) By the Definition 1.1, it is clear that o, 1)(f) = o,(f)
is the iterated p-order of f (see e.g. [21,26]) and in particular, we have
that o(1,1)(f) = o(f) and o1)(f) = o2(f) are the order and hyper-
order of f, respectively (see e.g. [13,27]).

(ii) o(1,2)(f) = ow0g(f) is the logarithmic order of f (see e.g. [9]).

(iii) The logarithmic order of any non-constant rational function f is
one, and therefore, any transcendental meromorphic function in the
plane has logarithmic order no less than one. However, a function of
logarithmic order one is not necessarily a rational function. Constant
functions have zero logarithmic order, while there are no meromorphic
functions of logarithmic order between zero and one. In addition, any
meromorphic function with finite logarithmic order in the plane is of
order zero.

Definition 1.2 ([18]). Let 1 < g < por 2 < g = p+ 1. The lower
(p, q)-order of a meromorphic function f (z) is defined by

log, T'(r, f)
= lim —2—~'°7,
#(p'q)(f) % logq r
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If f(z) is an entire function, then

log,, M (r, f)
= i p+1
M(p'Q)(f) % logq

Remark 1.2 ji(1,9)(f) = puog(f) is the logarithmic lower order of f ().

Definition 1.3 ([21]) . The finiteness degree of growth i(f) of a mero-
morphic function f (z) is defined by

0, if f is rational,

min{j € N: 0(;1)(f) < +oo}, if f is transcendental
and o0(;1)(f) < +oo for some j € N,

o0, if o1 (f) =400, forall j € N.

i(f) =

Definition 1.4 ([23,24]). Let 1 < ¢ < por2 < g = p+ 1. The
(p, q)-type of a meromorphic function f (z) with 0 < o, (f) < +o0
is defined by

log -1 T(Ta f)
_= l P *
T(p.q) (f) Tiglm (1qu71 r)"(p,q)(f)

If f () is an entire function with 0 < 0, ¢)(f) < 400, then

T (f) = Tm_ log, M (r, f)

r—+400 (logq_l r)a(p,q)(f) '

Definition 1.5 ([18]). Let 1 < ¢ < por 2 < g = p+ 1. The lower
(p, q)-type of a meromorphic function f (z) with 0 < ¢ (f) < +o0
is defined by

)= tim 1B T0D)
Lpa) T too (log 17‘)“(%‘1)(”'

If f(z) is an entire function with 0 < fi(pq)(f) < +00, then

log, M (r, )
T(pg)(f) = lim —F————0.
r——+00 (logqil fr’) (p,q)

Remark 1.3 711)(f) = 7(f) is the type of f (z), I(1,1)(f) =1(f) is
the lower type of f(2), T1,2)(f) = Tiog(f) is the logarithmic type of

f(2) and 7 5)(f) is the logarlthmic lower type of f(z).

Definition 1.6 ([23,24]). Let 1 <g<por2<g=p+ 1. The (p,q)-
exponent of convergence of the sequence of a-points of a meromorphic
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function f (z) is defined by

log, n(r )

< 7 f—a

Apg) ([ —a) = e
q

and the (p, ¢)-exponent of convergence of the sequence of distinct a-
points of a meromorphic function f (z) is defined by

X(p,q) (f — a) = lim

r—400 logq r

If a = 0, the (p, ¢)-exponent of convergence of zeros of a meromorphic

function f (z) is defined by

log, n(r, +)

- i

Apa)(f) = rggﬂoof%—r
q

and the (p, ¢)-exponent of convergence of distinct zeros of a meromor-
phic function f(z) is defined by

___log, i(r, $)
A(pq)(f) = lim p—f7

r—+o0 logq T

where n (r, f> (orm <7’, ?>) denotes the number of zeros (or distinct
zeros) of f in the disc |z] < r. If a = oo, the (p, ¢)-exponent of con-

vergence of the sequence of poles of a meromorphic function f(z) is

defined by
1 logp ) J

r—+400 logq T

The (p,q)-exponent of convergence of the sequence of distinct fixed
points of a meromorphic function f (z) is defined by

log, n(r, =
Apag)(f —2) = TETM%‘

Remark 1.4 (i) Aq2)(f) = Ag(f) is the logarithmic exponent of
convergence of zeros of f(z), (see e.g. [9]) and A2)(f) = Mog(/[f) is
the logarithmic exponent of convergence of distinct zeros of f (z).

(ii) For the case p > q > 1, Ao (f) (or Apg)(f)) can also be defined
by using N (r, %) (or N(r, )) instead of n(r, f) (or m(r, f)) respectively
(see e.g. [24]), yet, it does not hold for the case p < ¢. For example, the
logarithmic order of N(r, ) is equal to Ajeg(f) + 1, (see [9], Theorem
4.1).
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Definition 1.7 ([21]). The finiteness degree of the iterated conver-
gence exponent of the sequence of zeros of a meromorphic function
f(z) is defined by

0, if n(r, %) = O(logr),

ix(f) = min{j € N: A1) (f) < +oo}, if Aj1)(f) < +oo
for some j € N,
+00, if Aj1y(f) = +oo0, for all j € N.

For k > 2, we consider the linear differential equation
(L1 O A () Y+ A(2) f 4+ Ao(2) f =0,
where Ay(z) # 0. When the coefficients Ag(z), A1(2), -+, Ax_1(z) are

entire functions, it is well-known that all solutions of (1.1) are entire
functions, and that if some coefficients of (1.1) are transcendental then
(1.1) has at least one solution with infinite order. As much as we
know, the idea of the iterated order was first introduced by Bernal [4]
to express the fast growth of solutions of complex linear differential
equations. From then, many authors achieved further results on the
iterated order of solutions of (1.1), (see e.g. [1,2,3,6,7,17,21]).

Theorem A ([1]). Let Aj(z) (j =0,1,--- ,k—1) be entire functions,
and let i(Ag) =p (0 < p < 00). Assume that either
max{i(4;):j=1,2,---  k—1} <p
or
max{o,(A4,):j=1,2,--- [k —1} < 0,(4y) =0 (0 <0 < 0),
max{7,(A;) : 0,(A;) = 0p(A0)} < 7p(Ap) :=7 (0 <7 < 0).
Then every solutionf(z) #Z 0 of (1.1) satisfies i(f) =p+ 1 and
op+1(f) = op(Ao).

For the case when the dominant coefficient in (1.1) is of finite
iterated lower order, Hu and Zheng in [17], investigated the growth of
solutions of (1.1) and obtained the following result.

Theorem B ([17]). Let A;(2) (j =0,1,--- ,k—1) be entire functions
of finite iterated order satisfying

max{o,(A4,) 1 j=1,2,--- [k —1} < p,(Ap) < 0,(Ag) < 0.
Then every solution f(z) Z 0 of (1.1) satisfies
tp(Ao) = pip+1(f) < 0pia(f) = 0p(Ao).
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In [6], Cao, Xu and Chen considered the growth of meromorphic
solutions of equation (1.1) with meromorphic coefficients of finite iter-
ated order, and obtained the following result when A is the dominant
coefficient with finite iterated order.

Theorem C ([6]). Let A;(z) (j = 0,1,--- ,k — 1) be meromorphic
functions in the plane, and let i(Ap) = p (0 < p < 00). Assume that
either ix(4 =) <porA o -) < 0p(Ao), and that either

max{i(4;):j=1,2,---  k—1} <p
or
max{o,(A;):j=1,2,--- k= 1} <0,(Ap) :=0 (0 <0 < 0),
max{7,(A;) : 0,(A;) = 0,(A0)} < 7p(Ap) :=7 (0 <7 < 0).
Then every meromorphic solution f(z) # 0, whose poles are of uni-

formly bounded multiplicities, of (1.1) satisfies i(f) = p+ 1 and
op+1(f) = op(Ao).

In [24], Liu, Tu and Shi were the first to use the concepts of (p, q)-
order and (p, q)-type for the case p > g > 1 to investigate the growth
of entire solutions of (1.1), and obtained some results which improve
and generalize other results.

Theorem D ([24, Theorems 2.2 and 2.3]). Let p > q¢ > 1, and let
Ao(z), A1(2),-- -, Ap_1(2) be entire functions such that either

max{o(y,q) (A;) 1 j # 0} < 0(p,g)(Ao) < 400

max{o g (4;) : j # 0} < 0(pq)(Ao) < +00,

max{7(p,q)(4;) : 0(pg)(Aj) = Tp.g)(Ao) > 0} < 7(p,) (Ao).
Then every solution f(z) #Z 0 of (1.1) satisfies o(p11,9)(f) = T(p,q)(Ao)-

In Theorems A and D, the authors investigated the growth of the
solutions of (1.1) when the coefficients are of finite iterated order or
finite (p, ¢)-order. A natural question occurs: How about the growth of
solutions of (1.1) when the coefficients are of order zero? Recently, the
concept of logarithmic order has been used to investigate the growth
and the oscillation of solutions of linear differential equations in the
complex plane [5] and in the unit disc ([15],[16]). In [5], Cao, Liu and
Wang discussed the above question and obtained the following result,
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when the dominant coefficient Aq is transcendental and of order zero,
by making use of the idea of the logarithmic order due to Chern [9].

Theorem E ([5]). Let A;(2) (j =
of finite logarithmic order If Ay(z

max{oq2)(4;) =1, k =1} = 031,2)(Ag) < 00,

0,1,--- ,k —1) be entire functions
) 5 tmnscendental and satisfies

and
max{7(1,2)(4;) : 012 (4;) = 01,2 (A0)} < 71.2)(Ao) < 00,
then every transcendental solution f(z) of equation (1.1) satisfies
o21)(f) =0 and
1<og (AO) < 0, 2)(f) < 0(1’2)(140) + 1.

Furthermore, if 0(1,2)(140) > 1, then the degree of any nonzero poly-
nomial solution of (1.1) is not less than 1(1,2)(Ao); if o(1,2)(Ao) = 1,
then any nonzero solution of (1.1) can not be a polynomial.

2. MAIN RESULTS

Now we consider the following questions: Firstly, what do we say
about the growth of solutions of (1.1) in Theorems B and C when the
dominant coefficient is of finite logarithmic lower order? And secondly,
can we extend the above results when the coefficients are meromorphic
functions of finite logarithmic order? In this paper, we consider the
above questions and obtain the following results.

Theorem 2.1 Let A;j(z) (j = 0,1,--- .k — 1) be entire functions
satisfying
max{a 12)<A ) ] = 1,2, — 1} < ,LL(LQ)(A(])
< 00,9 (Ap) =0 < 00,
Then every solution f(z) Z 0 of (1.1) satisfies
1 < pa,2)(Ao) < ey (f) < pizy(Ao) +1,
o (f) =0 and 1 < on2)(Ao) < 0@ (f) = Ae(f —»)

=22 (f — @) < oa2(A0) +1,
where @(z) # 0 is an entire function satisfying 0(.2)(¢) < fi(1,2)(Ao).

Theorem 2.2 Let Aj(z) (j =0,1,--- ,k — 1) be entire functions of
finite logarithmic order. If Ag(z) is transcendental and satisfies

max{o2)(A4;) 7 =1,2,-- k= 1} < pa2)(Ao) == p < oo,
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k1
lim m(r, A;)/m(r, Ag) < 1,

r—+00 “
J=1

then every transcendental solution f(z) of (1.1) satisfies
11,2 (Ao) < pr22)(f) < paz)(Ao) + 1,
oen(f) =0and 1 <ong)(Ao) <opa(f) = A (f — @)

= Ao (f —¥) < oa2)(4) +1,
where p(z) # 0 is an entire function satisfying o(2,2)(¢) < fi(1,2)(Ao).

Theorem 2.3 Let Aj(z) (j =0,1,--- ,k — 1) be entire functions of
finite logarithmic order. If Ag(z) is transcendental and satisfies

max{a(m)(Aj) j 7é 0} S /,6(1’2)(140) S 0'(1’2)(140) < o0,

71 = max{712)(4;) : 0a,2(A;) = pa2(Ao),7 # 0}
< T(2)(Ao) =7 < o0,
then every transcendental solution f(z) of equation (1.1)
1,2)(Ao) < pe2)(f) < paz)(Ao) + 1,
o@(f) =0 and 1 < 042 (A) < 0p2)(f) =Aey(f —¢)

= Aaa(f —¢) <oaz(de) +1,
where p(z) # 0 is an entire function satisfying o(2,2)(¢) < fi(1,2)(Ao)-

Our next results are for the case when the coefficients A,(z) are
meromorphic functions.

Theorem 2.4 Let A;(z) (j =0,1,--- ,k — 1) be meromorphic func-
tions. Assume that A1 2) (AL(J) < 0(1,2)(Ao), and
max{on9)(A;) 7 =1,2,--- k= 1} <0n,9(A) =0 < 0.
Then every meromorphic solution f(z) £ 0 of (1.1) satisfies
022)(f) = 012)(A40) > 1.
Theorem 2.5 Let A;(z) (j =0,1,--- ,k — 1) be meromorphic func-

tions of finite logarithmic order. Assume that A 2 <AL0> < u1,2)(Ao),
and

maX{O'(ljg)(Aj) ] =1,2,--- ,k} — ]_} < /1(172)(140) < 0'(172)(140) < 0.
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Then every meromorphic solution f(z) # 0 of the equation (1.1) sat-
isfies 022)(f) = pe2)(f) = pa2)(Ao) = 1.

Replacing the dominant coefficient Ay by an arbitrary coefficient
As, where s € {0,1,--- ,k — 1}, we obtain the following results.

Theorem 2.6 Let A;(z) (j =0,1,--- ,k — 1) be non-constant mero-
morphic functions. Suppose that there exists one As(z) (0 < s < k—1)

satisfying A1,2) (%) < 0a,9)(As), and

max {o(12)(4;) 1 j # 5} < o12)(4As) =0 < o0,

Then every transcendental meromorphic solution f(z) of (1.1) satis-
fies 0o (f) > 0a2)(As) > 1, and every non-transcendental mero-
morphic solution f(z) # 0 of (1.1) is a polynomial with degree
deg(f) < s—11if s > 1. Furthermore, if all solutions f(z) # 0
of (1.1) are meromorphic functions, then there is at least one mero-
morphic solution fi(z) which satisfies o(2,2)(f1) > 0@1,2)(As) > 1.

Theorem 2.7 Let A;(z) (j =0,1,--- ,k — 1) be non-constant mero-
morphic functions. Suppose that there exists one As(z) (0 < s < k—1)

satisfying A 2) (A%) < p1,2)(As), and

max {0(172)(Aj) = S} < ) (As) < 0a2)(As) =0 < oo.

Then every transcendental meromorphic solution f(z) of (1.1) sat-
isfies ocao(f) > na(f) = paz(ds) > 1, and every non-
transcendental meromorphic solution f(z) # 0 of (1.1) is a poly-
nomial with degree deg(f) < s —1 if s > 1. Furthermore, if all
solutions f(z) Z 0 of (1.1) are meromorphic functions, then there is
at least one meromorphic solution fi(z) which satisfies o(2.9)(f1) >

te22)(f1) = pa2)(As) > 1.

Set g(z) = f(z) — z. Then we have A2 (f — 2) = A22(g9) and
0(2,2)(f) = 0(2,2)(9). Many authors have investigated the problems on
the fixed points and the distinct fixed points of solutions of linear dif-
ferential equations and obtained some valuables results [2, 3,6, 8, 25].
In the following results, we obtained some estimates of distinct fixed
points of meromorphic solutions of (1.1).
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Theorem 2.8 Under the hypotheses of Theorem 2.4, if o(12)(Ao) > 1,
then every meromorphic solution f(z) # 0 of (1.1) satisfies A22)(f —
z) = 002)(f) 2 0(1,9)(40) > 1.

Theorem 2.9 Under the hypotheses of Theorem 2.6, if Ai(z) +
zAp(z) # 0 and all solutions of (1.1) are meromorphic then any tran-
scendental meromorphic solution f(z) with on2)(f) > 01,2)(4s) > 1
satisfies A1,2)(f —2) = 0a,2)(f). Furthermore, there exists at least one
solution f1(2) satisfying Aa2)(f1 — 2) = 022 (f1) = 0(1,2)(As) > 1.

3. PRELIMINARY LEMMAS

In order to prove our theorems, we need the following lemmas.

Lemma 3.1 ([14]). Let k and j be integers such that k > j > 0. Let
f be a meromorphic function in the plane C such that {9 does not
vanish identically. Then, there exists an rq > 1 such that

f® L p(T(p, f))

k!
m(r, 7=) < (k — j)log 1) + log Gt (k — )5.3078,

70)
forall ro <r < p < +oo. If f is of finite order s, then

(k)
m(r, %)

lim sup < max{0, (k—j)(s—1)}.

rtoo  lOgT

Lemma 3.2 Let f(z) be a meromorphic function with o 9 (f) < oo.
Then for any given ¢ > 0, there exists a set Ey C (1,400) having
infinite logarithmic measure such that for all r € Ey, we have

log T'(r, f)
r—t+ooreEr loglogr

0(1,2)(f) =

Proof. By the definition of the logarithmic order, there exists a se-
quence {r,}>2; tending to oo satisfying (1+ +)r, < 41, and

. logT(ry, f)
lim ————~
rm—+oo  loglogr,

= U(1,2)<f)'

Then, for any given € > 0, there exists an n; such that for n > n; and
any 7 € [, (14 +)r,], we have

log T'(rn, f) _ logT(r, f) _ logT((1+ )7, f)
loglog(1+ +)r, = loglogr — loglogr, '
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(e 9]

Set By = U [ry, (1 + 2)r,). Then for any r € Ey, we have
n=ni
im 8Ty 18T S)
r—+oo,reEr  loglogr rm—+oo  loglogr, ’
and
1+ )Tn -
dt
=3 [ e S
n=ni n=mni

Lemma 3.3 ([12]). Let g : [0,+00) — R and h : [0,+00) — R
be monotone nondecreasing functions such that g(r) < h(r) for all
r & [0,1] U Ey where Ey C (1,+00) is a set of finite logarithmic
measure. Then for any « > 1, there exists an ro = ro(a) > 0 such
that g(r) < h(ar) for all r > .

Lemma 3.4 ([22]). Let f(2) be a transcendental entire function. Then
there exists a set E3 C (1,+00) with finite logarithmic measure such
that for all z satisfying |z| = r ¢ E3 and |f(z)| = M(r, f), we have

f%) _ (velr)
Eale

where v¢(r) is the central index of f(z).

>" (14+0(1)), (neN),

Lemma 3.5 ([19]). Let f(z) be an entire function of [p,q]-order and
lower [p,q]-order, and let v¢(r) be a central index of f(z). Then

log,, v(r) . log, vy(r)
m = 0(p,q)(f)v lim —*F———
r—+oo  log, T r—too  log, T

= :“(p,q)<f)'

Lemma 3.6 ([5]). Let Aj(z) (j =0,1,--- ,k—1) be entire functions
such that max{o2(A;) 1 j = 1,2,--- k= 1} < 0q,2)(Ay) < +o0.
Then any nonzero entire solution f(z) of (1.1) satisfies o9 (f) >
o(1,2)(A4o) > 1.

Lemma 3.7 ([5]). Let A;(z) (j =0,1,--- ,k —1) be entire functions
such that max{a 12)(A;) 17 =0,1,--- [k =1} < a < 4oo. Then any
solution f(z) of ( 1) satisfies 0(21)(f) =0 and op2)(f) < a+1.

Lemma 3.8 ([11]). Let f(z) be a transcendental meromorphic func-
tion in the plane, and let o > 1 be a given constant. Then there exist
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a set By C (1,+400) that has a finite logarithmic measure, and a con-
stant B > 0 depending only on « and (m,n) (m,n € {0,1,--- ,k})
m < n such that for all z with |z| =r & [0,1] U E,, we have
f™(2) T(ar f) . i
‘f(m)(z) <B T(log r)log T(ar, f) :
Lemma 3.9 Let f(z) be an entire function with ji1,2)(f) < co. Then
for any given € > 0, there ezists a set E5 C (1,+00) having infinite
logarithmic measure such that for all r € Es5, we have
) log T'(r, ) log log M (r,
paz(f) = lim M = lim glog M(r, f)

r—+oo,reBs  loglogr r—+ooreB;  loglogr

and for any given € > 0
M(r, f) < exp{(log r)“(1,2)(f)+5}.

Proof. By the definition of the logarithmic lower order, there exists a
sequence {r,}22; tending to oo satisfying (1 + +)r,, < r,41, and

) loglog M (7, f)
lim
rm—+oo  loglogr,

= pa2)(f)

Then for any given € > 0, there exists an ny such that for n > ny and
any r € [niﬂrn,rn} , we have

loglog M(i#770. /) _ loglog M(r, f) _ loglog M(ry, f)

log log 7, ~ loglogr = loglog iy,
Set s = | [#rn,rn} . Then for any r € Es5, we have
n=ns
. log log M (r, . log log M (r,,
lim Blog M(r, /) _ yyy loBlog M, /) _ a2 (f),
r—+oor€ls  loglogr m—+oo  loglogr,
and
o0 n dt o0 1
mlE5:Z / ?:Zlog(1+g):oo.
n=nz n n=n2

L,

n+1
Also, we have

logT(r.f) _ .~ loglog M(r f)

r—+oo,r€Bs  loglog r r—+ooreBs  loglogr

Then for any given € > 0
M(T, f) < exp{(]og T)l‘(l,2)(f)+€}'
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Using similar proof as in the proof of Theorem 3.4 in [5], we
obtain the following for the case of logarithmic order.

Lemma 3.10 Let A;(z) (j=0,1,--- ,k—1) and F(z) # 0 be mero-
morphic functions and let f(z) be a meromorphic solution of the equa-
tion

FO 4 A () f% Y o A(2)f 4 Ao(2)f = F,
such that
max{a(i72)(F) 0, 2)(A ) ] = 0, 1, s ,k}—l} < 0(1‘72)(f) < 400 (Z = 1,2).

Then we have

5\(1‘,2)(f) = /\(i,2)<f) - 0(i,2)(f) (1=1,2).
Remark 3.1. The Lemma 3.10 was proved for i = 2 in [5].

Lemma 3.11 Let Aj(z) (j = 0,1,--- ,k — 1) be entire functions of
finite logarithmic order. If Ay(2) is transcendental and satisfies

k—1
rEEloo Zl m(r, A;)/m(r, Ag) <1
-

then every transcendental solution f (z) of (1.1) satisfies o(21)(f) =0
and

1 <oa2)(Ag) < o22)(f) <oaa(A) + 1.

Proof. We divide the proof into two parts : (i) o2,9)(f) > 0(1,2)(4o) > 1

and (i) o2,1)(f) = 0, 02.2)(f) < 7(1,2)(A0) + 1.
(i) Let f be a transcendental solution of (1.1). By (1.1), we have
)

(k) (k-1 /
(3.1) —Ap(z) = ff + A1 (2 )ff —I—---+A1(z)f7.
Using Lemma 3.1 and (3.1), we obtain
! b ()
m(r, Ap) §Zm Zm(T,T)—i—O(l)

J=1 J=1

(3.2) Z m(r, A;) + k*log™ T(2r, f) + O(1).
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Suppose that

k-1
h{l}_l m(r,A;)/m(r,Ay) = a < < 1.
T—+00
=1

Then, for sufficiently large r, we have

(3.3) Zm(r, A;) < Bm(r, Ap).
By (3.2) and (3.3), we have
(3.4) (1 —B)m(r, Ag) < k*log™ T(2r, f) + O(1).

By 0(1,9)(Ag) := 0 > 1 and Lemma 3.2, there exists a set E; C (1, +00)
having infinite logarithmic measure such that for all z satisfying |z| =
r € E; and for any given € > 0, we have

(3.5) (1=p)(logr)™" < (1= B)m(r, Ao) < k*log" T(2r, f) + O(1).
Since € > 0 is arbitrary, then by (3.5), we have

022)(f) 2 0 = 0@2)(A) > 1.
(ii) By (1.1), we have

¥ (2) f'(z)
(3:6) ‘ i) )

By Lemma 3.4 and (3.6), there exists a set F3 C (1,400) with finite
logarithmic measure such that for all z satisfying |z| = r ¢ FE3 and
|f(z)| = M(r, f), we have

(”f—“))k|1+o<1>|

r

+- - F]A(2)]

+[Ao(2)]-

(k=1)(,
< e () ]fT)“

1) < (s A+ A (220 o).

By (3.3) and 0(19)(Ag) = o, it is clear that o9 (A;) < 0, j =
1,---  k — 1. Then, by the definition of the logarithmic order for any
given € > 0 and sufficiently large r, we have

(3.8) |A;(2)] < M(r,A;j) < exp{(logr)"**}, j=1,--- k-1
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Therefore, by (3.7) and (3.8), for all z satisfying |z| = r ¢ FEj3, and
[F(2)] = M(r, f), we have
k-1

(ﬁ) 1+ < kenp{los)” 7 (L) ot
that is,
(3.9) ve(r) |14 o(1)] < krexp{(log Y1+ o(1)].

By Lemma 3.3, Lemma 3.5 and (3.9), we have o 1)(f) = 0 and
0'(272)(](’) < 0'(1’2)(140) + 1. From (1) and (11), we get 1 < 0(1,2)(140) <
02,2)(f) < 012)(Ag) + 1.

Lemma 3.12 ([5]). Let ¢(r) be a continuous and positive increasing
function, defined for r on (0,+00) with logarithmic order o( 2 (¢).
Then for any subset Eg of [0,400) that has finite linear measure,
there ezists a sequence {r,}, r, € Eg¢ such that

log ¢(ry)
— lim =X\
70.2(9) s oo loglogr,
Lemma 3.13 ([10]). Let fi, fo, -, fr be linearly independent mero-
morphic solutions of the differential equation (1.1) with meromorphic
functions Ag, Ay, -+, Ar_1 in the plane as the coefficients. Then

m(r, A;) = O {log (max T(r, fn)>} (=01, k—1).

1<n<k

4. PROOF OF THEOREM 2.1

Assume that f(z) # 0 is a solution of (1.1). Then, by Lemma 3.6,
we have 0(22)(f) > 031,2)(Ag) > 1. On the other hand, by Lemma 3.7,
we have 0(21)(f) = 0 and 022)(f) < 0(1,2)(Ap) + 1. Thus, we obtain
0'(2’1)(]0) =0and 1 S 0'(1’2)(./40) S 0'(272)(]0) S 0(172)(140) + 1. NOW, we
just need to prove (i) 1 < pq2)(Ao) < pe2)(f) < paz(Ao) +1 and

(i) A 22(f 80)—)\22)(f 90)—0(22)(f)
(i) By (1.1), we have

f(k)
f

(k—1) f/
£l
Set o = max{oa(4;) : j = 1,k =1} < pagy(d) <
0(1,2(Ag) := 0 < oo. Then for any given € (0 < 2e < (1,2 (Ao) — @)
and for sufficiently large r, we have

(4.2) M(r, Ag) > exp{(logr)ra.»Ao—=]

(41)  |Ao(2)] <

el

-+ [A(2)]
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and
(43) M(T’, AJ) S eXp{(logT)a+8}7 j = 17 e 7k - L

By Lemma 3.8, there exist a set Fy C (1,400) that has a finite
logarithmic measure and a constant B > 0 such that for all z with
|z| =7 ¢ [0,1] U Ey, we have

f9(2)
f(z)

By substituting (4.2) — (4.4) into (4.1), for the above ¢, we get
(4.5)  exp{(logr) a2} < Blexp{(logr)**} [T(2r, )*"",

for all z satisfying |z| = r € [0, 1]UEy, r — oo and |Ag(z)| = M(r, Ao).
By Lemma 3.3 and (4.5), we have pu22)(f) > f41,2)(Ap) —¢. Since € > 0
is arbitrary, then

(4.4) <B(T@r, ), j=1,--- k.

(4.6) t22)(f) = pa,2)(Ag) > 1.
From (1.1), we get

f9(2) ’f(kl)(z) f'(2)
4.7 <|Ap_1(2)| | =————=|+ - -+|A1(2 +1Ao(2)] .
By Lemma 3.4, there exists a set E3 C (1,400) having finite log-
arithmic measure such that for all z satisfying |z| = r ¢ E3 and
|f(2)| = M(r, f), we have

f9(z) (W(?‘))j :

48 T (H) 14 0(1), (=1, k).
wy = () o). )

By Lemma 3.9, there exists a set E5 C (1,+00) having infinite loga-
rithmic measure such that for all |z| = r € Ej, we have

(4.9) [Ao(2)] < M(r, Ag) < exp{(logr)aa oy,
Hence, by (4.3), (4.7) — (4.9), for all |z| = r € E5\E3, we get

(”fT(”) "1t o(1)] < kexp{(logr)an o) (”fT(T)) o],

that is
(4.10) vi(r) |1+ o0(1)] < kr |1+ o(1)] exp{(log T)uu,z)(Ao)Jrs}

Since € > 0 is arbitrary, then by Lemma 3.3, Lemma 3.5 and (4.10),
we have

(4.11) f22)(f) < gz (Aog) + 1.
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By (4.6) and (4.11), we obtain
1 < pao(Ao) < i) (f) < pao(Ao) + 1.

(ii) Now, we prove that 5\(2,2)(]‘“ — @) = Ao (f —¢) = o@2(f). Set
g = f — . Since 0@ (p) < paz(de) < 0@,2)(Ao), then we have
022)(9) = 02 (f); A22)(9) = A@a) (f—¢) and A@2)(9) = A2 (f—¢)-
Substituting f = g + ¢ into (1.1), we obtain

g(k) + Ak,l(z)g(kfl) + 4+ A(2)gd + Ao(2)g

(4.12) = —[pW + Ap_1(2)® D 4+ Ay(2)9 + Ao(2) ).

If G(z) = " 4+ Ap 1 (2)p%* D + oo+ A1(2)¢’ + Ag(2)e = 0, then
by part (i), we have o22)(¢) > pe2(p) = pa2(Ay), which is a
contradiction. Hence G(z) # 0. Since G(z) # 0 and 0(22)(G) <
022 (p) < paz(de) < 0a2)(Ae) < 0p2)(g), then by Lemma 3.10
and (4.12), we have

That is,
1 < oa9)(Ao) < Aeay(f—9) = Ao (f—¢) = 0@ (f) < o@,2)(Ao)+1.

5. PROOF OF THEOREM 2.2

Assume that f(z) is a transcendental solution of (1.1). Then, by
Lemma 3.11, we have 0(21)(f) = 0 and 1 < 0(1,2)(Ao0) < 0(2,2)(f)
0(1,2)(Ao) +1. Now it only remains to prove (i) y1(1,2)(Ao) < p22)(f)
f1,2)(Ao) + 1 and (i) M) (f — @) = Aea)(f — @) = o@y(f).

(i) By p,2)(Ao) := p, for any given € > 0 and sufficiently large r, we
get

<
<

(5.1) m(r, Ag) > (logr)" =.
By (3.4) and (5.1), for the above ¢ and sufficiently large r, we have
(5.2) (1 —8) (logr)*—° < k*log™ T(2r, f) + O(1).

Since € > 0 is arbitrary, then by (5.2), we obtain

t22)(f) = 1= a2 (Ao).
On the other hand, since max{ou 2 (4;) : 7 = 1,2,--- k= 1} <
ta,2)(Ao) := p, then for any given ¢ > 0 and sufficiently large r, we
have

(5.3) |A4;(2)| < exp{(logr)" ™}, j=1,2,--- k—1.
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By Lemma 3.9, there exists a set E5 C (1,400) having infinite loga-
rithmic measure such that for all |z| = r € E5, we have

(5.4) [40(2)| < exp{(logr)"*}.

Hence, by (4.7), (4.8), (5.3) and (5.4), for sufficiently large |z| = r €
Es\ E3, we have

k k-1
(L)> 1+ 0(1)] < kexp{(logr)**} (£> 1+ o(1)],
that is
(5.5) vi(r) |1+ o(1)] < kr |1+ o(1)| exp{(log r)**=.

Since £ > 0 is arbitrary, then by Lemma 3.3, Lemma 3.5 and (5.5), we
have

w2 (f) < p+1=pa2(A) + 1.
Thus, we have
t1,2)(Ao) < p2)(f) < pae)(Ao) + 1.

(ii) We prove that Moo (f — ¢©) = Aeo(f — @) = o@2(f). Set
g = [ — . Since o(22)(¢) < pa2)(Ao) < 0@,2)(Ay), then we have

0(2,2) (9) = U(Q,Q)(f)a >\(2,2) (9) = /\(272)(f_90) and 5\(2,2) (9) = 5\(2,2)(f—90)-
Substituting f = g + ¢ into (1.1), we obtain

g%+ A1 (2)g* Y 4+ A(2)d + Ap(2)g

(5.6) = —[® + Aj_1(2) "D + -+ Ar(2)¢’ + Ao(2)4].

If G(z) = W 4+ Ap_1(2)p"* Y + -+ + A1 (2)¢" + Ag(2)p = 0, then
by part (i), we have o9 (@) > pe2(v) > #a,2(Ao), which is a
contradiction. Hence G(z) # 0. Since G(z) # 0 and 0p22)(G) <

0(2,2)(g9), then by Lemma 3.10 and (5.6), we have
1 < o(2)(Ag) < 5\(2,2) (9) = A22)(9) = 0@2.2)(9)

=022 (f) < 002(4A) + 1.
That is,

1 <o@g(do) < /_\(2,2)(f—90) = A22)(f=¢) = 002 (f) < o@,2(Ao)+1.
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6. PROOF OF THEOREM 2.3

Assume that f(z) is a transcendental solution of (1.1). First, we prove
that 0'(271)(f) =0and 1 S 0'(172)(_/40) S 0'(272)(](‘) S 0'(172)(140) + 1. By
Lemma 3.7, we have (o 1)(f) = 0 and 029)(f) < 0(1,2)(A0) + 1. Now
it only remains to prove (i) o2)(f) > o@u2)(4o) > 1, pa2)(Ay) <

t22)(f) < p2)(Ao)+1 and (i) Ae2)(f—9) = A2 (f—¢) = 0(22)([f)-
(1) We set d := max{a(m)(Aj) 2 0(1,2) (A]) < 0'(172)(140)}. If 0'(1’2)<Aj> <
,LL(LQ)(A()) S 0'(172)(140) or 0'(172)(Aj) S M(1,2)(A0) < 0'(172)(140) then for
any given € (0 < 2 < 0(1,2)(Ay) — d) and for sufficiently large r, we
have

(6.1) M(r, Aj) < exp{(log 7’)‘”5} < exp{(log r)"“’?)(AO)_E}.

If 0'(172)<Aj) = /’1/(172) (Ao) = 0'(172)<A0), then we have 7'(1’2) (A]) S <<
Ty = T(1,2)(Ao), so for sufficiently large 7 and for any given € (0 < 2e <
Ty — 71) we have

(62) M(r, A;) < exp{(r1 + ¢)(log r)”(m)(AU)}’

(6.3) M(r, Ag) > exp{(ry — €)(logr)a:» A1

By (6.1)—(6.3), (4.1) and (4.4), for sufficiently large |z| =r & [0, 1|JUE}
and for the above e, we obtain

(6.4)

exp{ (rp—¢)(log )@Y < BE [T (2r, f)]kJrl exp{ (r14¢)(log r)70»(A0)}

By Lemma 3.3 and (6.4), we have
1 < oa2)(40) < oeg(f).
Therefore, o(21)(f) = 0 and
1 <oa2(40) < oey(f) <ouz(do) +1.

Now, we return to prove that juq2)(Ao) < p22)(f) < pa2)(Ao) + 1.
On one hand, we set b := max{o(1,2)(A;) : 0a,2(A;) < pa2(Ao)}. If
o1,2)(A;) < pa2)(Ao), then for any given e (0 < 2e < min{su(1,2)(Ao) —
b,7 — 71}) and for sufficiently large r, we have

(6.5) M(r, A;) < exp{(logr)"**} < exp{(logr )t A)=e],

If 001,9)(4;) = pa2)(A), Ta2(4)) <71 < 7= 715 (Ag), then for
sufficiently large r, we have

(6.6) M(r, A;) < exp{(mi + &)(log r)rc A0},

(6.7) M(r, Ag) > exp{(T — &)(logr)ra A0},
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By (6.5)—(6.7), (4.1) and (4.4), for sufficiently large |z| =r & [0, 1|UE,
and for the above €, we obtain

(6.8)

exp{(7—¢)(logr)* A} < BE [T (2r, /)] exp{(r1+¢)(log r)* . A0)}.

By Lemma 3.3 and (6.8), we have

pa2)(Ao) < pa(f).

On the other hand, by Lemma 3.9, there exists a set F5 C (1,+00)
having infinite logarithmic measure such that for all |z| = r € Fs5, we
have

(6.9) |Ag(2)| < M(r, Ay) < exp{(logr)raAo+el
By (4.7), (4.8), (6.5), (6.6) and (6.9), for sufficiently large |z| = r €
Es\ E5, we have
(6.10) vi(r) |14 o(1)] < kr |14 o(1)] exp{(log r)ra»Ao)Fe],
Since € (0 < 2¢ < min{pa 9 (Aog) — b, 7 — 7 }) is arbitrary, then by
Lemma 3.3, Lemma 3.5 and (6.10), we have
t2,2) () < pi2)(Ao) + 1.

Therefore,

1,2y (Ao) < p2y(f) < paey(Ao) + 1

(ii)) We prove that 5\(272)(f — @) = Aeo(f — @) = o@2(f). Set
g = f — . Since o(22)(¢) < pa2)(Ao) < 0@2(Ay), then we have

022)(9) = 722)(f), A2z (9) = /\(2,2)(f—90) and 5\(2,2) (9) = /_\(2,2)(f—90)-
Substituting f = g + ¢ into (1.1), we obtain

g(k) + Ak,l(z)g(kfl) + 4+ A(2)d + Ao(2)g

(6.11) = —[pW + A1 () 4+ Ar(2)¢ + Ag(2)9).

If G(z) = o™ + A1 (2)p% ) 4 - 4 Ay (2)¢" + Ag(2)p = 0, then
by part (i), we have o@22)(¢) > ne2(p) > pas2(Ay), which is a
contradiction. Hence G(z) # 0. Since G(z) # 0 and 0p22)(G) <
0(2,2)(9), then by Lemma 3.10 and (6.11), we have
1< 001,2)(A0) < A22)(9) = A22)(9) = 0(2.9)(9)
= 0(2,2)(f) < 0(1,2)(A0) + 1.
That is,

1 <o@g(do) < /_\(2,2)(f—90) = Ao (f—¢) = 002)(f) < o@2(Ao)+1.



GROWTH AND OSCILLATION OF SOLUTIONS 135

7. PROOF OF THEOREM 2.4

Assume that f(z) # 0 is a meromorphic solution of (1.1). By (1.1),
we have

(k) (k—1) /
By Lemma 3.1 and (7.1), we have
k—1 k f(])
m(r, AO) < m(r, AJ) + Zm(r> _) + O(l)
j=1 j=1 f
k—1
(7.2) <Y m(r,A;) + k*log" T(2r, f) + O(1).
j=1
Hence, we obtain
T(r,Ag) = N(r, Ag) +m(r, Ag)
k—1
(7.3) < N(r, Ag) + > m(r, A;) + k*log* T(2r, f) + O(1).
j=1

By )\(1,2)(1%0) < 0a,29)(Ag) = o, for any given € (0 < 2¢ < 0 —
)\(172)(%0)), we have

(7.4) N(r, Ay) < (logr)e»Gg)+e.

Set b:=max{on2)(4;):j=1,--- ,k—1} < 0(1,2)/(A) := 0. Then for
any given € (0 < 2e < o — b), we have

(7.5) m(r, A;) < T(r, A;) < (logr)™™, (j=1,--- ,k—1).

Since 0(1,2)(Ap) := 0 > 1, then by Lemma 3.12, for any subset Es of
[0,4+00) that has finite linear measure, there exists a sequence {r,},
rn — 00, such that for all r,, & Eg and for any given ¢ (0 < 2 < 0 —b)
we have

(7.6) T(rn, Ag) > (logr,)” .

Hence, by substituting (7.4) — (7.6) into (7.3), for all |z| = r, & Eg,
we obtain
1

(log )7~ < (log )" 30/ 4 (k = 1) (log )"
+k*log™ T'(2r,, f) + O(1),
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that is
(7.7) (1 —o0(1)) (logr,)’ % < k*logt T'(2r,,, f).
Since & (O < 2¢ < min {0 —b,o0— )\(172)(%0)}) is arbitrary, then by
(7.7), we have
0(2,2)(f) = 0,2 (Ag) > 1
8. PROOF OF THEOREM 2.5

Assume that f(z) #Z 0 is a meromorphic solution of (1.1). By Lemma
3.1 and (7.1), we have

(8.1) TA0<§: (r, A;) + k*log"™ T'(2r, f) + O(1).

By 1.2 ( ) < [i(1,2) (AO) we have

(8.2) N(r,Ay) = o(T(r, Ay)), 1 — +00.
Therefore, by (8.2) we have

logm(r, Ag)

(8:3) iz (Ao) = TBEIOQ log log r

By (8.3), for sufficiently large r, we have
(8.4) m(r, Ag) > (logr)raAo)=¢,

Set ¢ := max{on2)(4;) : j # 0} < pa2(Ag). Then for sufficiently
large r and any given € (0 < 2¢ < ji(1,9 (Ao) —c)

(8.5) m(r, A;) < (logr)“*e.

From (8.1), (8.4) and (8.5), it follows that

(8.6) (logr)ra»o)=e < (k — 1)(logr)°™® + k2 log™ T'(2r, f) + O(1).
By (8.6) and e (0 < 2e < pu1,2)(Ao) —¢), we have o(2,2)(f) = py2,2)(f) =
2y (Ao) > 1.

9. PROOF OF THEOREM 2.6

Suppose that f(z) # 0 is a rational solution of (1.1). If either f(z)
is a rational function which has a pole at zy € C of order (> 1), or
f(2) is a polynomial with degree deg(f) > s, then f®)(z) # 0. Set
b := max{oq 2)( j)ijF#sand j=0,1,--- k =1} <oq9(As) =0
Then, for any given ¢ (0 < 2e <o —b), we have

(9.1) m(r, A;) < T(r, A;) < (logr)"™™, (j € {0,1, -,k —1}\{s}).
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Since o(1,2)(As) := 0 > 1, by Lemma 3.12, for any subset E; of [0, +-00)
that has finite linear measure, there exists a sequence {r,}, r, — 00,
such that for any given e (0 < 2¢ < o0 —b) and for all r, € Es, we have

(9.2) T(rn, As) > (logr,)” °.

By )\(1,2)(14%) < 0a,9)(As) == o, for any given € (0 < 2¢ < 0 —
>\(172)(ALS>), we have

(9:3) N(r, As) < (log r)’\(L?)(A%)*E_
By (1.1), we can write

(k) (k—1)
—As(2) = i f— + Ak_l(z)f

fOLf f

(s—1) /
ff +---+A1(z)f7—|—Ao(z) .

f(erl)

ot A (2)

(94) +As—1(z)

Noting that
1 1
1) Sl )+ mlr ) T )+ 70, 755)

(9.5) =T(r,f) +T(r, f¥) +0(1) = O(logr) + O(1).
By (9.4) and (9.5), we obtain

m(

(4)
m(r, Ay) < m(r, %) +) m(r, fTJ) + ) m(r, A;) + O(1)
J#s j#s

(9.6) <> m(r, 4;) + O(logr) + O(1).
JFs
By (9.6), we have
T(r,As) = N(r, As) + m(r, As)

(9.7) < N(r, A+ Y m(r, A7) + O(logr) + O(1).

J#s
Therefore, by substituting (9.1) — (9.3) into (9.7), for all r, & Eg, we
get

(log )% < (log 1) @2 T 4k (log 1) + O (log ) + O(1).

As
obtain a contradiction. Therefore, if f(z) # 0 is a non-transcendental

Since 0 > 1 and € (0 < 2¢ < min {0— b,o — )\(172)(i)}), then we
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meromorphic solution of (1.1), then it must be a polynomial with
degree deg(f) < s—1if s > 1.

Now we assume that f(z) is a transcendental meromorphic solu-
tion of (1.1). Note that

m(r, ) < mlr, f) + (e, 755) < T )+ Tl 755)
=T )+ T ) +00) <T@ )+ (s+ )T(r, f)
(9.8)  +o(T(r,f))+O()=(s+2)T(r, f)+o(T(r, f)) +O(1).
By Lemma 3.1, (9. 4) and (9.8), we get
m(r,As) <m —i—Zmr——l—ZmrA )+ O(1)

J#s J#s
<Y om(r, A + K log" T(2r, f) + (s +2)T(r, ) +0(T (r, ) + O(1).
s
Heiqce,

T(r,As) = N(r, Ag) + m(r, Ay)

9.9) < N(r, A+ 3 m(r, A) + (s +2) (1+ (1) T(r, f) + O(1).

i#s
Then, by substituting (9.1), (9.2) and (9.3) into (9.9), for all r,, & Fg,
we have
(9.10) (1—0(1)) (logr,)" = < (s+2) (L +0(1) T(ry, f).
Since € (O < 2e < min {0 — b0 — )\(172)(14%)}) is arbitrary, then by
(9.10), we get

o2 (f) = oa2)(4s) > 1.

Suppose that all solutions of (1.1) are meromorphic and that (1.1) has
a meromorphic solution base {f1, f2, -+, fr}. By Lemma 3.13, we get

v, 4 = 0 {1og (max 705, 7))

If N(r, As) > m(r, As) holds for all sufficiently large r, then
T(r,As) = N(r, Ag) + m(r, As) < 2N(r, Ay),

that is 0(1,2)(As) < A1 2) ( ) which contradicts the assumption

A(l,g)(ALS) < 0(1,2)(As ) Then for all sufficiently large r, there holds

N(r, As) < m(r, As).
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Hence, we obtain

1049~ 0 fioe (s 0.1}

This means that there exists one of {fi, fa, -, fx}, say fi, satisfying
T(r,As) = O{logT(r, f1)}. Hence, we have

022 (f1) = oa2)(As) > 1.

10. PROOF OF THEOREM 2.7

Suppose that f(z) # 0 is a rational solution of (1.1). If either f(z)
is a rational function which has a pole at zy € C of order o(> 1),
or f(z) is a polynomial with degree deg(f) > s then f©(2) #£0. Set
b:=max{on(A;) :j#sand j =0,1,--- k= 1} < p2(As) <
0(1,2)(As) := 0 < oo. Then, for any given (O < 26 < pig)(As) = b)
and for all sufficiently large r, we have

(10'1) m(r, AJ) < T(T7 AJ) < (log T)bJrEa (] S {07 17 T ’k - 1}\{3})7

(102) T(r, As) > (log T)#(1,2)(As)*s
By )‘(1,2)(,4%) < pi(1,2)(As), we have
(10.3) N(r, As) = o(T (r, A)) , v — +oc.
By (9.4) and (9.5) , we obtain
m(r, As) < mfr, f(s )+ m +Z o(1)
J#s j#s
(10.4) <Y m(r, A;) + Ologr) + O(1).
J#s

By (10.4), we get
T(r,As) = N(r, As) + m(r, As)

(10.5) < N(r, A+ Y m(r, A;) + O(logr) + O(1).
i
By (10.3), it follows from (10.5) that

(10.6) (1—o0(1)T(r, As) <> m(r, A;) + O(logr) + O(1).
J#s
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Therefore, by substituting (10.1) and (10.2) into (10.6), for any given
£ (0 < 2e < p1,2)(As) — b) and for all sufficiently large r, we have

(log r)a» )= < [ (log )" + O (logr) + O(1).

By (1,2 (As) > 1 and € (0 < 2e < pi(1,9)(As) — b), we obtain a contra-
diction. Therefore, if f(z) # 0 is a non-transcendental meromorphic
of (1.1), then it must be a polynomial with degree deg(f) < s — 1 if
s> 1.

Now we assume that f(z) is a transcendental meromorphic solu-
tion of (1.1). By Lemma 3.1, (9.4) and (9.8), we get

(9)
mir, A) < mlr, 25+ S mer Loy Yomir 4+ 0()
f(S) J#s / J#s
< Y mlr, A+ K log" T(2r, f) + (s + 2)T(r, f) + o (T (r, )) + O(1).
”y
Heime,
T(r,As) = N(r, Ag) + m(r, Ay)
< N(r A+ D m(r, Aj) + (s +2) (1+0(1) T(r, f) + O(1).
J#s
By (10.3), it follows that
(10.7)
(L=o(W)T(r,A) <> m(r, A7) + (s +2) (L +0(1)) T(r, f) + O(1).
J#s

Then, by substituting (10.1) and (10.2) into (10.7), for any given e
(0 < 2e < p,2)(As) — b) and for all sufficiently large r, we have

(10.8) (1 —o(1)) (logr)*a2™)=e < (s +2) (1 +0(1)) T(r, f).
Since € (0 < 2e < pa2)(As) —b) is arbitrary and (10.8), we obtain

oa2)(f) = pa2(f) > paz(Ads) > 1.

Suppose that all solutions of (1.1) are meromorphic and that (1.1) has
a meromorphic solution base {f1, f2, -, fr}. By Lemma 3.13, we get

i 0o s 7010 .

By (10.3) for all sufficiently large 7, we have
T(r,As) = N(r, As) + m(r, As) = o (T (r, As)) + m(r, As).
It follows that for all sufficiently large r
(1= 0 (1)) T(r, A,) = m(r, Ay).
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Hence, we obtain

710 = 0 foe (s . 10) .

This means that there exists one of {fi, fa, -, fx}, say fi, satisfying
T(r,As) = O{logT(r, f1)}. Hence, we have

0(2,2) (1) = p2)(f1) = p1,2)(As) > 1.

11. PROOF OF THEOREM 2.8

By Theorem 2.4, we have 0(29)(f) > 0(12)(Ag) > 1. Set g(z) = f(2) —

z. Clearly, we have Ao (f — 2) = A22)(g) and 029 (f) = 0(2.2)(9).
Equation (1.1) gets

g+ A 1 (2)gF Y 4+ A(2)g 4 Ao(2)g = —(Ar(2) + 2A(2)).

If 0'(1’2)(140) > 1, then 0'(1’2)(141(2) + ZAO(Z)) = 0(1?2)(A0>_> 1 and

thus A;(z) + zA¢(2) # 0. Then, by Lemma 3.10, we have A2 (g) =
0(2,2)(9). Therefore, we have A\2,2)(f — 2) = 0(2,2)(f) > 0(1,2)(A0) > 1.

12. PROOF OF THEOREM 2.9

By Theorem 2.6, we have o¢2)(f) > 0@12)(As) > 1. Suppose that
f is a transcendental meromorphic solution of (1.1) with o(12)(f) >
01,2 (As) > 1. Set g(2) = f(2) —z. Then, we have o(1,9)(f) = 0(1,2)(9)-
Equation (1.1) gets

9P + A1 (2)g"F Y o+ Ay(2)d 4 Ag(2)g = —(A1(2) + 2A0(2)).
Since 0(1,2)(f) > 0a,2)(As) > 1, then
max{co2)(A4;) (j=0,1,-- k—=1),002(—A1 — 2A0)} < 0(1,2)(As)

< 0(1,2)(f)-

Suppose that A;(z) + zA4¢(z) # 0. Then, by Lemma 3.10 we have
that A\19)(9) = 0@1,2)(g) and thus Aq o) (f — 2) = 0a,2)(f). Again by
Theorem 2.6, there exists at least one solution f; satisfying o2 2)(f1)
> 0(1,2)(As) > 1 and thus again by applying Lemma 3.10, we obtain

Ae2)(fi — 2) = 02 (f1) > 0,2 (As) > 1.
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13. CONCLUSION

Throughout this article, by using the concept of logarithmic order
due to Chern [9], we study the growth and oscillation of solutions
of complex higher order linear differential equations with entire or
meromorphic coefficients of finite logarithmic order. We obtain some

results which improve and extend results due to Kinnunen; Belaidi;
Liu, Tu and Shi; Hu, Zheng; Cao, Liu and Wang and others.
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