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SOME GEOMETRICAL ASPECTS OF A HORIZONTAL
DISTRIBUTION OF PFAFF SYSTEMS ON
MANIFOLDS

VALER NIMINET

Abstract. We continue our investigation [7] and [8] of Pfaff
systems on manifolds by studying the horizontal distributions that
are supplementary to the vertical distributions on the total space
of a submersion. The horizontal distribution is kernel of the Pfaff
system. We point out the Berwald connection induced by a nonlinear
connection and its curvature tensors.

1. INTRODUCTION

As we previously shown in [7] and [§8], if X is C'"* manifold of di-
mension n +m and 7 : T X — X its tangent bundle, a distribution
on X is a mapping x — H, C T, X, x € X with the properties

i) H, is a linear subspace of dimension n in 7, X and
ii) for every zg € X, there exists an open neighborhood U and the
vector fields X, ..., X,, on U which are linearly independent on
U and H, =span[X(z),..., X,(z)], Vx € U.
A distribution on X can be given by a Pfaff system called its annihi-
lator.
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A Pfaff system [7] on X is a mapping £ :z — FE, CT:X, x € X
with the properties

i) E, is a linear subspace of dimension m in 7y X and

ii) for every zo € X, there exists an open neighborhood U and
the 1-forms w', ...,w™ on U which are linearly independent on
U and E, = span|w'(z),...,w™ ()], Vz € U.

Given a distribution H spanned by Xj,...,X,, the set E, =
{0]6(X;)=0,i=1,2,..n} is a linear subspace in T X of dimension
d —n = m. A basis of it is given by the 1-forms w® having as coeffi-
cients the fundamental solutions of the linear system X0, = 0 in the
unknown 6,, where 0 = 0,dx® and X; = Xf%.

Given a Pfaff system E by the 1-forms (w®), a = 1,2,..m, the set
H, ={X | w*(X) =0,a =1,2,...m} is a linear subspace of T, X of
dimension d—m = n. A basis of it is made of the fundamental solutions
of the linear system w(X* = 0, for w* = wldz® and X = X“a%a.
Thus the mapping x — H, is a distribution on X. This is called the
kernel of E and denoted by ker E. It comes out that ker H° = H and
(ker £)° = E.

We have shown in [7] that the 1- forms (w®) may be replaced with
the 1-forms dy® = dy® + N%(z,y)dz" when the coordinates (z%P"¢) on
X are separated in (z°,2%) and (2%) are denoted as (y?).

We computed in [7] d(dy*) and put the result into the form d(oy®) +
wd A dyb = Q2 that provides a first structure equation and introduces
the 2- forms of torsion 2¢.

Exterior differentiating again we get the first Bianchi identity d2*+
wi A QP = 0% A §y°, where the equality 02 = dw? + wf A Wb represents
a second structure equation.

A new exterior differentiation leads to the second Bianchi identity:
doy + we N0y = 0% N wy.

2. MAIN RESULT

We consider a surjective submersion 7 : £ — M with M a smooth
manifold of dimension n and F a smooth manifold of dimension n+m.
For every x € M, the fiber 77!(z) is a submanifold of dimension m in
E.

The mapping V' : v — V,FE is a distribution on E that is called
the vertical distribution. We denote by VE = Uu € E the vertical
subbundle of TE.
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We may take on E local coordinates (x! o m,....2" o m y!, ..., y™)
where (2!, ..., 2™) are local coordinates on M, (3!, ..., y™) to be local co-

ordinates in the fiber and the 7 takes the form (z!,..., 2" 3!, ..., y") —

(z!,...,2™). We use the identification z’ = z’ o 7.
A section in vertical subbundle is called a vertical vector field. A

vector A = A'5% + B2 in T, F is vertical, that is m, ,(A4) = 0 if and

only if A* = 0. Thus the vertical vectors are tangent to fibers so they
are linear combination of By

In other words the vertical distribution is integrable. The vertical
distribution is the kernel of the Pfaff system spanned by {dx?, i =

2,...,n}.

The ideal {dz'} is clearly a differential ideal and it results again
that the vertical distribution is integrable.

We introduce a new distribution on £ which is supplementary to the
vertical distribution on E will be called a horizontal distribution
on E.

We denote by H,FE the subspace in T, E such that

(2.1) T,E = H,E® V,E, Yu € E.

and by HE = Uu € FH,E the horizontal subbundle of T'E.
A horizontal distribution can be given by the local vector fields

0 0
2.2 ;, = — — N/ —
( ) 51 a$z 7 (l‘, y) 8ya
We notice that 7.(6;) = 2.

A section in the horizontal subbundle will be called a horizontal
vector field on E. Any such field can be given in the form X*(z,y)d;.

The Pfaff system whose kernel is the horizontal distribution is
spanned by the local 1-forms dy® = dy® + N?(x, y)dx'

WS compute: d(dy*) = dN]‘»‘ A dx! = %(88];5 _ 89:1

NPdz? we get

NOVdat A dad+

(2.2) d(Sy®) + wi Ay = Q°,
where

ON¢
(2.27) wp = @yj da?,
(2.27)

ONj ONg ONg ., ONj N
3 a Nb ZNb)dl’ /\dfljj (61Nj—5JNZa>dIZ/\d$]

29&2(% 0w T o oy
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We exterior differentiate in (2.2) and in the result we use again (2.2).
We have:

dQ® = dwi A6y — wi Ad(6y°) = dw A Sy® — wi A QP+ wi Awb A Sy©,

that is

(2.3) dQ* + wy A 0 = 0 A oy©,
where

(2.4) 0% = dw® + wi AW’

Exterior differentiating in (2.4) one obtains
(2.5) doy + wi A0 = 02 N\ wy.

We name (2.2) and (2.4) the structure equations of the distribution
H and (2.3) and (2.5) will be called the Bianchi identities.
The functions (N{) have to transform under a change of coordinates

(2',y") = (2", ¥') on E.

Such a change of coordinates is given by
o@E",y")
(', y")

AZ = 0 and the law of transformation of

(2.6) 7= ?(xl, wnx), Yt =94, y), £ 0.

It follows that Aé- =
(Nia) 18

] Y

Gl OF O Y

(2.7) T T Ozt

The matrix (Bj') reduces to ( ) and we obtain

~. Oy* , Oz Oxf
(281) Yin = 5,5 g o
(2.8,) e o' 9y Iy* 5 oy

Cla.fk ay aycwbk Sk (8_3/1’)

So, the horizontal distribution is integrable if and only if Qf(z,y) =
0.
Now the fibers are linear spaces and the changes of coordinates on
E have the form
0= 72t ), gt = Ma(x)y®

2.9 i
(29) rank(4%) = n, rank(Mg(z)) = m.
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Then, the horizontal distribution on E is named a nonlinear con-
nection and it is an essential tool in the geometry of the total space
E, [4].

The functions (Nf(x,y)) are called the local coefficients of the given
nonlinear connection and they transform under a change of coordinates
(2.9) by the law

~ o7 oM
2.10 N¢ = b 2 bb
(2.10) i g Y

The formulae (2.8;) and (2.8;) reduce respectively to

~ Ox' Oz’
a ab
- b = My o
o 0T 0 o OM{(z)
(2.115) Wei g My = Mewpy, — #
By (2.115), the set of functions wy, = ONEEY) ehaves like the coef-

oyb
ficients of a linear connection in the vertical subbundle on E.
So, we can define a linear connection D in the said subbundle by

o _oNg o 9

(2.12) g~ oy oy Dieag

0.

called the Berwald connection induced by a nonlinear connection.
Now, inserting wy = widz’ in the 2-form of curvature 6, one gets

a 1 a 7 ] a c j
(2.13) 05 = 50da’ A da’ + i ;0y° A do?
where
o7 = djwp — dwy + WeiWh; — WeiWpss
(2.13) U
Vhej = Ty
For a vector bundle one we have the local coefficients 67, and 1y, ;
given by (2.13’) have mixed tensorial character, that is they change as
tensors with the matrix (%).

These functions are curvature tensors for the Berwald connection [4].
We also observe that (0f) deserve the name of curvature 2-forms and
that it is more natural to call (2%) the torsion 2-forms of a distribution.
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