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SOME GEOMETRICAL ASPECTS OF A HORIZONTAL
DISTRIBUTION OF PFAFF SYSTEMS ON

MANIFOLDS

VALER NIMINEŢ

Abstract. We continue our investigation [7] and [8] of Pfaff
systems on manifolds by studying the horizontal distributions that
are supplementary to the vertical distributions on the total space
of a submersion. The horizontal distribution is kernel of the Pfaff
system. We point out the Berwald connection induced by a nonlinear
connection and its curvature tensors.

1. Introduction

As we previously shown in [7] and [8], if X is C∞ manifold of di-
mension n + m and τ : TX → X its tangent bundle, a distribution
on X is a mapping x→ Hx ⊂ TxX, x ∈ X with the properties

i) Hx is a linear subspace of dimension n in TxX and
ii) for every x0 ∈ X, there exists an open neighborhood U and the

vector fields X1, ..., Xn on U which are linearly independent on
U and Hx =span[X1(x), ..., Xn(x)], ∀x ∈ U .

A distribution on X can be given by a Pfaff system called its annihi-
lator.

————————————–
Keywords and phrases: Pfaff systems, distributions, structure
equations
(2010) Mathematics Subject Classification: 53C99.

61



62 VALER NIMINEŢ

A Pfaff system [7] on X is a mapping E : x→ Ex ⊂ T ∗xX, x ∈ X
with the properties

i) Ex is a linear subspace of dimension m in T ∗xX and
ii) for every x0 ∈ X, there exists an open neighborhood U and

the 1-forms ω1, ..., ωm on U which are linearly independent on
U and Ex = span[ω1(x), ..., ωm(x)], ∀x ∈ U .

Given a distribution H spanned by X1, ..., Xn, the set Ex =
{θ | θ(Xi) = 0, i = 1, 2, ...n} is a linear subspace in T ∗xX of dimension
d − n = m. A basis of it is given by the 1-forms ωa having as coeffi-
cients the fundamental solutions of the linear system Xa

i θa = 0 in the
unknown θa, where θ = θadx

a and Xi = Xb
i

∂
∂xb .

Given a Pfaff system E by the 1-forms (ωa), a = 1, 2, ..m, the set
Hx = {X | ωa(X) = 0, a = 1, 2, ...m} is a linear subspace of TxX of
dimension d−m = n. A basis of it is made of the fundamental solutions
of the linear system ωa

aX
a = 0, for ωa = ωa

adx
a and X = Xa ∂

∂xa .
Thus the mapping x → Hx is a distribution on X. This is called the
kernel of E and denoted by kerE. It comes out that kerH◦ = H and
(kerE)◦ = E.

We have shown in [7] that the 1- forms (ωa) may be replaced with
the 1-forms δya = dya +Na

i (x, y)dxi when the coordinates (xalpha) on
X are separated in (xi, xa) and (xa) are denoted as (ya).

We computed in [7] d(δya) and put the result into the form d(δya)+
ωa
b ∧ δyb = Ωa that provides a first structure equation and introduces

the 2- forms of torsion Ωa.
Exterior differentiating again we get the first Bianchi identity dΩa+

ωa
b ∧ Ωb = θac ∧ δyc, where the equality θac = dωa

c + ωa
b ∧ ωb

c represents
a second structure equation.

A new exterior differentiation leads to the second Bianchi identity:
dθab + ωa

c ∧ θcb = θac ∧ ωc
b.

2. Main result

We consider a surjective submersion π : E → M with M a smooth
manifold of dimension n and E a smooth manifold of dimension n+m.
For every x ∈M , the fiber π−1(x) is a submanifold of dimension m in
E.

The mapping V : u → VuE is a distribution on E that is called
the vertical distribution. We denote by V E = ∪u ∈ E the vertical
subbundle of TE.
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We may take on E local coordinates (x1 ◦ π, ..., xn ◦ π, y1, ..., ym)
where (x1, ..., xn) are local coordinates on M , (y1, ..., ym) to be local co-
ordinates in the fiber and the π takes the form (x1, ..., xn, y1, ..., yn)→
(x1, ..., xn). We use the identification xi ≡ xi ◦ π.

A section in vertical subbundle is called a vertical vector field. A
vector A = Ai ∂

∂xi +Ba ∂
∂ya

in TuE is vertical, that is π∗,u(A) = 0 if and

only if Ai = 0. Thus the vertical vectors are tangent to fibers so they
are linear combination of ∂

∂ya
.

In other words the vertical distribution is integrable. The vertical
distribution is the kernel of the Pfaff system spanned by {dxi, i =
1, 2, ..., n}.

The ideal {dxi} is clearly a differential ideal and it results again
that the vertical distribution is integrable.

We introduce a new distribution on E which is supplementary to the
vertical distribution on E will be called a horizontal distribution
on E.

We denote by HuE the subspace in TuE such that

(2.1) TuE = HuE ⊕ VuE, ∀u ∈ E.
and by HE = ∪u ∈ EHuE the horizontal subbundle of TE.

A horizontal distribution can be given by the local vector fields

(2.2) δi =
∂

∂xi
−Na

i (x, y)
∂

∂ya
.

We notice that π∗(δi) = ∂
∂xi .

A section in the horizontal subbundle will be called a horizontal
vector field on E. Any such field can be given in the form X i(x, y)δi.

The Pfaff system whose kernel is the horizontal distribution is
spanned by the local 1-forms δya = dya +Na

i (x, y)dxi.

We compute: d(δya) = dNa
j ∧ dxj = 1

2
(
∂Na

j

∂xi − ∂Na
i

∂xj )dxi ∧ dxj+
+

∂Na
j

∂yb
dyb ∧ dxj. Inserting dyb = δyb −N b

i dx
i we get

(2.2) d(δya) + ωa
b ∧ δyb = Ωa,

where

(2.2’) ωa
b =

∂Na
j

∂yb
dxj,

(2.2”)

2Ωa = (
∂Na

j

∂xi
−∂N

a
i

∂xj
+
∂Na

i

∂yb
N b

j−
∂Na

j

∂yb
N b

i )dxi∧dxj = (δiN
a
j −δjNa

i )dxi∧dxj.
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We exterior differentiate in (2.2) and in the result we use again (2.2).
We have:

dΩa = dωa
b ∧ δyb − ωa

b ∧ d(δyb) = dωa
b ∧ δyb − ωa

b ∧ Ωb + ωa
b ∧ ωb

c ∧ δyc,

that is

(2.3) dΩa + ωa
b ∧ Ωb = θac ∧ δyc,

where

(2.4) θac = dωa
c + ωa

b ∧ ωb
c.

Exterior differentiating in (2.4) one obtains

(2.5) dθab + ωa
c ∧ θcb = θac ∧ ωc

b.

We name (2.2) and (2.4) the structure equations of the distribution
H and (2.3) and (2.5) will be called the Bianchi identities.

The functions (Na
i ) have to transform under a change of coordinates

(xi, yi)→ (x̃i, ỹi) on E.
Such a change of coordinates is given by

(2.6) x̃i = x̃i(x1, ..., xn), ỹa = ỹa(x, y),
∂(x̃i, ỹa)

∂(xi, ya)
6= 0.

It follows that Ai
j = ∂x̃i

∂xj , Ai
b = 0 and the law of transformation of

(Na
i ) is

(2.7) Ña
j

∂x̃j

∂xi
=
∂ỹa

∂yb
N b

i −
∂ỹa

∂xi
.

The matrix (Ba
b ) reduces to (∂ỹ

a

∂yb
) and we obtain

(2.81) Ω̃a
kh =

∂ỹa

∂yb
Ωb

ij

∂xi

∂x̃k
∂xj

∂x̃h
,

(2.82) ω̃a
ci

∂x̃i

∂xk
∂ỹc

∂yb
=
∂ỹa

∂yc
ωc
bk −

δ

δxk
(
∂ỹa

∂yb
).

So, the horizontal distribution is integrable if and only if Ωa
ij(x, y) =

0.
Now the fibers are linear spaces and the changes of coordinates on

E have the form

(2.9)
x̃i = x̃i(x1, ...xn), ỹa = Ma

b (x)yb,

rank( ∂x̃i

∂xj ) = n, rank(Ma
b (x)) = m.
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Then, the horizontal distribution on E is named a nonlinear con-
nection and it is an essential tool in the geometry of the total space
E, [4].

The functions (Na
i (x, y)) are called the local coefficients of the given

nonlinear connection and they transform under a change of coordinates
(2.9) by the law

(2.10) Ña
j

∂x̃j

∂xi
= Ma

bN
b
i −

∂Ma
b

∂xi
yb.

The formulae (2.81) and (2.82) reduce respectively to

(2.111) Ω̃a
kh = Ma

b Ωb
ij

∂xi

∂x̃k
∂xj

∂x̃h
,

(2.112) ω̃a
ci

∂x̃i

∂xk
M c

b = Ma
c ω

c
bk −

∂Ma
b (x)

∂xk
.

By (2.112), the set of functions ωa
bk =

∂Na
k (x,y)

∂yb
behaves like the coef-

ficients of a linear connection in the vertical subbundle on E.
So, we can define a linear connection D in the said subbundle by

(2.12) D ∂

∂xk

∂

∂yb
=
∂Na

k

∂yb
∂

∂ya
, D ∂

∂ya

∂

∂yb
= 0.

called the Berwald connection induced by a nonlinear connection.
Now, inserting ωa

b = ωa
bidx

i in the 2-form of curvature θab , one gets

(2.13) θab =
1

2
θabijdx

i ∧ dxj + ψa
bcjδy

c ∧ dxj

where

(2.13’)
θab ij = δjωa

b − δiωa
b + ωa

ciω
c
bj − ωa

cjω
c
bj,

ψa
bcj =

∂ωa
bj

∂yc
.

For a vector bundle one we have the local coefficients θabij and ψa
bcj

given by (2.13’) have mixed tensorial character, that is they change as

tensors with the matrix ( ∂x̃i

∂xj ).
These functions are curvature tensors for the Berwald connection [4].

We also observe that (θab ) deserve the name of curvature 2-forms and
that it is more natural to call (Ωa) the torsion 2-forms of a distribution.
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Univ. Bacău, No. 14(2004),91-94.
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157 Calea Mărăşeşti, Bacău, 600115, ROMANIA
E-mail address: valern@ub.ro


