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SOME PROPERTIES OF J -HAUSDORFF,
J -REGULAR AND J -NORMAL SPACES

NESTOR RAUL PACHON RUBIANO

Abstract. In this paper we present new properties about the [J-
Hausdorff, J-regular and J-normal spaces, introduced recently by
Suriyakala-Vembu. Additionally we introduce the J-Urysohn spaces,
an intermediate concept between the Urysohn spaces and the [J-
Hausdorff spaces. We present some of its properties.

1. PRELIMINARIES

In 2016 Suriyakala and Vembu introduce the [J-Hausdorff, [J-
regular and J-normal spaces, as a simple and natural generalization of
Hausdorff, T3 and T, and spaces, respectively, through ideals. Many
aspects of interest were not considered by the authors, such as the
behavior of these new spaces with respect to products, sums and con-
tinuous functions. In this article we study these and other important
aspects. We also introduce the J-Urysohn spaces, an intermediate
concept between the Urysohn spaces and the 7 -Hausdorff spaces. A
relation between the [J-regular spaces and the J-Urysohn spaces will
be presented.
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An ideal 7 in a set X is a subset of P(X), the power set of X, such
that: (i) if ACBC X and B€Z then A € Z, and (i1) If A € Z and
B €7 then AUB e T.

Some simple and useful ideals in X are: (i) P(A), where A C X,
(i1) Iy, the ideal of all finite subsets of X, (iii) Z., the ideal of all
countable subsets of X, (iv) Z,, the ideal of all nowhere dense subsets
in a topological space (X,7). If f : X — Y is a function and Z is
an ideal in X then the set f(Z) = {f(I): I € Z} is an ideal in Y [4].
Now, if f is injective and J is an ideal in Y then the set f~1 (J) =
{f~*(J):J € J}isan ideal in X [4].

If (X,7) is a topological space and Z is an ideal in X, then (X,7,7)
is called an ideal space.

If (X,7) is a topological space and A C X then A (or adh (A), or

0
adh, (A)) and A (or int(A), or int,.(A)) will, respectively, denote the
closure and interior of A in (X,7). The frontier of A is denoted by
Fr(A).

2. ABouUuT J-HAUSDORFF SPACES

A previous Hausdorff version for ideal topological spaces was intro-
duced by Dontchev [1] in 1995. This version was also studied by Nasef
[3] and Hatir-Noiri [2]. The Suriyakala and Vembu version that we
present here may sound more natural.

Recall that an ideal space (X, 7,Z) is said to be J-Hausdorff [0]
if for each {a,b} C X, with a # b, there exists {U,V} C 7 such
that a e U, be Vand UNV € Z. If A C X then A is defined to
be J-Hausdorff if the space (A,74,Z4) is J -Hausdorff, where Z, =
{ANnI:1€eT}.

It is noted that Hausdorff — J-Hausdorff, and that each subspace
of a J-Hausdorff space is J-Hausdorff.

Our first result is related to compact subsets of 7-Hausdorff spaces.

Theorem 2.1. If (X, 7,7) is J-Hausdorff then:

(1) If K C X is compact and a € X\ K, then there exists {U, V'}
Crsuchthat K CU,aeV andUNV € T.

(2) If K7 and K, are disjoint compact subsets of X, then there is
a{U,V} Crsuchthat K1 CU, Kb CVandUNV € Z.

Proof. (1) If 2 € K then there exists {U,, V,} C 7 such that z €
U,, a €V, and U, NV, € Z. Since K is compact, there exists
a finite Ko C K'suchthat K € |J U,. fU= |J U,and V

zeKy z€Kp
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= ) Vothen K CU,aeVadUnV = | (U,NV)C
z€Ko zeKo

U U.NnV)eZ,andsoUNV € L.

€Ky

(2) If x € K, then there is a {U,, V,} C 7 such that K1 C U,, x €
V, and U, NV, € Z, by part (1). There exists a finite K C Ky
such that Ko, € | V. 'V = | Vz and U = () U, then

zeK rzeK rzeK

KiCU K;yCVandUNVeZ U

The following result is related to continuous functions whose
codomain is a J-Hausdorff space.

Theorem 2.2. (1) Suppose that f : (X,7) — (Y,f) is a contin-
uous function, J is an ideal in Y\ f (X) and (Y, ,J) is J-
Hausdorff. Then the set A = {(u,v) € X x X : f(u) = f(v)}
is closed in (X x X, 7 x 7).

(2) Suppose that f,g: (X,7) = (Y,5) are continuous, J is an
ideal in Y\ f (X) and (Y B,J) is J-Hausdorff.
Then the set A={ue X : f(u) = g(u)} is closed.

Proof. (1) Suppose that (u v) € (X x X)\A. There exists {U, V'}
Cﬁsuchthatf( ) € f(v)éVandUﬂVGj Thus (u, v)
ESTW)x IV )and /7 (U) x f7H(V)]INA = @, because
if (a,b) € [f~(U) x f71 (V)] N A then f (a) = f(b)EUﬂV
and this implies that { f(a)} € J. However this is not possible
since J is an ideal in Y\ f (X).

(2) Suppose that u € X\A. There is a {U,V} C ( such
that f(u) € U, g(u) € V.and UNV € J. Hence u €
Y U)Ng Y (V) and [f~H(U)Ng (V)] N A = &, because
ifae[fH(U)Ng 1 (V)]NAthen f(a)=g(a) e UNV, and
this implies that {f (a)} € J. But this is not possible since J
is an ideal in Y\ f (X). O

Theorem 2.3. Let (X, 7,7) be an ideal space. If F' and G are disjoint
closed sets and if there exists {U,V} C 7 such that F'rF C U, FrG
CVand UNV € Z, then there is a {W, T} C 7 such that FF C W,
GCTandWnNT e 1.

0 0
Proof. lf wedo W = FU(U\G) and T'= GU (V\F) then {W,T} C
RFCW,GCTand WNT = (U\G)N(V\F) € Z. O

Corollary 2.4. Let (X, 7,Z)be a J-Hausdorff space such that FrU
is compact, for each U € 7. If F' and G are disjoint closed sets then
there exists {U,V} C 7 suchthat F CU,GCVand UNV € 7.



52 N. R. PACHON RUBIANO
Proof. 1t is a consequence of Theorems 2.1 and 2.3. [J

The result that follows is related to the convergence of sequences in
J-Hausdorff spaces.

Theorem 2.5. If (X, 7,7) is J-Hausdorff and {x,} is a succession in
X such that there is no a positive integer M such that {z,, : n > M}
€ Z, then if {z,} converge to a and b, we have that a =10 .

Proof. If a # b then there exists {U,V} C 7 such that a € U, b € V
and UNV € Z. Now, since {z, } converge to a and b, there is a M €
Z* such that {x, : n > M} € UNV. This implies that {z,, : n > M}
€ Z, absurd. [

Next we obtain a property of the product of J-Hausdorff spaces.
If {X;:i€ A} is a collection of sets and if Z; is an ideal in X, for
each i € A, we will denote by @) Z; the set of all A C [] X; such that
i€A i€A
there exists a finite Ay C A with A € | p; ' (), for some I; € T;,
i€Ag
for each i € Ag. Here p; represents the i-th projection. It is clear that
Q 7, is an ideal in [] X;.
ieA ieA
Theorem 2.6. If {(X;,7;,Z;) :i € A} is a collection of non-empty
J-Hausdorff spaces, with |A] > 1, then (H X, [[7.QZ ) is T-
ieh  ieA  ieA
Hausdorft.

Proof. Suppose that {z,y} C [] X;, with x # y, that x = (=;),., and
i€A

that y = (¥i),co- There exists 6 € A such that zy # yp. Given that

(Xo, 79, Zp) is J-Hausdorft, there is a {Uy, Vy} C 74 such that x4y € Uy,

yo € Vo and UyNVy = Iy € Ty. If py represents the O-th projection we

have that {pgl (Up) ,pgl (V@)} Cllm x€ pgl (Ug), y € pgl (V) and
ieA
Py Uo) Nyt (Vo) = pyt (UpNVp) € QT O

i€
In the next theorem we analyze the sum of J-Hausdorff spaces. If
{X; i€ A} is a collection of sets such that X; N X; = @, for each
{i,j} € A with ¢ # j, and if Z; is an ideal in Xj, for each i € A,

we will denote by > Z; the set {Z I, : I, € T;, for each i € A}. It
i€A i€A
is clear that Y  Z; is an ideal in > X;. On the other hand, if 7; is

1€EA 1€EA
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a topology on X, for each ¢ € A, then the topology >  7; is the set
ieA

{Ag X, AN X, €7y, for eachiEA}.
i€A

Theorem 2.7. If {(X;,7;,Z;) : i € A} is a non-empty collection of non-

empty J-Hausdorff spaces, with X; N X, = & for each ¢ # j, then the

space (Z X, DT, > Ii> is J-Hausdorff.
i€A i€A  i€A
Proof. Suppose that {a,b} C >  X; and a # b. There exists {j, k}
ieA
C Awitha € X; and b € Xj. If j # k then {X;, Xx} C > 7 and
i€A
X,NXy =@ ¢ > Z,. If j =k then thereisa {U,V} C 7, C Y 7
€A LIS
such that a e U, be VandUNV €Z; C > 7,. O
i€A
We finished this section by presenting some functional prop-
erties of the J-Hausdorff spaces. If J is an ideal in Y and
if f : X — Y is a function, we will denote by Z;; the set
{ACX:AC f1(J),for some J € J}. It’s very simple to show
that Zy 7 is an ideal in X. Moreover, if 8 is a topology in Y then
the set f~1(B8) = {f~1(V):V € B} is a topology in X.

Theorem 2.8. (1) If f: X — Y is inyective and (Y, ,7) is
J-Hausdorff, then (X, f~1(B), f~1(J)) is J-Hausdorff.
(2) If (Y,5,J) is an ideal space, f : X — Y is a surjective func-
tion and (X, f~1(8),Z;7) is J-Hausdorff, then (Y,(,J) is
J-Hausdorff.

Proof. Tt is similar to the proof of Theorem 3.9. [J

Theorem 2.9. If f : (X,7) — (Y,0) is a closed and surjective
function such that f~! ({y}) is compact for each y € Y, and if (X, 7, T)
is J-Hausdorff, then (Y, 8, f(Z)) is J-Hausdorff.

Proof. Suppose that {u,v} C Y and u # v. Given that f~'({u})
and f~!({v}) are compact and disjoint sets then there is a {U,V} C
7 such that f~'({u}) C U, f7'({v}) € Vand UNV € T,
by Theorem 2.1. This implies that v € Y\f(X\U) and v €
Y\f (X\V). On the other hand, {Y\ f(X\U),Y\f (X\V)} C 3 and
Y\f(X\U)| N [Y\f(X\V)] = Y\f[X\(UNV)]. Since f is surjec-
tive we have that Y\f[X\(UNV)] C f(UNV) € f(Z), and so
Y\f DN Y\f(X\V)] € f(Z). O
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We end this section by presenting a characterization of the [J-
Hausdorff spaces by means of filters.
If (X,7,Z) is an ideal space, F is a filter in X and a €

X, we say F converge to a modulo T (written F EN a) if

{UN\I:U€er,acUand I €Z} C F. It is observed that F 5 oa
implies F — a.

Theorem 2.10. The ideal space (X, 7,Z) is J-Hausdorft if and only

if, for each filter F and each {a,b} C X, if F 5 a and F 5 b, then
a="b.

Proof. (—) If (X, 7,7) is not J-Hausdorft, there is a {a,b} C X, with
a # b, such that for each {U,V} C 7 ifa € Uand b e V then UNV
¢ Z. If F is the set of all A C X such that there are {U,V} C 7 and
I€Z withaceU,beVand (UNV)\I C A, then F is a filter in X,

T T
F = aand F = b.
(<) Suppose that F is a filter in X, {a,b} C X, a # b, FLhaand F

b I{U,V}Cr,{I,J} CT,acUandbeV,then (UI\)N(V\J)
€ Fandso (UNV)\ ({UJ) e F. This implies that UNV ¢ Z. Thus
(X, 7,7) is not J-Hausdorff. [J

3. ABOUT J-REGULAR SPACES

In this section we will present new properties of J-regular spaces.
We also introduce the J-Urysohn spaces, an intermediate concept
between the Urysohn spaces and the [J-Hausdorff spaces. We will
establish a relationship between the [J-regular and the [J-Urysohn
spaces.

Recall that an ideal space (X,7,7) is said to be J-regular [6] if
(X,7) is Ty and, for each closed ' C X and each x € X\F, there
exists {U,V} C7suchthat x e U, FCVand UNV €Z. f AC X
then A is J-regular if the space (A, 74,Z4) is J-regular. It is noted
that T3 — J-regular.

Theorem 3.1. (1) If (X,7,7) is J-regular then for each U € 7
and for each x € U, there are V € 7 and I € 7 such that z €
VCVCUUL

(2) If (X,7,Z) is J-regular and A C X then (A,74,Z4) is J-
regular.

(3) If (X, 7,7) is J-regular, K C X is compact, F' C X is closed
and KN F = &, then there is a {U,V} C 7 such that K C U,
FCVandUNV el
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Proof. (1) If U € 7 and « € U then there are {V,W} C 7 and [/
€ Zsuchthat x € V, X\U C W and VNW = [. Then V C
(X\W)UTandsoV C (X\W)UI CUUI

(2) Suppose that I C A is closed in A and that b € A\F. Since
F=FnAthenb¢ F. Thereis a {U,V} C 7 such that b €
U FCVandUNV €Z. Hencebe UNA F=FNAC
VNAand ( UNA)N(VNA) =ANUNV) € Za.

(3) For each z € K there exists {U,, V,} C 7 such that z € U,, F'
CV,and U, NV, € Z. Given that K is compact, there is a
finte ACKwith K C JU,. f V=N V,andU = |J U,

z€A €A €A
then FCVandUNV = (VnU,) C Y Vo.NnU,) € Z.
0 €A z€A

In the three theorems that follow we will review the functional be-
havior of the J-regular spaces.

Theorem 3.2. If f : (X,7) — (Y,f) is a continuous, closed, open
and surjective function, and if (X, 7,7) is J-regular, then (Y, 3, f(Z))
is J-regular.

Proof. Suppose that F' C Y is closed and that b € Y\F. Let a € X be
such that f(a) = b. Since a ¢ f~! (F), there exists {U,V} C 7 such
that a € U, f7Y(F) CVand UNV €Z. Then b € f(U) and F C
Y\ f (X\V). Moreover {f (U),Y\ [f (X\V)]} C 7, because f is closed
and open. Let I € T be such that UNV = I. Thus U C (X\V)U [
and so f(U) C f(XA\V)U f(I), f(U) N Y\f(XA\V)] € f(I), and
FO)NY\f(X\V)] € f(Z). Moreover (Y, 3) is T} given that (X, 7)
is Ty and f is closed and surjective. [

Recall that a function f : (X,7) — (Y, ) is said to be a perfect
function if f is closed, surjective and continuous, and if f~! ({y}) is
compact, for each y € Y.

Theorem 3.3. Let (X,7,7) be a J-regular space. If f: (X,7) —
(Y, B) is a perfect function then (Y, 3, f(Z)) is J-regular.

Proof. Suppose that F' C Y is closed and that b € Y\F. Then
1 ({b}) € X\f 1 (F) € 7. Since f~* ({b}) is compact and f~! (F)
is closed, there exists {U,V} C 7 such that f~'({b}) C U, f~' (F) C
Vand UNV € Z, by Theorem 3.1.

Now, b € Y\ f (X\U), F C Y\ f (XA\V), {Y\f (X\U), Y\ f (X\V)}
C Band [Y\f (X\D)NY\f(X\V)]=Y\f(X\(UNV)). Given that
[ is surjective, Y\ f (X\(UNV)) C f(UNV). All this allows us to
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conclude that [Y\f (X\U)]N[Y\f(X\V)] € f(Z). Moreover (Y, )
is Ty given that (X, 7) is Ty and f is closed and surjective. [J

Theorem 3.4. (1) If f: X — Y is inyective and (Y, 3, ) is J-
regular, then (X, f=1(8), f~1(J)) is J-regular.

(2) If (Y, 8, J) is an ideal space, f : X — Y is a surjective function

and (X, f~1(B),Z;.7) is J-regular, then (Y, 8, J) is J-regular.

Proof. (1) Suppose that F' C X is closed and a € X\ F. There is
a closed set G C Y such that F' = f~'(G). Given that a €
7 H(Y\QG), that is, f (a) € Y\G, there exists {U,V} C 3 such
that f(a) e U,GCVand UNV € J. Thusa € f~1(U), F
= f7HG) C (V) and fFHU)NfTHV) = fHUNV) €
f7H(T). Now, since (Y,3) is T} and f is inyective, if z € X
then {z} = f~' ({f (z)}) is closed in X.

(2) If G C Y isclosed and b = f (a) € Y\G then a € X\ f~!(G)
and so, since (X, f~1(8),Z;.7) is J-regular, there is a {U, V'}
C B such that a € f71(U), f71(G) C f~4(V) and f~(U)N
f71(V) € Z; 7. All this allows us to conclude that b € U, G
CVand UNV € J, since f is surjective. Finally, given that
[ (X, f7H(B)) = (Y, B) is closed, we have that (Y, 3) is T;.
U

Next we will analyze the products of J-regular spaces.
Theorem 3.5. If {(X;,7;,Z;) : i € A} is a non-empty collection of non-
empty J-regular spaces, then (H X, [17 Q& Ii) is J-regular.
ieh  ieN  ieA
Proof. Let X = [ X; be. Suppose that F' C X is closed and that x
ieA
= (2i);ep € X\F. There exists a finite Ag € A such that, for each
i € Mg, there exists a U; € 7; with » € () p; ' (U;)) € X\F. For
1€Ag
each i € Ay we have that x; ¢ X;\U;, and so there is a {V;,W;} C
7; such that z; € V;, X;\U; C W, and V,NW; € Z;. Thusz € V =
Npt (V). FC U [X\pt(U)] W= U p; ' (W) and VAW

i€\o i€\ i€Mg

= U [Vnp'W)] € U [pi'(VinW;)] € @Z;. Hence VN W
i€Mg i€M\g iEA

€ @ Z;. On the other hand, (H X I Ti) is Ty since each space
i€ ieh  ieA

(XiaTi) is Tl. O

Now we will consider the sums of J-regular spaces.
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Theorem 3.6. If {(X;,7;,Z;) : ¢ € A} is a non-empty collection of
non-empty J-regular spaces, with X; N X; = @& for each i # j, then

the space (Z X, DT, >, Ii) is J-regular.

i€A €A i€

Proof. Suppose that F' C >~ X, is closed and that a € (Z XZ-) \F.
€A iEA
Let o € A be such that a € X,. Since F'n X, is closed in X, and a €
X\ (FNX,), thereis a {U,,V,} C 7, C > 7 witha € U, FNX,
i€A
CVyand U,NV, € Z,. lf wedo V = > W;, where W; = X, if i # «,
i€A

and W, =V,, thenV € > 7, FCVand U, NV =U,NV, €Z, C
i€A

> TI;. Moreover (Z Xi, > TZ') is Ty since each space (X, ;) is Tj.

= €A €A

O

We are going to introduce an intermediate concept between the
Urysohn spaces and the J-Hausdorff spaces.

Definition 3.7. The ideal space (X, 7,Z) is said to be J-Urysohn if
for each {a,b} C X, with a # b, there exists {U,V} C 7 such that a
eU,beVandUNV € 1.

It is clear that Urysohn — J-Urysohn — [J-Hausdorff. The re-
ciprocal implications, in general, are false, as the following examples
show. It is also easy to see that if 7 and [ are topologies in X, with

7 C B, and if (X, 7,7) is J-Urysohn, then (X, 3,7) is J-Urysohn.

Example 3.8. (1) IfC = {2, R}U{(r,00) : € R} then the space
(R,C,P(R)) is J-Urysohn, but (R,C) is not Urysohn.
(@) If X = {0,1}, 7 = {2, {0} ,{0,1}} and T = {2,{0}}, then
(X, 7,7) is J-Hausdorff although (X, 7,Z) is not J-Urysohn.
(3) Let ~y be the topology in Z* given by: If U C Z* then U € v if
and only if, when 2 € U then {2k : k € Z*} C U. Let T be the
ideal of all finite subsets of {2k : k € Z*}. It is easy to prove
that (Z*,~,7) is a J-Urysohn space.

In the next theorem we present some functional properties of the
J-Urysohn spaces.

Theorem 3.9. (1) If f: X — Y is inyective and (Y, 3,7) is J-
Urysohn, then (X, f~1(8), f~1(J)) is J-Urysohn.
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(2)

Proof.
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If (Y,5,7) is an ideal space, f : X — Y is surjective and if
the space (X, f~'(8),Z;7) is J-Urysohn, then (Y,3,J) is
J-Urysohn.

(1) Suppose that {a,b} C X and a # b. Given that f(a)

£ f(b), therelsa{VW}CBsuchthatf()GV f(b) €
WandVﬂWG] Thus a € f! ()bef (W )and7

since f (X, f! (ﬁ)) — (Y ﬁ) is continuous, f (V)N f=1(w)
CrEWV)n (W) =r1(VnW) e f(J). Therefore
( )-

SE VN W)
andf();éf(). Given that a #

c f-1
Suppose that {a,b} C X

b, there is a {V,W} C 8 such that a € f~1(V), b € f~1(W)
and f~1 (V)N f~Y (W) € Z; 7. There exists J € J such that
V)N IOV € 1 (J). Since f < (X5~ (8)) = (V.5)
is closed and continuous, we have that f~*(B) = f~*(B), for
each B C Y. Hence f(a) € V, f(b) € W and f~1 (VN W) C
f~1(J). Given that f is surjective, VNW € J. O

Now we analyze the product and sum of [7-Urysohn spaces.
Theorem 3.10. If {(X;,7;,Z;) : i € A} is a non-empty collection of
non-empty J-Urysohn spaces then:

(1) (H X, [T 7 ®L> is 7-Urysohn.

€A 1€EA LISN

(2) If X;NX,; = @ for each ¢ # j, the space <Z X, >0 T, ZL)

Proof.

ieh  ieA  ieh
is J-Urysohn.
(1) Let X = J] X; be. Suppose that {a,b} C X, a # b,
ieA
a = (ai);cp and b = (b;);co- There exists j € A with a; # b;.
Since (Xj,7;,Z;) is J-Urysohn, there is a {U;,V;} C 7; such
that a; € U;, b; € V; and U;NV; € I;. Therefore a € p; ' (U;),
b€ p;t (Vy) and p; " (Uy) N p; " (V) € o5 (T5) npj* (V) =
S (U;NV;). Hence p; ' (U;) Np;* (V;) € 8;&11
S
Note that each X; is open and closed in ) X;, and that if A
i€
C X; then adh,, (A) = A, the adherence of A in > Xj.
i€
Now, if {a,b} C > X, and a # b, there is a {j, k} C A such
i€
that a € X; and b € Xj,. If j # k then X; N X, = X;NXy = @
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€ > 7Z,. If j = k then there exists {U,V} C7; C Y 7, with a
i€A €A
€ U,beV and adh,, (U)Nadh,, (V) € Z; C 3 Z;. Therefore

i€A
UnveY T O
i€
Next present a relationship between the [J-regular and J-Urysohn
spaces.
If (X,7,Z) is an ideal space then the ideal Z [5] is the set of all A
C X such that thereis I € 7 with A C I.

Theorem 3.11. If (X,7,Z) is J-regular and (X,7) is T then
(X, T, f) is J-Urysohn.

Proof. If {a,b} C X and a # b then there exists {U, V'} C 7 such that
acU,beVandUNV = @. Given that UNV = & then b ¢ U, and
so there is a {W, T} C 7 such that b€ W, U C T and WNT € T.
Given that WNT C WNT we have that WNT € Z, and so UNW
ef, because UNW C TNW. O

Finally, we show a couple of properties of the compact sets in a
J-Urysohn space.

Theorem 3.12. If (X, 7,7Z) is a J-Urysohn space, K C X is compact
and a€ )_(\K, then there exists {U,V} C 7 such that K CU,a €V
and UNV € T.

Proof. For each z € K there is a {U,,V,} C 7 such that x € U,,
a €V,and U, NV, € Z. There exists a finite Ky C K sEch Lhat
KCU= \|J U, If wedoV =[] VythenaeVadUNV =

zeKp z€Ko
U @nV)C U (TnT) el O
zeKo € Ko
Corollary 3.13. If (X,7,Z) is a J-Urysohn space, and if K and L
are disjoint compact subsets of X, then there is a {U,V} C 7 such
that K CU, LCVand KNL € Z.

4. ABOUT [J-NORMAL SPACES

Recall that an ideal space (X, 7,7) is said to be J-normal [6] if
(X, 7) is T} and, for each pair of disjoint closed sets F' and G, there
exists {U,V} Crsuchthat FCU, GCVandUNV e€eZ. fACX
then A is J-normal if the space (A, 7a,Z4) is J-normal. It is clear
that T, — J-normal.
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Theorem 4.1. (1) If (X, 7,Z) is J-normal and A C X is closed,

(2)

Proof.

then (A, 74,Z4) is J-normal.
If (X,7,7) is J-normal, FF C X is closed, U € 7 and F C U,
then there are V € rand I € Zsuchthat FCV CV C UUI.

(1) Suppose that FF C A and G C A are closed in A. Since
F and G are closed in X, there exists {U,V} C 7 such that F
CU,GCVandUNV eZ Then F CANU,GC ANV
and (ANU)N(ANV)=AN{UNV) € Z,. Further, (A,74)
is Tl-
Given that ' and X\U are closed and disjoint sets, there are
{V,W} Crand I € Zsuchthat F CV, X\U CW and VNW
= 1. Hence V C (X\W)UTIT andsoV C (X\W)UI CUUI.
U

Now we present some functional properties of J-normal spaces.

Theorem 4.2. (1) If f:(X,7) — (Y, ) is a continuous, closed

(2)

Proof.

and surjective function and if (X,7,Z) is J-normal, then
(Y, 5, f(Z)) is J-normal.

If f: X — Y is surjective and (Y, 3, J) is an ideal space
such that (X, f~1(8),Z;.7) is J-normal, then (Y, (,J) is J-

normal.

(1) Suppose that F and G are disjoint closed subsets
of Y.  There are {U,V} C 7 and I € T such that
FFUF) CU, f9G) CVadUNV =1 Then F C
YAS(XAU), G S Y\f(XA\V), {Y\f (X\U), Y\f (X\V)} € 8
and [Y\f(X\U)]N[Y\f(X\V)] =Y \f[X\]. Since f is sur-
jective, Y\ F[X\I] C £ (I) and so [\ f (X\U)] 0 [Y'\f (X\V)]
€ f(Z). Further (Y, ) is T}, because f is closed and surjective.
Suppose that F' and G are disjoint closed subsets of Y. Since
f7Y(F) and f~!(G) are disjoint closed subsets of X, there are
{U,V} C Band J € J such that f~1 (F) C f~1(U), f~1(G)
C f7H(V) and fHUNV) = f7HU)N fTHV) € FH).
Given that f is surjective we have that ' C U, G C V and
unveJg. t

Theorem 4.3. If (X, 7,7) is J-Hausdorff and (X, 7) is 77 and com-
pact then (X, 7,7) is J-normal.

Proof. This is an immediate consequence of Theorem 2.1 [

We end up analyzing the sum of J-normal spaces.
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Theorem 4.4. If {(X;,7;,Z;) : i € A} is a non-empty collection of non-
empty J-normal spaces, with X; N X; = @ for each ¢ # j, then

(Z X, DT, >, Ii) is J-normal.

i€EA i€EA €A
Proof. Suppose that F' and G are disjoint closed subsets of > X;.
i€A
Given that, for each i € A, FN X; and G N X; are disjoint closed
subsets of X;, there is a {U;,V;} C 7; such that F N X; C U; and
GQXZ' g Viand Ulﬂ‘/z EIi. Then F = Z(FHXZ) g ZUZ S ZTi
i€ i€A i€A
i€ i€A iEA iEA i€A

> (U;NV;) € > Z;. On the other hand, (Z Xi, > Ti) is T, given
i€A i€A €A A

that each space (X;,7;) is T7. O
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