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SOME TOPOLOGICAL ASPECTS IN m-METRIC
SPACES
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Abstract. In this paper, we introduce a new class of open balls in
an m-metric space (X, p) which will form a base for a Hausdorff topol-
ogy on X. This will facilitate the initiation of open and closed sets,
neighbourhoods and other allied notions in m-metric spaces. More-
over, we discuss the regularity and first countability properties of m-
metric spaces and prove Cantor’s intersection theorem, Baire’s cate-
gory theorem, Urysohn’s lemma in the setting of m-metric spaces.

1. INTRODUCTION

It is well known that convergence of sequences and continuity of
functions are two important concepts in real or complex analysis. Our
main task in metric spaces is to introduce an abstract formulation of
the notion of distance between two points of an arbitrary nonempty
set. It is interesting to note that most of the central concepts of real or
complex analysis can be generalized in metric spaces. Several authors
successfully extended the notion of metric spaces in different directions
such as G-metric space [9, 15], cone metric space [4, 16], b-metric space
2, 3], C*-algebra valued metric space [10, 11].
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In 1994, Matthews [12] introduced the concept of partial metric
spaces as a generalization of metric spaces and proved the well-known
Banach contraction theorem in this setting. Afterwards, a lot of ar-
ticles have been dedicated to the improvement of fixed point theory
in partial metric spaces(see [5, 6, 7] and references therein). Very re-
cently, Asadi et al. [1] extended the notion of partial metric spaces to
m-metric spaces and established Banach and Kannan fixed point theo-
rems in this new framework. They showed that every partial metric is
an m-metric, but the converse may not be hold, in general. Moreover,
they introduced a class of open balls which generates a topology. Some
fixed point results in m-metric spaces have been very recently obtained
in [8, 13, 17]. In this work, we introduce a new class of open balls in
an m-metric space (X, i) which will generate a Hausdorff topology on
X. We shall establish some topological properties of m-metric spaces
and prove Cantor’s intersection theorem, Baire’s category theorem,
Urysohn’s lemma in the setting of m-metric spaces. We also prove
that every m-metric space is a first countable topological space and
hence continuity is equivalent to sequential continuity.

2. SOME Basic CONCEPTS

We begin with some basic notations, definitions, and necessary re-
sults in m-metric spaces.

Definition 2.1. [12] A partial metric on a nonempty set X is a
function p : X x X — RT such that for all x, vy, z € X :

(pl) p(z,z) = ply,y) = p(z,y) <= v =y,
(p2) p(z,z) < p(z,9),
(p3) p(z,y) = p(y,; g

(p4) p(z,y) < plx,2) +p(2,y) — p(z, 2).

A partial metric space is a pair (X, p) such that X is a nonempty set
and p is a partial metric on X.

Definition 2.2. [1] Let X be a nonempty set. A function p: X X
X — R* is called an m-metric if the following conditions are satisfied:

(ml) p(z, ) = wly,y) = p(r,y) <=z =1y,

(m2) myy < p(z,y),

(m3) w(r,y) = pu(y, ),

(md) (2, y) — may) < (2, 2) — maz) + (1(2,y) — M),
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where my, = min{u(z,z), u(y,y)}. Then the pair (X, pn) is called an
m-metric space. The following notation is useful in the sequel:

My = maz {p(z, z), p(y,y)}.
Example 2.3. [1] Let X := [0,00). Then p(z,y) = 5% on X is
an m-metric.

It is valuable to note that u is not a partial metric on X. In fact, if
x =4, y=2then p(z,x) > u(x,y).

Example 2.4. Let X :=[0,00). Then u(z,y) = # on X is an
m-metric.

Example 2.5. [1] Let (X,d) be a metric space. Then u(x,y) =
ad(x,y) + b where a, b > 0 is an m-metric on X.

Remark 2.6. [1] For every x, y € X,
1.0 < My +may = p(z, ) + 1y, y);

2.0 S Mxy — Mgy :| /L(:L“,LE) - M(y,y) |;
3. Mxy — Mgy S (sz — m:cz) + (sz - mzy).

Lemma 2.7. [1| Every p-metric is an m-metric.

3. OPEN BALLS AND TOPOLOGY

In this section, we first introduce a new class of open balls in m-
metric spaces which will generate a topology 7, on (X, u).

Definition 3.1. Let (X, 1) be an m-metric space, z € X andr > 0.
Then the set B(x,r) ={y € X : p(z,y) < 2myy,— M, +1} is called an
open ball with centered at x and radius r. A closed ball with centered
at © and radius r is defined by the set Blz,r] = {y € X : p(z,y) <
2myy — My, + 1}

Theorem 3.2. Let B = {B(z,r) : x € X, r > 0}. Then B is a
base for a topology 7, on (X, ).

Proof. Clearly, X = U B(z,r). Let B(xy,71), B(xe,r2) € B and
zeX

u € B(wy,r1) N B(xg, ). Then, p(x,u) < 2myy — My + 1 and

( 9, U) < 2Mygyy — Mypy + 12 Let 0 < v < min{2my,, — My, +

p(xy,w), 2myy — Mo,y + 12 — p(za,u)}. We consider the open

ball B(u, r). It is sufficient to show that B(u,r) C B(xy,r;)NB(xg,r3).

Let z € B(u,r). Then, pu(u, z) < 2my, — M, + .
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By using (m4) and Remark 2.6, we have
(@1, 2) = 2mgy s + Moy = (1, 2) — myy2) + (Mo — my, )

< (e, w) — Mgy + p(u, 2) — myz)
+ (Mg, — Mgy + My, — my.)

< plxy,u) —2my .y + My + 7

< p(my,u) — 2myg .y + My

+2mx1u - M:mu + r— M(l'l, U)
= T.
This shows that z € B(xy,r;). By an argument similar to that used

above, it follows that z € B(xy,73). Consequently, z € B(xy,r) N
B(z,72). Therefore, B(u,r) C B(x1,71) N B(x2,12). O

Remark 3.3. The elements of 7, are called open sets and their
complements in X are called closed sets. Obviously, a nonempty subset
G of X 1s open if and only if it is a union of open balls.

We now visualise the open balls in some particular cases.

Example 3.4. Let X := [0,1] and p(z,y) = min{z, y} on X.
Then (X, p) is an m-metric space. In this case for r > 0, we have

B(x,r) = {yeX:pulxy) <2myy — My, +r}
= {yEX:Mxy_m:py<r}
= {ye X | pulzzx)—pulyy) |<r}
= {yeX:|ly—zl<r}
= (z—rxz+r)NnX.

Example 3.5. Let X := [0,00) and p(z,y) = 52 on X. Then

(X, 1) is an m-metric space. In this case for r > 0, we have

B(z,r) = {ye X :pulz,y) <2myy — My, +r}

= {yEX:x;y

T —y
= {yEX:ITH\a?—yK?“}

— Mgy + My — myy <1}

2
= {yeXiy-al<gr}

2 2
= (x—gfr,x—i-gr)ﬂX.

Theorem 3.6. A closed ball Blz,r] in an m-metric space (X, p) is
a closed set.
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Proof. 1t is sufficient to show that X \ Blz,r]| is open. Let y € X\
Blz,r]. Then pu(z,y) > 2myy — My, + 1. Put r, = p(z,y) — 2my, +
M, —r > 0 and consider the open ball B(y,r,). Let z € B(y,r,). So
w(y, z) < 2my, — My, + r,. By using (m4) and Remark 2.6, we have

w(x,y) — 2Mmyy + My = (u(x,y) — mmy) + (sz - mwy)

< (M, 2) — mys) + (2, y) — may)
+<Mmz - mmz) + (MZ?J - mzy)
< plw,z) = 2my, + My, + 1,

(e, z) — 2my, + M,

+u(z,y) — 2myy + My, — 7

which gives that p(z,z) > 2m,, — M,, +r and so, z € X \ Blz,r].
This proves that y € B(y,r,) C X\ B[z, r]. As y runs over X \ Bz, r],
we have X \ Blz,r] C U B(y,r,) € X \ Blz,r]. This implies

yeX\Blz,r]
that X \ Blz,r] = U B(y,r,). Consequently, it follows that
yeX\B|z,r]
X \ Blz,r] is open. O

Theorem 3.7. If U € 7, and x € U, then there exists r > 0 such
that B(z,r) C U.

Proof. Since U is an open set containing x, there exists an open ball,
say B(y, €) such that © € B(y,e) C U. Then p(z,y) < 2my, — My, +e€.
Let us choose 0 < r < 2my,, — M, — pu(x,y) + € and consider the open
ball B(z,r). Then it is easy to verify that B(z,r) C B(y,e) CU. O

Theorem 3.8. (X, 7,) is a Hausdorff space.

Proof. Let (X, ) be an m-metric space and let z, y € X with = # y.
Then, pu(x,y) —2myy, + My, > 0. Otherwise, p(x,y) — 2my, + My, =0
which gives that u(z,y) — my, = 0 and M,, — m,, = 0. Therefore,
(@, y) = myy and | p(z, z) — p(y,y) |=0ie., p(z,z) = p(y,y). Thus,
we get p(z,y) = myy, = p(x,x) = pu(y,y) which implies that x =y, a
contradiction.

We choose € = 5 (pu(x,y) — 2mgy, + M,,) > 0 and consider the open
balls B(x,€) and B(y,€). We shall show that B(x,¢) N B(y,e) = (. If
possible, suppose that B(z,€e) N B(y,€) # 0. Let z € B(z,€) N B(y, €).
Then, p(z, z) < 2my, — M,, + € and p(y, z) < 2my, — M,, + €.
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By using (m4) and Remark 2.6, we have
3e = plx,y) — 2myy + My,

= (@, y) — may) + (May — may)
< (ulz,z) —mg:) + (u(z,y) — may)
+(Myz — my.) + (M.y — mey)
= (plx, 2) = 2myz + Myz) + (2, y) — 2mey + M.y)
< 2
which gives that 3 < 2, a contradiction. O

Remark 3.9. Let (X, ) be an m-metric space, (x,) be a sequence
in X and x € X. Then (x,) converges to x with respect to(w.r.t.)
7, if and only if im (p(z,, x)—my,.) = 0 and im (M,, ,—my,,) = 0.

n—oo n—oo

Let xp, — x w.r.t. 7, and € > 0. Then there exists a natural number
ng such that x,, € B(x,€) for all n > ng. This gives that (u(xp,x) —
M) + (Mg, — My, ) < € for alln > ng. Since (p(,, ) —Mmy,z) >0
and (Mg, - — My, .) > 0, it follows that

| p(zp, @) —my . |< €and | My, . —my,.) |< € for all n > ny.
This proves that
lim (p(x,, ) — my,.) =0 and lim (M, . — my,.) = 0.

n—oo n—oo

Conversely, suppose that lim (u(z,, ©)—my,.) = 0 and lim (M,, .—

My, z) = 0. We shall show that x, - x w.r.t. 7,. Let U € 7, and
x € U. Then there ezists ¢ > 0 such that v € B(xz,e) C U. We note
that

(T, @) = 2 + Moz = (10(T0, 7)) — M) + (Mae — Maa)-
By hypotheses, it follows that
lim (p(xy,, ) — 2my, . + M, ) = 0.
n—oo

So, there exists ng € N such that p(x,,z) — 2my, . + M,, . < € for
all n > ng. This ensures that x, € B(x,€) for all n > ny and hence
xn € U for alln > ng. Therefore, (x,) converges to x w.r.t. 7, on X.

In view of the above remark, we propose the following definitions of
convergence of a sequence and m-Cauchy sequence in m-metric spaces
instead of that introduced by Asadi et al. [1].

Definition 3.10. Let (X, p) be an m-metric space. Then:
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1. A sequence (x,) in an m-metric space (X, p) converges to a
point © € X if (x,) converges to x w.r.t. T, i.e., if
lim (u(zp, ) — my,.) =0 and lim (M,, . — m,,.) = 0.
n— o0 n—oo
2. A sequence (x,) in an m-metric space (X, u) is called an m-
Cauchy sequence if lim (u(zp, Tm) — My, a0, ) =0 and
n,M—00

lim (Mg, ., — May,z,,) = 0.
n,m—00

3. An m-metric space (X, p) is said to be complete if every m-
Cauchy sequence (z,) in X converges to a point x € X w.r.t.
Ty

4. MAIN RESULTS

Definition 4.1. Let (X, i) be an m-metric space and A C X. The
interior of A, denoted by A° or Int(A) is the union of all open sets
contained in A. Clearly, Int(A) is always an open set. Moreover, A

is open if and only if A = Int(A).

Definition 4.2. Let (X, ) be an m-metric space and A C X. The
closure of A, denoted by A or cl(A) is the intersection of all closed
subsets of X which contains A. Clearly, cl(A) is always a closed set.
Moreover, A is closed if and only if A = A.

Theorem 4.3. Let (X, ;1) be an m-metric space, 7, be the topology
defined above and A be any nonempty subset of X. Then,

(i) A is closed if and only if for any sequence (x,) in A which
converges to x, we have v € A;
(i) for any x € A and for any € > 0, we have B(x,e) N A # ().

Proof. (i) Suppose that A is a closed subset of X. Let (x,) be
a sequence in A such that z, — x as n — oo. We shall show
that © € A. If possible, suppose that + € A. So x € X \ A and
X \ A is open. Then there exists € > 0 such that B(z,¢) C X \ A.
Therefore, B(z,e) N A = (. Since z,, — = as n — oo, we have
7111_}11()10(#(:6”,:6) — Mmy,.) = 0 and JLHC}O(M%:E — Mmy,,) = 0. Thus,

lim (u(x,, ) — 2my, . + My,.) = 0. So for € > 0, there exists
n—oo

no € N such that u(z,,x) — 2mg, . + M, . < € for all n > no.
So, x, € B(z,¢), for all n > ny. Hence z, € B(z,e) N A, for all
n > ng, which leads to a contradiction that B(z,e)NA = (). So, z € A.

Conversely, assume that the condition holds i.e., for any se-
quence (z,) in A which converges to x, we have x € A. Let us
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prove that A is closed. In fact, we have to show that X \ A is
open. So for any x € X \ A, we need to prove that there ex-
ists € > 0 such that B(z,e) € X \ A ie, B(z,e)NA = 0. If
possible, suppose that for any € > 0, we have B(z,e) N A # 0.
So for any n > 1, choose x, € B(z,=) N A. Then z, € A for
all n > 1 and p(zp,x) — 2my,. + My, < % for all n > 1 ie.,
0 < w(xn,x) — My, < % and 0 < M, . — my, . < % for all n > 1.
Therefore, nh_)r{)lo(u(xn, x) —my,,) =0 and 7L11_>r£10(anx —my,.) =0ie,

T, = x asn — oo in (X, u). Hence, by assumption x € A, which is
a contradiction. So for any z € X \ A, there exists ¢ > 0 such that
B(z,e) C X \ Aie., X\ Aisopen and hence A is closed in X.

(ii) It follows from definition that A is the smallest closed subset
which contains A. Set
A ={x € X : forany e >0, Fa € A such that pu(x,a) < 2mg, —
M,, + €}. Obviously, A C A*. Next we prove that A* is closed.
Let (z,) be a sequence in A* such that =, — x as n — oco. We
have to prove that x € A*. Since z, — z as n — 0o, we have

lim (p(x,, ) — my,.) = 0 and lim (M, , — my,.) = 0. Therefore,
n—oo n—oo

lim (p(x,, ) — 2my, . + M, ) = 0.
n—oo

Let € > 0 be given. Then there exists ny € N such that p(z,,z) —
2Mye + My, < 5, for all n > ng. As z,, € A", there exists a, € A
such that p(zy,,an) < 2mg,a, — Ma,a, + 5. Hence,

p(w, an) = 2Myq, + Myq, < (H(-Tv Ty) — mmn) + (,U(xm an) — mwnan)

+(M:cxn - m:va:n) + (Mxnan - mwnan)
o £

2 2
= €, for all n > nyg.

In particular, u(z, an,) — 2Myza,, + Mza,, < €, which implies that = €
A*. Therefore, by part (i), it follows that A* is closed and contains A.
The definition of A assures that A C A*, which implies the conclusion
of (ii). O

Theorem 4.4. Fvery closed subset of a complete m-metric space
1s complete.

Proof. Let (X, ) be a complete m-metric space and Y be a closed
subset of X. Let (y,) be an m-Cauchy sequence in (Y, uy), where
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py Y xY — R* is defined by py (u,v) = p(u,v) for all u, v € Y.
Then (y,) is also an m-Cauchy sequence in (X, pu). As (X,u) is a
complete m-metric space, there exists x € X such that y, — = as
n — oo. By applying Theorem 4.3, it follows that z € Y. Thus
(yn) converges in (Y, uy). So, (Y, py) becomes a complete m-metric
space. [

Theorem 4.5. x € A iff every open set U containing = intersects

A.

Proof. We shall show that

r ¢ A <= there exists an open set U containing « which does not
intersect A.

If z ¢ A, then the set U = X \ A is an open set containing z that
does not intersect A, as desired.

Conversely, if there exists an open set U containing x which does
not intersect A, then X \U is a closed set containing A. By definition
of A, it must be the case that A C X \ U. Therefore, x can not be in
A. O

Definition 4.6. Let (X, u) be an m-metric space, A C X and
x € X. Then p(z, A) is defined as follows:

(e, A) = inf {pu(z,a) — 2mye + My, - a € A}
Obviously, p(x,A) >0 and p(x,A) =0 if z € A.

Theorem 4.7. Let (X, p) be an m-metric space, A C X andz € X.
Then u(x, A) =0 if and only if x € A.

Proof. Let pu(z,A) =0 and U € 7,, v € U. Then there exists € > 0
such that B(z,e) C U. Since p(z, A) = 0, there exists z. € A such
that p(z,ze) — 2my,, + My, < €. Therefore, z. € B(z,¢) C U and
z. € A. Hence, U N A # . The last theorem ensures that z € A.

Conversely, suppose that z € A and € > 0 is arbitrary. Then,
AN B(x,e) # 0. Let a € AN B(x,¢€). So, u(x, A) < p(x,a) — 2my, +
M., < €, for arbitrary € > 0. Hence u(x, A) = 0. O

We now prove the regularity property of m-metric spaces.

Theorem 4.8. Let (X, pu) be an m-metric space. Then for each
r € X and each open neighbourhood U of x, there is an open set V
such thatx € V CV CU.
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Proof. Since U € 7, and = € U, there exists r > 0 such that B(z,r) C
U. Let us put V' = B(x, 5). Then V is open and x € V. As B[z, 5] is
a closed set containing V, it follows that V' C B[z, 5] € B(z,r) C U.
Thus, z € VCV CU. O

Next we prove the property of first countability of m-metric spaces.

Theorem 4.9. Let (X, ) be an m-metric space and x € X be
arbitrary. Then there exists a countable collection {B,}°, of open
netghbourhoods of x such that for any neighbourhood U of x, there
exists m € N with B,, C U.

Proof. For each n € N, we consider B, = B(«z, %) Clearly, {B, : n €
N} is a countable family of open balls centered at x. Let U be any
neighbourhood of z. Then there exists > 0 such that B(x,r) C U.
We choose m € N such that = < r. Then, B,, = B(z, ) C B(z,r) C
U. O

Definition 4.10. An m-metric space (X, ) is said to be second
countable if it has a countable open base.

Definition 4.11. An m-metric space (X, ) is said to be separable
if there exists a countable subset A of X such that A = X.

Theorem 4.12. Every separable m-metric space (X, ) is second
countable.

Proof. Let (X, ) be a separable m-metric space. So there exists a
countable subset A of X such that A = X. We consider the collection
B ={B(x,r):x € A, r € Qr >0} Then B becomes a countable
collection of open sets in (X, ). We now show that B is a base for
the topology 7,. Let U € 7, and x € U. Then there exists r € Q
with 7 > 0 such that B(z,r) C U. Since A = X, it follows that
B(z,5) N A # (. Suppose that a € B(z,5) N A. Then a € A and
a € B(x,5). Let us put B = B(a, 3). Clearly, B € B. We prove that
r€BCU. Asa € B(z, ), we have pu(z,a) < 2myq — My, + 5 which
shows that z € B(a,§) = B. If y € B, then pu(a,y) < 2mgy — My, + 5.
Therefore by (m4), we get

/L(IE, y) - 2m9€y + Mxy < (,U([E, CI,) - mxa) + (ILL(CL, y) - may)
+(an - m;ta,) + (May - may)
r r

2

r

2
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which implies that y € B(xz,r) C U.

Thus for a given open set U and any x € U, there exists B,(say) € B
such that x € B, C U. As x runs over U, we have U = U B,. This

zelU
shows that every open set U of (X, i) is expressible as a union of some

members of B. Hence B is a countable open base for 7,,. This proves
that X is second countable. O

Definition 4.13. Let (X, pu) be an m-metric space and A C X.
The diameter of A, denoted by diam(A), is defined by
diam(A) = sup {p(x,y) — 2myy + My, 1z, y € A}

Clearly, 0 < diam(A) < oo. The subset A is said to be bounded if
diam(A) is finite. Otherwise, A is said to be unbounded.

It follows from the above definition that if A C B, then dmm(A)_g
diam(B). Hence, it is worth mentioning that diam(A) < diam(A).
However, we have the following result.

Theorem 4.14. Let (X, u1) be an m-metric space and A C X. Then
diam(A) = diam(A).

Proof. Tt is sufficient to prove that diam(A) < diam(A). Let x, y

be arbitrary and € > 0 be given. Then, B(z,5) N A # 0 and
B(y,5)NA#0. Let z; € B(x, )ﬂAandyleB(y )N A
,u(x,xl) - 2mle + Mzmsl < % and :u(y yl) 2myy1 + Myy1 < %

By using (m4) and Remark 2.6, we have
T, y) = 2mgy + My < (2, 21) — M) + (1(T1,Y) — Mayy)
My — Maay) + (Mayy — Miayy)
< 5 (@19 = M) + (B0 ) — M)
F( Moy, — Mayy,) + (My,y — my,y)
< e+ (@, yr) = 2mgyy, + Mayy,)
< e+ diam(A).
Since z, y € A are arbitrary,
diam(A) < e + diam(A).
Since € > 0 is arbitrary, it follows that diam(A) < diam(A). O

We now prove Cantor’s intersection theorem in m-metric spaces.
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Theorem 4.15. An m-metric space (X, ) is complete if and only if
every descending sequence (A,,) of nonempty closed sets with diam(A,,)

— 0 as n — o0, the intersection A = ﬂ A, consists of exactly one
n=1

point.

Proof. Let (X, 1) be a complete m-metric space and (A,,) be a descend-
ing sequence of nonempty closed sets with diam(A,,) — 0 as n — oo.
As each A,, is nonempty, we choose a point z,, € A,,, for each n € N.
We shall show that (x,) is m-Cauchy in (X, u). For m, n € N with
m > n, we have A,, C A, which gives that z,,, x,, € A,. Therefore,

M(xna xm) — Mgz, S ,U(xna xm) - 2mxnxm + Mxnxm S dzam(An) — 07

as n — oo, that is, lim (u(xp,xm) — My, s, ) = 0.
,IM—00

Moreover,
< diam(A,,) — 0,

nTm —

Mxnmm - mxnxm S /j’(x”H xm) - 2mxnazm + Mx

as n — oo, that is, lim (M, ., — Mg, 2, ) =0.
n,Mm—00
This shows that (x,) is an m-Cauchy sequence in (X, ). Then
by hypothesis, there exists x € X such that z, — x as n — o0

ie., lim (u(zn,x) — Mmy,,) = 0 and lim (M, , — my,,) = 0 which
n—oo n—oQ

imply that JL%(u(xn,x) — 2my, . + M,,.) = 0. We prove that

T € ﬂ A,. Let U € 7, and x € U. Then there exists ¢ > 0 such
n=1

that B(xz,e) C U. As lim (u(z,,x) — 2my,. + M,,.) = 0, there
n—oo

exists ng € N such that u(z,,x) — 2m,, . + M,, . <€, for all n > ny.

Therefore, =, € B(z,¢) C U, for all n > ny. Again, z,, € A,, for all

m > nas T, €A, C A,, for all m > n. So, UN A, # 0, for all

n € N. This proves that x € A,, = A,, V n, A, being closed. Hence

T e ﬂ A,.
n=1

Now, let y € m A, with y # x. Then for each n € N, we have

n=1
x,y € A,. Therefore,

0 < u(x,y) —2myy + My, < diam(A,) — 0 as n — oo
which gives that p(x, y) —2my, + M,, = 0. Since u(z,y)—my, > 0 and
My — myy =| p(x, ) — p(y,y) |> 0, it follows that pu(z,y) —my, =0

Ty
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and My, — mgy, =| p(z,z) — p(y,y) |= 0. This shows that
wz,z) = ply,y) = myy = p(z,y) and so, x = y, a contradiction.
This proves that A contains exactly one point.

Conversely, suppose that the given condition holds. Let (z,) be an
m-Cauchy sequence in (X, ). For each n € N, we define

A, = range of the sequence {Tn, Tpi1, -+ }.

Then, Ay D Ay D A3 D -+ andso A} D Ay D A3 D ---. As (z,) is m-

Cauchy, we have lim (u(x,, ;) — my,.,,) =0and lim (M, . —
n,M—00 n,m—00

My ) = 0. Therefore, lm (u(zn,zm) — 2my, 2, + My, ., ) = 0.

— 00

This implies that diam(A,) — 0 as n — oo and hence diam(A,) — 0

as n — o0o. Our assumption ensures that ﬂ A, consists of exactly
o n=1
one point x, say in X. Since z, =, € A,,, we have

(@, x) — 2my, o + M, . < diam(A,) — 0 as n — oco.

Consequently, it follows that lim (u(x,,x2) — m,,.) = 0 and
n—oo

lim (M,, . — my,.) = 0. Hence (x,) converges to z, proving that

n—oo

(X, p) is complete. O

Definition 4.16. A subset A of an m-metric space (X, p) is said

to be nowhere dense if Int(A) = ().

Theorem 4.17. A subset A of an m-metric space (X, p) is nowhere
dense if and only if every nonempty open set U contains a nonempty
open set V' such that VN A =10.

Proof. Suppose that A is nowhere dense and U is any nonempty open
set in X. Since Int(A) =0, U € A and hence U N (X \ A) # (. Let
us put V = U N (X \ A). Then V is a nonempty open set contained
in U such that VN A = 0.

Conversely, let U be any nonempty open set in X. By hypothesis,
there exists a nonempty open set V' such that V C U and VN A = (.
Therefore, A C X \ V which implies that A € X \V = X \ V and
hence V C X \ A.

~Now, (X\A)NU2UNV =V # . This shows that U ¢
A. Therefore, A contains no nonempty open set and so Int(A) = 0.
Consequently, A becomes nowhere dense.

O
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Definition 4.18. A subset A of an m-metric space (X, pn) is said
to be

(i) a set of the first category if A is expressible as a union of
countably many nowhere dense sets.
(i) a set of the second category if it is not a set of the first category.

We now prove analogue of Baire’s category theorem in m-metric
spaces.

Theorem 4.19. Every complete m-metric space (X, ) is a set of
second category.

Proof. Let (X, p) be a complete m-metric space and Y be a set of
first category in X. It is sufficient to show that ¥ # X. As Y is a

set of the first category, we can write Y = U P,, where each P, is

n=1
nowhere dense in X. Let U be any nonempty open set in X. Since

P, is nowhere dense, there exists a nonempty open set V' such that
VCUand VNP =0. AsV # 0, there exists p; € V and then
by regularity property, there exists r; with 0 < r; < 1 such that
B(pi,r) = Ui(say) € Uy C V. Again, P, being nowhere dense
and U; # 0, there exists a nonempty open set V; C U; such that
ViNP, = (. Vi being nonempty, there exists p, € V; and a positive
real number 7y < % such that B(ps,rs) = Us(say) C Uy C V4.

Now, Uy C Vi C U, C U, = Uy C U, and diam(U;) = diam(U,) <
2r, < 2, diam(Us) = diam(Us) < 2ry < 2.%. Moreover, U; N P, C
VNP =0, 0,NnP CVink = 0. Proceeding in this way, we
obtain a descending sequence (U,) of nonempty closed sets such that
diam(U,) < 2.5+ — 0 as n — oo. Since (X, ) is complete, by

oo
Cantor’s intersection theorem, 3 ¢ € ﬂ U,. As U, N P, = ) for each

n=1
n,q%UPn:YandsoY;éX. O
n=1

Definition 4.20. Let (X, 1) and (Y, u2) be two m-metric spaces.
A function f 1 (X, 1) — (Y, uo) is said to be continuous at a point
a € X, if corresponding to every e >0, 3§ > 0 such that

t € Byy(a,0) = f(z) € Buy(f(a), o).

f is said to be continuous on X if it is continuous at each point of X.
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Obviously, the concept of continuity of a real valued function on an
m~metric space turns out to be a special case of the above definition
by considering Y = R and ps(y,z) =| y — z | for all y, 2 € R. For
such real valued functions on an m-metric space, we can prove the
following theorem, as exact duplicates of the corresponding proofs for
real valued continuous functions on a metric space.

Theorem 4.21. Let f and g be real valued functions on an m-
metric space (X, u). If f and g are continuous at a point a € X and
g(x) # 0 for all x € X, then so are f + g, fg, af (for any a €
R) and %.

Theorem 4.22. Let (X, 1) and (Y, p2) be two m-metric spaces.
Then a function f: (X, ) — (Y, p2) is continuous at a point a € X
if and only if for each sequence (x,) in X converging to a in (X, u1),
the sequence (f(x,)) in'Y converges to f(a) in (Y, us).

Proof. Suppose that f is continuous at a € X. Then for a given € > 0,
36 > 0 such that

x € By, (a,0) = f(z) € B,,(f(a),e€).

Since (z,,) converges to a in (X, pu;), we have Jlrilo(ul(xma) -
Mza) = 0 and lim (M., — mg.) = 0. Therefore,
lim (pq(z,,a) — QmZH:?LOOana) = 0. So, there exists ng € N
g;coﬁ that py(z,,a) — 2mg,q + My, < 6, for all n > mny.
This shows that z, € B, (a,0), for all n > ng. By hy-

pothesis, it follows that f(xz,) € B, (f(a),e), for all n > ny.

Then io(f(25), (@) = 2ms@) @) + Mi@op < ¢ for all

n > ng. This gives that ux(f(xz,), f(a)) — Mp@.)r@ < € and

Mty — Mi@or@ < € for all n > ng.  Consequently,

it follows that lim (uo(f(zn), f(a)) — Mf@nr@) = 0 and
n—oo

lim (M@ f(a) — Mf@n)f@) = 0. Therefore, (f(x,)) converges
n—oo
to f(a) in (Y, pa).

Conversely, suppose the condition holds but f is not continuous at
a € X. Then there exists € > 0 such that for each 6 > 0, x5 € X
with z5 € B, (a,d) but f(xzs) & B,,(f(a),€). In particular, for each
n €N, 3z, € X with z, € B, (a,2) but f(z,) € By, (f(a)e).
It then follows that x, — a but pa(f(xn), f(a)) — 2mp@.)f@) +
M@y = € for all n € Nie., (f(x,)) does not converge to f(a) in
(Y, p2). This contradicts the assumed hypothesis. 0J
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Theorem 4.23. Let A be a subset of an m-metric space (X, ).
Then the function f : (X,pu) — R, defined by f(z) = p(x, A), is a

continuous function.

Proof. Let xy € X be arbitrary and € > 0 be given. We shall show
that .
z € B,(xo, 5) —| p(z, A) — u(xg, A) |< €.

Suppose z € B, (%o, 5) and a € A be arbitrary. Then, pu(zo,x) —
2Myge + My < 5. By using (m4) and Remark 2.6, we have

() = Wi+ May < (2, 70) — Mgy + ({0, @) — hz0a)
H(Mazy — Mawy) + (Maga — Maga)
< % + (o, a) — 2myye + Myya)-
This gives that

. € .
32}: {u(z, a) = 2myq + My} < 2 + ;gg {1(zo, @) = 2Mauga + Maga}-

ie., p(r,A) < § + pu(xo, A). Interchanging the roles of x and z¢, we
get pu(wo, A) < 5+ p(x, A). Thus, we have | pu(z, A) — p(xo, A) |[< 5 <
€. 0

We now present Urysohn’s lemma in m-metric spaces.

Theorem 4.24. For any two nonempty disjoint closed subsets U, V'
of an m-metric space (X, ), there exists a continuous function f :
X — R such that f(U) = {0}, f(V) = {1} and 0 < f(z) < 1 for all
reX.

Proof. For A C X and x € X, we use the notation p(z) for the

function u(x, A). We now show that the function f(z) = %

is the desired function. If py(x) 4+ py(x) = 0 for some x € X, then
pu(z) = py(z) = 0 and hence v € U = U and x € V = V, which
contradicts the fact that U NV = (). Therefore, f is well defined.
Moreover, it follows from Theorems 4.21 and 4.23 that f is continuous.
Obviously, 0 < f(z) < 1forall x € X. Now, z € U = puy(z) =

0= f(x)=0andz € V= puy(z) =0= f(z) = 1. O
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