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RICCI SOLITONS IN A HYPER GENERALIZED
PSEUDO SYMMETRIC D-HOMOTHETICALLY
DEFORMED KENMOTSU MANIFOLD

M. R. BAKSHI, D. G. PRAKASHA, K. K. BAISHYA AND P. VEERESHA

Abstract. In this paper we study the nature of Ricci solitons in a
hyper generalized pseudosymmetric D-homothetically deformed Ken-
motsu manifold.

1. INTRODUCTION

Let the symbols V and V¢ stand for the Riemann connection and
the D-homothetically deformed connection respectively. Also, let R,
S, Q, r and RY, S Q¢ r¢ respectively stands for curvature tensor,
Ricci tensor, Ricci operator, scalar curvature with respect to V and
V? respectively. In this study, we consider an almost contact met-
ric manifold (M?"*1 ¢, £, n, g) that consists of a (1, 1)-tensor field
¢, a vector field £ and a 1-form 7 called respectively the structure
endomorphism, the characteristic vector field and the contact form.
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In a recent paper [2], K K Baishya, F. Ozen Zengin and J Mike
have introduced a new type of space called hyper generalized pseudo
symmetric manifold. In Section 3 of this paper we extend this concept
to a D-homothetically deformed structure of a (2n + 1)-dimensional
Kenmotsu manifold.

A Kenmotsu manifold is said to be hyper generalized pseudo sym-
metric [2] (which will be abbreviated hereafter as [H(GPS),, V]) if it
admits the equation

(VxR)(Y,U,V, W)
= 2A(X)R(Y,U,V, W)+ A (Y)R(X,U,V, W)

+AL(D)R(Y, X, V, W)+ A (V)R(Y,U, X, W)
+A (W)R(Y,U,V, X)+2A5(X)(g AS)(Y,U,V, W)
+A4:(Y)(g A SHX, U, VW) + Az (U) (g AS)(Y, X, V,WV)
(1.1) +A3(V) (g ANS)(Y,U, X, W)+ Ay (W) (g A S)(Y,U,V, X)
where

(gAY, UV.W) = gY, W)SU, V) +g(UV)SY,W)
(1.2) — g, V)S(U,W) —g(UW)S(Y,V),

and A;, A being non-zero 1-forms defined as A;(X) = ¢(X, 6;) and
Ay (X) = g(X, 02).

Ricci solitons were introduced by Hamilton [14]. An important topic
in contact metric geometry is the study of Ricci flow and Ricci solitons.
A Riemannian manifold admits a Ricci soliton [15] if there exists a
smooth vector field V' (called the potential vector field) such that

Lyg+25+2\g =0,

where Ly denotes the Lie derivative along V' and A is a real number.
A Ricci soliton is said to be expanding, steady or shrinking according
to A is positive, zero and negative, respectively. Ricci solitons has now
become a popular topic for many mathematicians, for details we refer
([13], 18], [3]). An n-Ricci soliton (V, A, u) is a generalization of a
Ricci soliton defined as ([7], [10], [4])

Lyg+2S+2 g+ 2un®@n =0,

where Ly denotes the Lie derivative along V and A and p are real num-
bers. An 7-Ricci soliton is said to be expanding, steady or shrinking
according as A\ is positive, zero and negative respectively.
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The paper is organized as follows: After Introduction, in Section 2,
we briefly recall some known results for Kenmotsu manifolds and D-
homothetic deformations on a Kenmotsu manifold and we establish
some properties of the deformed Kenmotsu manifold. In Section 3,
we discuss the properties of a D-homothetically deformed Kenmotsu
manifold under hyper generalized pseudo symmetric curvature condi-
tion equipped with Ricci solitions and n?Ricci solitons. We determine
a necessary condition for which the solitons of these types in such a
manifold are shrinking, steady and expanding.

2. PRELIMINARIES

According to the definition of Blair [11], an almost contact structure
(¢, &, m) on a (2n + 1)-dimensional Riemannian manifold satisfies the
following conditions:

(2.1) ¢’ =—-I+nQRE,

(2.2) n() =1,

(2.3) ¢€ =0, nod =0, rank ¢ = n — 1.
Moreover, if ¢ is a Riemannian metric on M?"*! satisfying
(2.4) 9(@X,9Y) = g(X,Y) = n(X)n(Y),

(2.5) 9(X, €) = n(X),

(2.6) 9(6X,Y) = —g(X, ¢Y),

for any vector fields X, Y on M?"! then the manifold M?" ! [11] is
said to admit an almost contact metric structure (¢, &, 1, g).

Definition 2.1. [16] If in an almost contact metric structure (¢, &,
n, g) on M1 the Riemann connection V of g satisfies (Vx¢)Y =
g(@X,Y)E —n(Y)eX, for any vector fields X, Y on M?***1 then the
structure is called Kenmotsu.

Proposition 2.2. [16] If (M?*" ! ¢, £, n, g) is a Kenmotsu manifold,
then for any vector fields X, Y, Z on M*"* the following relations
hold:

(2.7) Vx§ =X —n(X)g,

(2.8) (Vxn)Y = g(X,Y) = n(X)n(Y),
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(2.9) S(X,§) = —2nn(X),

(2.10) n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),
(2.11) R, X)Y =n(Y)X — g(X,Y)E,
(2.12) R(X,Y)¢ =n(X)Y —n(Y)X.

Definition 2.3. [1] If a contact metric manifold M?"*! with the al-
most contact metric structure (¢, &, 1, g) is transformed into (¢¢, €9,
n?, g?), where

1

(213)  ¢'=09, fdzl—gf, nt=pn, g’ =pg+plp—-1nen
and p is a positive constant, then the transformation is called a D-
homothetic deformation.

The relation between the Levi-Civita connections V of ¢ and V¢ of
g% is given by [1]:

—1

(2.14) VAY = VY E (90X, Y )6

for any vector fields X, Y on M2+,
In view of (2.13), (2.14) and definition of Riemannian curvature
tensor, Ricci tensor, scalar curvature, we get the following;:

Proposition 2.4. [9] If a Kenmotsu structure (¢, &, 1, g) on M*" T s
transformed into (¢¢, €%, n¢, g%) under a D-homothetic deformation,
then R, R, S, S¢, r and r? are related by

(215) RUX.Y)Z = ROX.Y)Z + 2 (g(6Y,02)X g(0X. 02}V

216 SUKY) = SIXY) + 20l g(0X, 0,
1 p—1

2.17 = —r+2n(2n +1 ,

(2.17) , ( ) e

for any vector fields X, Y, Z on M*"+1,

Now we shall bring out some properties of a D-homothetically de-
formed structure (¢¢, £, n?, g¢) of a Kenmotsu manifold M?"*1 as
follows:
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Proposition 2.5. Under a D-homothetic deformation of a Kenmotsu
structure (¢, €, n, g) on M**L is transformed into (¢, £, n¢, g?),
then for any vector fields X, Y, Z on M*"*!, we have

(2.18) ¢ =-I+n'e,

(2.19) (el = 1,

(2.20) ¢t =0, nlop? =0,

(2.21) g4 (X, 0"Y) = g*(X,Y) = ' (X)n'(Y),
(2.22) g4(X, ) = (),

(2.23) Vil = %[X — p(X)ed],

(2.24) (V)Y = }JWX, Y) - t(X)n(v),
(2.25) SUX, ) = — 224 X),

(226)  '(RY(X,Y)Z) = %[9‘1(?@ Zn'(Y) = g"(Y. Z)n" (X)),

D
(2.27) RIE! X)Y = I%W(Y)X XY,
(2.28) RI(X,Y)E! = ]%[nd(X)Y — (Y)X).
Now using (2.24) and (2.25), we obtain
(2.29) (V2 59)(v, ¢%) = %[—i—?ﬂx, Y) - 59X, V)]

for any vector fields X and Y on M?*"*1,

3. SOLITONS IN A HYPER GENERALIZED PSEUDO SYMMETRIC
D-HOMOTHETICALLY DEFORMED KENMOTSU MANIFOLD

For the beginning, we shall define a hyper generalized pseudo sym-
metric space on a D-homothetically deformed structure (¢?, €4, n?,
g%) of a Kenmotsu manifold M2 +1,
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3.1. Hyper generalized pseudo symmetric deformed Ken-
motsu manifold.

Definition 3.1. A D-homothetically deformed structure (¢¢, €4, n<,
g?) of a Kenmotsu manifold M?"*! is said to be hyper generalized
pseudo symmetric if it satisfies the condition

(VLR (Y. U, V, W)
2AYXVRUY, U, V, W)+ AYY)RYX,U,V, W)

+ Ad(U)Rd(Y, X, V, W)+ AYV)RYY,U, X, W)

+ AYWHRYY,U,V, X) + 244 X) (g% A SH(Y, U, V, W)

+ ASY)(g? A SH(X, UV, W) + AS(U) (g° A SHY, X, V, W)
(3.1 AZ(V) (g? A SH(Y, U, X, W) + AG(W) (g% A ST)(Y, U, V, X),
where

(9" ASH(Y.U.V, W)
= 'Y, W)SUU,V) + g*(U,V)S4 Y, W)
(3.2) — gYY,V)SUU,W) — ¢" (U W)SUY, V),
and A¢ are non-zero 1-forms defined by A4(X) = ¢%(X, 0;), fori = 1,2.

In this section, we consider a Kenmotsu manifold (M?"*! g) n > 1
which is hyper generalized pseudo symmetric. Now, making use of
(3.2) in (3.1) we find
(VxRY)(Y,U,V, W)
2AY(X)RUY, UV, W)+ AUY)RYX,U,V, W)
ANUYRYY, X, V, W)+ AUV)RYY,U, X, W)
ATW)RYY, UV, X) + 24%(X)[g*(Y,W)S)U, V)
g (U, V)SUY, W) — g (Y, V)SUU,W) — g“(U,W)54Y, V)]
A5(YV)[g" (X, W)SUU, V) + g*(U, V)SUX, W) — g* (X, V)SUU, W)
g (U W)SUX, V)] + A5(U) [¢"(Y,W)SUX, V) + g% (X, V)SU (Y, W)
g' (Y. V)SUX, W) — g/ (X, W)SUY, V)] + AG(V) [¢*(Y, W) S (U, X)
g"(U. X)SUY, W) — ¢*(Y, X)SU U, W) — g*(U, W) SV, X)]
A5(W)[g" (Y, X)SU(U, V) + ¢*(U, V) SU(Y, X)
— gYY,V)SUU, X) — g*(U, X)SUY, V).

(3.3)

o+ 4+ + +

+ o+
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Now, contracting Y over W in both sides of (3.1) and using (3.2),

we get

o+ 4+ L+

(3.4)

(V&SH(U, V)

2AYX)SUU, V) + AN SUX, V) + AYRYX,U)V)
AYRYX,V)U) + AY(V)SUX,U)

2A4X)[(2n — 1)SYU, V) + rig*(U, V)]

[A5(X)SUU, V) + AS(QX)g™(U, V)

g1 (X, V)A3(QU) — AS(U)SY(X, V)]

ALU) [(2n — DSYUX, V) +righ(X, V)]

A3(V) [(2n = 1)SUU, X) + rg?(U, X)]

[A5(X)SUU, V) + AS(QX)g™(U, V)

AZ(V)SUU, X) — A5(QV)g*(U, X)).

Now setting

V=¢

and using (2.25), (2.27), (2.28) in the foregoing equation, we

obtain

(V&S %)
- D)+ 21O + (AL0) - A0

[ (X) AL (U) — n(U)A{(X)]

+ RAUX)U) + AU (X) -

d 2_” d
pg + [(T + pg )A2(§ )

A{(X)n'(U)

+ 245QX)n*(U) — n'(X)A3(QU) + = e
+ [2(n —1)A3(€%) + AJ(EN)SUU, X).

(3.5)
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which yields by using (2.29)
1 2
= | =20t (X, U) = $U(X,U)
p p

- —i—?[{zAﬂX) 1 2AX) I (U) + {ANU) — AU} (X))
[ (X ALD) — o {(U) AL

p2
0+ 2aget - A0 0
- RACOR) + AKO) 1 - 2=
AN (O)

+ 2A4QX)hU) — n{(X)ALQU) + 2

(3.61 [2(n —1)A35(&") +AY(EDISU(U, X).

We get now putting successively X = U = ¢4, U = % and X = &4
in (3.6), we get respectively that

20 4 ooay rd_2n(2n—1) d /o
B Zal(e) = |- T e,

i—ZAS (€ 0" (X)

4n 8n?
(3.8) = p—2A‘f (X) + (F — 2rd) Ad(X) — 243 (QX) ,
and

[A{ (¢1) n (U) + 4nAg (£) n* (U)]
p2
B Td_4n(n—1) d C2n-—1 d

(39) = ( L ) A4 (0) - 22 AL W) - A4(QU).

By virtue of (3.7), (3.8) and (3.9), the equation (3.6) yields
207 (n — 1) A3 (¢%) + p*A] (¢%) +1] S* (X, U)

2n

= [A] (¢%) — (2n+p*r?) A (¢%) ?]gd(Xa U)

(3.10) + [4nAg (&%) — AL (D] " (X)n*(U).
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Thus we can state the following:

Theorem 3.2. The Ricci curvature tensor of a hyper generalized
pseudo symmetric deformed structure (¢¢, €9, n?, g%) of a Kenmotsu
manifold M*" 1 satisfies (3.10).

Remark 3.3. Ifp = 1, then the Ricci curvature tensor of a hyper gen-
eralized pseudo symmetric Kenmotsu manifold Mt is of the form

[A] (€9) — (r! + 2n) A3 (¢7) — 2n]
[1+ AT (€1) +2(n — 1) A5 (¢9)]
[4nA3 (€) — A1 (€7)]

[T AT + 21 Agen] "1
Corollary 3.4. If Af (¢) = Ag (€%) = 0 then the Ricci curvature ten-

sor of a symmetric deformed structure (¢%, €%, n?, g%) of a Kenmotsu
manifold M*"* is Einstein space.

SYUX,U) g(X,U)

(3.11) +

Proposition 3.5. The scalar curvature of a hyper generalized pseudo
symmetric deformed structure (¢¢, €4, %, g?) of a Kenmotsu manifold
M2+ s given by

o2l A9 (€Y — AL(eY)]

P? Ag (64
Proposition 3.6. The scalar curvature of a hyper generalized pseudo
symmetric Kenmotsu manifold M** is given by

2020+ A1 (€) — A3 (9)
45 (E) |

3.2. Solitons in the deformed manifold.
Notice that in [9] and [17], the authors have also been studied
some properties of Ricci solitons on Kenmotsu manifolds under D-
homothetic deformations.
Ricci solitons in the deformed manifold with potential vector
field V = ¢

Assume now that in a D-homothetically deformed structure (¢¢, £4,
n?, g?) of a Kenmotsu manifold M?"*! the pair (£¢, \) defines a Ricci
soliton, that is

(3.12)

(3.13)
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for a real number M. In view of the definition of the Lie derivative and
(2.23) the above equation reduces to

(3.15) SUX, U = —(]19 )G, U + %nd(X)nd(U).

for any vector fields X, Y on M?"*!. Then (2.25) and (3.15) imply

n
A = — and the above equation is equivalent to
p

1 2 1
(316)  SUXU) ==+ g (X U) + o (X' ().
Remark 3.7. The Ricci soliton on a D-homothetically deformed
structure (¢4, €%, n?, g%) of a Kenmotsu manifold is expanding.

Comparing (3.10) and (3.16), we obtain
1
(3.17) AnAjg (¢7) — A (&%) = -
p
This leads to the following:

Theorem 3.8. Assume that a Kenmotsu structure (¢, £, n, g) on
M*1 s transformed into (¢, €4, n?, g%) under a D-homothetic de-
formation which is a hyper generalized pseudo symmetric space. If the

pair (£%, \ = —Z) defines a Ricci soliton on the deformed structure,
then the 1-forms are related (3.17).

Acknowledgement: The first named author gratefully acknowl-
edges to UGC, F.No.16-6(DEC.2018)/2019(NET/CSIR) and UGC-
Ref.No. 1147/(CSIR-UGC NET DEC. 2018) for financial assistance.

REFERENCES

[1] P. Alegre, D. E. Blair, and A. Carriazo, Generalized Sasakian-space-
forms, Israel J. Math. 141 (1) (2004), 157-183.

[2] K K Baishya, F. Ozen Zengin and J Mike, On hyper generalised weakly
symmetric manifolds, XXIX-th International Conference on Geometry,
Integrability and Quantization June 02-07, 2017, Varna, Bulgaria, I. M.
Mladenov and A. Yoshioka, Editors Avangard Prima, Sofia 2018, pp 1-10
d0i:10.7546/giq-19-2018-1-10

[3] K. K. Baishya, Ricci Solitons in Sasakian manifold, Afr. Mat. 28 (2017),
1061-1066, DOI: 10.1007/s13370-017-0502-z.

[4] K. K. Baishya and P. R. Chowdhury, n-Ricci solitons in (LCS),-
manifolds, Bull. Transilv. Univ. Brasov 9 (58) (2016), 1-12.



RICCI SOLITONS IN A HYPER GENERALIZED PSEUDO SYMMETRIC ... 15

[5] K. K. Baishya and P. R. Chowdhury, On almost generalized weakly sym-
metric LP-Sasakian manifold, An. Univ. Vest Timis., Ser. Mat.-Inform
55 (2) (2017), 51-64.

[6] K. K. Baishya, P. Peska, and P. R. Chowdhury, On almost generalized
weakly symmetric Kenmotsu manifolds, Acta Univ. Palacki. Olomuc.,
Fac. Rerum Nat., Math. 55 (2) (2016), 5-15.

[7] A. M. Blaga, n-Ricci solitons on Lorentzian para-Sasakian manifolds,
Filomat 30 (2) (2016), 489-496.

[8] A. M. Blaga, eta-Ricci solitons on para-Kenmotsu manifolds, Balkan
J. Geom. Appl. 20 (1), (2015), 1-13.

[9] A. M. Blaga, K. K. Baishya, and Nihar Sarkar, D-homothetically de-
formed Kenmotsu manifold and Ricci solitons, submitted.

[10] A. M. Blaga and M. C. Crasmareanu, Torse-forming 7n-Ricci solitons
in almost paracontact n- Einstein geometry, Filomat 31 (2) (2017),
499-504.

[11] D. E. Blair, Contact Manifolds in Riemannian Geometry, Lect. Notes
Math. 509, Springer-Verlag, New York (1976).

[12] M. C. Chaki, On pseudo symmetric manifolds, An. Stiint. Univ. Al 1.
Cuza Tasi, Mat. 33 (1987), 53-58.

[13] A. Ghosh and R. Sharma, K-contact metrics as Ricci solitons, Beitr.
Algebra Geom./Contrib. Algebra Geom. 53 (1) (2012), 25-30.

[14] R. S. Hamilton, The Ricci flow on surfaces, Contemp. Math. 71 (1988),
237-261.

[15] R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Dif-
fer. Geom. 17 (1982), 255-306.

[16] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku
Math. J. 24 (1972), 93-103.

[17] H. G. Nagaraja, D. L. K. Kumar, and V. S. Prasad, Ricci solitons on
Kenmotsu manifolds under D-homothetic deformation, Khayyam J.
Math. 4 (1) (2018), 102-109.

[18] H. G. Nagaraja and C. R. Premalatha, Ricci solitons in Kenmotsu man-
ifolds, J. Math. Anal. 3 (2012), 18- 24.

M. R. BAKSHI

Raiganj University,

Department of Mathematics,
Westbengal, India
e-mail:raybakshimanoj@gmail.com



16 M. R. BAKSHI, D. G. PRAKASHA, K. K. BAISHYA AND P. VEERESHA

D. G. PRAKASHA

Davangere University,

Faculty of Science & Technology,
Department of Mathematics,
Shivagangothri, Davangere-577 007, India
e-mail: prakashadg@gmail.com

K. K. BAISHYA

Kurseong College,

Department of Mathematics,
Kurseong, Darjeeling India
e-mail: kanakkanti.kc@gmail.com

P. VEERESHA

CHRIST University,

Department of Mathematics,

Bangalore - 560 029, India

e-mail: viru0913@Qgmail.com, pundikala.veeresha@christuniversity.in



