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A NEW TYPE OF CLOSURE-LIKE OPERATOR VIA
FUZZY SEMIOPEN SETS

ANJANA BHATTACHARYYA

Abstract. This paper deals with a new type of closure operator in
fuzzy topological spaces, called s-closure operator, which is an idem-
potent operator. Then the mutual relationships of this operator with
the operators defined in [2, 3, 4, 6, 9, 10] are established. Afterwards, a
new type of separation axiom is introduced and studied here. In every
space with this axiom assumed fuzzy semiclosure operator and this
new operator are identical. In the last section some characterizations
of s°-closure operator have been done via fuzzy net.

1. INTRODUCTION

After the introduction by Chang of the concept of fuzzy clo-
sure operator [7]| several types of fuzzy closure-like operators have
been introduced and studied. In this context we have to mention
[2, 3, 4, 6, 9, 10, 11]. Here we introduce a different type of fuzzy
closure-like operator, called s°-closure operator which is shown to be
an idempotent and isotonic operator. It is shown that, in every fuzzy
sregular space, fuzzy semiclosure operator and fuzzy s®-closure op-
erator coincide.

Keywords and phrases: Fuzzy semiopen set, fuzzy s®-closure oper-
ator, fuzzy regular open set, fuzzy preopen set, fuzzy s®-regular space,

s®-convergence of a fuzzy net.
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2. PRELIMINARIES

Throughout the paper, by (X, 7) or simply by X we mean a fuzzy
topological space (fts, for short) in the sense of Chang [7]. A fuzzy set
A is a function from a non-empty set X into a closed interval I = [0, 1],
i.e., A € I* [13]. The support of a fuzzy set A in X will be denoted
by suppA [13] and is defined by suppA = {x € X : A(z) # 0}. A
fuzzy point [12] with the singleton support z € X and the value ¢ (0
< t < 1) at x will be denoted by z;. Ox and 1x are the constant
fuzzy sets taking values 0 and 1 in X respectively. The complement
of a fuzzy set A in X will be denoted by 1x \ A and is defined by
(Ix \ A)(z) = 1 — A(z), for all z € X [13]. For two fuzzy sets
A and B in X, we write A < B if and only if A(z) < B(z), for
each x € X, and A¢B means A is quasi-coincident (q-coincident,
for short) with B if A(z) + B(z) > 1, for some z € X [12]. The
negation of these two statements will be denoted by A £ B and A 4B
respectively. clA and intA of a fuzzy set A in X respectively stand for
the fuzzy closure [7] and fuzzy interior [7] of A in X. A fuzzy set A
in X is called fuzzy regular open [1] (resp., fuzzy semiopen [1], fuzzy
preopen [11], fuzzy S-open [8], fuzzy y-open [5]) if A = intclA (resp.,
A < clintA, A <intclA, A < clintclA, A < (intclA)|J(clintA)). The
complement of a fuzzy semiopen (resp., fuzzy preopen, fuzzy -open,
~v-open) set is called a fuzzy semiclosed [1] (resp., fuzzy preclosed [11],
fuzzy [-closed [8], y-closed [5]) set. The smallest fuzzy semiclosed
(resp., fuzzy preclosed, fuzzy [-closed, fuzzy 7-closed) set containing
a fuzzy set A is called fuzzy semiclosure [1] (resp., fuzzy preclosure [11],
fuzzy [-closure [8], y-closure [5]) of A and is denoted by sclA (resp.,
pclA, BelA, yelA ). The collection of all fuzzy regular open (resp.,
fuzzy semiopen, fuzzy preopen, fuzzy -open, fuzzy y-open) sets in an
fts X is denoted by FRO(X) (resp., FSO(X), FPO(X), FPO(X),
F~O(X)) and that of fuzzy ssemiclosed (resp., fuzzy preclosed, fuzzy
p-closed, fuzzy ~-closed) sets is denoted by F.SC(X) (resp., FPC(X),
FpC(X), FyC(X)).

3. Fuzzy s°-Closure Operator: Some Properties

In this section a new type of fuzzy closure operator is introduced
and then some properties of this operator are established.
Definition 3.1. A fuzzy point z; in an fts (X, 7) is called a fuzzy
s~cluster point of a fuzzy set A in an fts X if clUgA for every
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U e FSO(X) with xqU.

The union of all fuzzy s-cluster points of A is called fuzzy s®-closure
of A, and will be denoted by [A]¢. A is called fuzzy s°-closed set if
A = [A]S and the complement of a fuzzy s°-closed set in an fts X is

called fuzzy s®-open set in X.

It is clear from the definition that A < [A]¢, for all fuzzy set A in
an fts (X, 7).

We now characterize fuzzy s°-closure operator of a fuzzy set in an
fts X.
Theorem 3.2. For any fuzzy set A in an fts (X, 7),
[A]S = ("{[U]S : U is fuzzy open set in X with A < U}.
Proof. Clearly [A]S < ({[U]S : U is fuzzy open set in X with A < U}.
Assume that there exists some z; such that z; € ({[U]¢ : U is fuzzy
open set in X with A < U} , but z; ¢ [A]¢ . Then there exists
V e FSO(X) with xqV and ¢V gA = A < 1x \ V(€ 7). By
hypothesis, z; € [1x \ clV]¢. But as eIV g(1x \clV), xp & [1x \ clV]S,
a contradiction.
Note 3.3. It is clear from definition that for any A € IX, sclA < [A]°.
But the reverse relation is not necessarily true, as follows from the fol-
lowing example.
Example 3.4. Let X = {a,b}, 7 = {0x,1x, A, B} where A(a) =
0.5, A(b) = 0.45, B(a) = 0.7, B(b) = 0.5. Then (X, 7) is an fts. Here
FSO(X) = {0x,1x,U,V} where U(a) = 0.5,0.45 < U(b) < 0.55,
V > B. Consider the fuzzy point by 5, and the fuzzy set C' defined by
C(a) = 0.5,C(b) = 0.47. We claim that by5; € [C]¢, but bys; €€ sclC.
Now any fuzzy semiopen set other than 1x g-coincident with by 5, is of
the form Uy, V) where Uy(a) = 0.5,0.49 < Uy(b) < 0.55 and V; > B.
Then clU; = (1x \ A)gC and clV; = 1xqC = bys € [C]S. But
U, € FSC(X) also and so sclUy = Uy 4C = by € sclC.

The following theorem shows that on the class of fuzzy open sets
fuzzy semiclosure and fuzzy s®-closure operators coincide.
Theorem 3.5. For a fuzzy open set A in an fts X, sclA = [A]S.
Proof. By Note 3.3, it suffices to show that [A]¢ < sclA for every fuzzy
open set A in X. Let z; € sclA. Then there exists V € FSO(X),
gV, V. gA =V < 1x \ A where 1x \ A is fuzzy closed set in X.
Therefore, clV < cl(1x \ A) = 1x \ A=V fA = z; & [A]S. Hence
the proof.
Remark 3.6. From Theorem 3.2 and Theorem 3.5, we conclude that



48 ANJANA BHATTACHARYYA

[A]¢ is fuzzy semiclosed set in X for any A € I¥.

Theorem 3.7. In an fts (X, 7), the following statements are true :
(a) Ox and 1x are fuzzy s°closed sets in X,

for all fuzzy sets A, B, (b) A < B = [A]¢ < [B]S,
(¢) [AU B = [ U[BL:

(d) [AN BJS < [A]SN[BlS, the equality does not hold, in general, as
follows from the next example,

(e) union of any two fuzzy s°-closed sets in X is also so,

(f) intersection of any two fuzzy s®-closed sets in X is also so.
Proof. (a) and (b) are obvious.

(¢) By (b), we can write, [A]¢U[B]S < [AU BJS.

To prove the converse, let x; € [A|J BJ¢. Then for any U € FSO(X)
with x,qU, clUq(A|JB). Then there exists y € X such that
(clU)(y) + maz{A(y), B(y)} > 1 = either (clU)(y) + A(y) > 1 or
(clU)(y) + B(y) > 1 = either clUqgA or clUgB = either z; € [A] or
v, € [BIg = @ € [A]°U[BIS-

(d) Follows from (b).

(e) Follows from (c).

(f) From (d), we have [A B]¢ < [A]¢N[BS for any two fuzzy sets
A BeX.

Conversely, let A, B be two fuzzy s°-closed sets in X. Then [A]¢
AB = B. Let m € [AEMBL = ANB < [ANBL
LA BL: < (AN B

Example 3.8. Let X = {a,b}, 7 = {0x,1x, A, B} where A(a) =
0.5,A(b) = 0.6,B(a) = 0.3,B(b) = 0.5. Then (X,7) is an fts.
Here FSO(X) = {0x,1x,U,V} where U > A, B <V < 1x \ B.
Consider two fuzzy sets C' and D defined by C(a) = 0.4,C(b) =
0.1,D(a) = 0.1, D(b) = 0.55 and the fuzzy point agg. We claim that
aps € [CIEN[D]S, but age ¢ [C () D]S. The fuzzy semiopen sets g-
coincident with agg are of the form U, V;,V, where 0.4 < Vi(a) <
0.7,Vi(b) = 0.5,Va(a) > 0.7,V5(b) > 0.55. Then clU = clVy = 1x
and so clU = clVoqC and clU = clVaqD. Also ¢lVy = 1x \ B and
so clViqC and clVigD. As a result apg € [C]S and agg € [D]S =

aoe € [CISN[D]S. Let E = C(D. Then E(a) = E(b) = 0.1. Then
Cl‘/l = (]-X \ B) /éE = Qp¢ g [E]g

Note 3.9. Since arbitrary intersection (union) of fuzzy closed (open)
sets is fuzzy closed (respectively, fuzzy open), so we can conclude that

fuzzy s®-open sets in an fts (X, 7) form a fuzzy topology 7 (say)

4o
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which is coarser than fuzzy topology 7 of (X, 7).
Result 3.10. We conclude that x; € [y»]¢ does not necessarily imply
Yy € 4] where zy, yp (0 < t,t' < 1) are fuzzy points in X as shown
from the following example.
Example 3.11. Let X = {a,b}, 7 = {Ox, 1x, A, B} where A(a) =
0.5,A(b) = 0.4,B(a) = 0.7, B(b) = 0.5. Then (X, 7) is an fts. Here
FSO(X) ={0x,1x,U,V} where U(a) = 0.5,04 < U(b) < 0.6,V >
B. Now consider two fuzzy points ag; and bpg. We claim that
ap1 € [boe1]S, but bog1 & [ap1]S. Now any fuzzy semiopen set g-
coincident with ag; is of the form V; where Vi(a) > 0.9, Vi(b) > 0.5.
So 0“/1 = 1qu0.61 = Qp.1 € [bo_ﬁl]g. Now A € FSO(X) with bo_ﬁlqA,
but clA = (1X \A) ,q(lo,l = boe1 ¢ [ag,l]g.

The next theorem shows that fuzzy s°-closure operator is an idem-
potent operator.
Theorem 3.12. For any fuzzy set A in an fts (X, 1), [4]S = [[A]¢]S.

S S1s

Proof. we first show that A C [A]S. Let z; € A be arbitrary. If

possible, let x; & [A]S. Then there exists U € FSO(X) with x,qU,
cdU A= A <1x\dU. Since x; € A, z; € 1x\clU = 1—(clU)(z) >
t = x; fclU which contradicts the fact that z,qU. So A C [A]¢. Then
by Theorem 3.7(b), [A]¢ C [[A]¢]S....(1).

Conversely, let z; € [[A]S]¢. We have to show that x; € [A]S. Let U €
FSO(X) with z,qU. By hypothesis, clUgB where B = [A]¢. Then
there exists y € X such that (clU)(y)+B(y) > 1. Let B(y) = k. Then
yr € B = [A]S and ygqclU. Since U € FSO(X) = clU € FSO(X),

then for y, € [A]S, we have cl(clU) = clUgA = z, € [A]S = [[A]5]¢ C
[A]¢ ... (2). Combining (1) and (2), we have [A]S¢ = [[A]¢]<.

S S sls

4. MUTUAL RELATIONSHIPS

In this section we first recall some definitions of different types of

fuzzy closure-like operators from [2, 3, 4, 6, 9, 10] and then establish
the mutual relationships between these closure operators with fuzzy
s¢-closure operator.
Definition 4.1. A fuzzy point z; in an fts (X, 7) is called fuzzy
s*-cluster point [3] (respectively, fuzzy p*-cluster point [4], fuzzy
p*-cluster point [2], fuzzy ~*-cluster point [6]) of a fuzzy set A
in X if for every U € FSO(X) (respectively, U € FPO(X),
U € FRO(X), FyO(X)) with x,qU, sclUgA (respectively, pclUqA,
BclUqA, ~velUqgA).
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The union of all fuzzy s*-cluster (respectively, fuzzy p*-cluster, fuzzy
p*-cluster, fuzzy v*-cluster) points of a fuzzy set A is called fuzzy s*-
closure [3] (respectively, fuzzy p*-closure [4], fuzzy 5*-closure [2], fuzzy
v*-closure [6]) of A, denoted by [A], (respectively, [A],, [A]s, [A],).
Definition 4.2 [10]. A fuzzy point z; in an fts (X, 7) is called a fuzzy
f-cluster point of a fuzzy set A in X if clUgA for every fuzzy open set
Uin X with x,qU.

The union of all fuzzy 6-cluster points of a fuzzy set A in an fts X is
called fuzzy 6-closure of A, denoted by [A]y.

Definition 4.3 [9]. A fuzzy point z; in an fts (X, 7) is called a fuzzy
O-cluster point of a fuzzy set A in X if UgA for every fuzzy regular
open set Uin X with z,qU.

The union of all fuzzy d-cluster points of a fuzzy set A in an fts X is
called fuzzy d-closure of A, denoted by [A]s.

Note 4.4. It is clear from discussion that for any fuzzy set A in an
fts (X, 1),

(i) [A]s € [A]¢ C [A]p and [A], C [A]S, [A]g C [A]S. But the reverse
implications are not true, in general, as follow from the following ex-
amples.

(ii) [A]¢ is an independent concept of [A],, [A]s, clA as follow from the
following examples.

Example 4.5. It is possible to have [A]¢ Z [A], for some A € I*
Consider Example 3.4. Here by5 € [C]¢. We claim that by 5 & [Cs.
Here U;(a) = 0.5 = U;(b) is a fuzzy semiopen set in X with by 51qUs.
But sclU; = Uy /jC = bos1 §Z [C]S

Example 4.6. It is possible to have [A]¢ Z [A]g, for some A € X
Let X = {a,b}, 7 = {0x,1x,A} where A(a) = 0.4,A(b) = 0.7.
Then (X, 7) is an fts. Here F'SO(X) = {0x,1x,U} where U > A
and FPO(X) = {0x,1x,V} where V£ 1x \ A and so FBC(X) =
{0x,1x,1x \ V} where 1x \ V 2 A. Consider the fuzzy set B defined
by B(a) = 0.5, B(b) = 0.6 and the fuzzy point aggs. We claim that
aoe & [Bls. Indeed, ageqU; € FPO(X) where Uy(a) = 0.41,U;(b) =
0.31. But SclU; = Uy 4B. Again any V; € FSO(X) with aggqV; is of
the form Vi(a) > 0.4,V1(b) > 0.7. Then clV; = 1xqB = ap¢ € [B]C.
Example 4.7. It is possible to have [A]¢ Z [A],, for some A € IX
Let X = {a,b}, 7 = {0x,1x,A, B} where A(a) = 0.45, A(b) =
0.4,B(a) = 0.6, B(b) = 0.5. Then (X, 7) is an fts. Here F'SO(X) =
{0x,1x,U,V} where A < U < 1x\A,V > B. Now consider the fuzzy
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set D defined by D(a) = 0.4, D(b) = 0.6 and the fuzzy point ag5. Then
aps5qU; € FSO(X) where 0.5 < U(a) < 0.55,0.4 < Uy(b) < 0.6 and
ap5qV1 € FSO(X) where Vi > B. Then clU; = (1x \ A)gD and
cVi = 1xqD = ag; € [D]S. Now consider the fuzzy set E defined
by E(a) = 0.51,E(b) = 0.4. Then F € FyO(X) and agsqF, but
velE =FE 4D = ags & [D],.

Example 4.8. It is possible to have clA 2 [A]¢, for some A € ¥
Consider Example 4.6 and the fuzzy set S defined by S(a) =
0.2,5(b) = 0.3 and the fuzzy point by4. Then byy & clS = 1x \ A.
Here FSO(X) = {0x,1x,U} where U > A. Then any U € FSO(X),
bo.4qU and clU = 1xqS = bo4 € [S].

Example 4.9. It is possible to have [A]S & [A]y, clA, for some A € ¥
Let X = {a,b}, 7 = {0x,1x,A, B} where A(a) = 0.5,A(b) =
0.6, B(a) = 0.3, B(b) = 0.5. Then (X, 7) is an fts. Here F'SO(X) =
{0x,1x,U,V} where U > A,0.3 < V(a) < 0.7,V(b) = 0.5. Con-
sider the fuzzy set D defined by D(a) = 0.2,D(b) = 0.5 and the
fuzzy point ag4. Then agq € clD = 1x \ B. Now 1lx € 7 only
such that ag41¢lx and so clearly ag4 € [D]y. Consider the fuzzy set
Vi € FSO(X) such that Vi(a) = 0.6,V1(b) = 0.5. Then ag41¢V1, but
C”/l = (1X \ B) /éD = ag.41 Q [D]g

Example 4.10. It is possible to have [A], & [A]¢, for some A € I¥
Let X = {a,b}, 7 = {0x,1x,A, B} where A(a) = 0.5, A(b) =
0.4, B(a) = 0.7, B(b) = 0.5. Then (X, 7) is an fts. Here FPO(X) =
{0x,1x, U, V,W} where U < Aand U £ 1x \ B,V > 1x \ A, W > B
and FSO(X) = {0x,1x,S,W} where A < S < 1x \ A, W > B.
Consider the fuzzy set D defined by D(a) = D(b) = 0.6 and the fuzzy
point by 71. Then the fuzzy set Uy, defined by U;(a) = 0.4, U;(b) = 0.3,
is fuzzy preopen set in X with bg71qU;. But pclU; = Uy 4D = by &
[D],. Now any fuzzy semiopen set other than Ox in X is S and W,
g-coincident with by 71 and clearly clSqD and cIlW = cllx = 1xqD =
bo.r1 € (DI

Example 4.11. It is possible to have [4],, [A]s € [A]¢, for some
Ael®

Let X = {a}, 7 = {0x,1x,A, B} where A(a) = 0.4,B(a) = 0.7.
Then (X,7) is an fts. Here FPO(X) = {0x,1lx,U,V} where
Ix\B < U < AV > B and FSOX) = {0x,1x,V,W} where
V >B,A<W <1x\A. Consider the fuzzy set D defined by D(a) =
0.4 and the fuzzy point ags. Then for any V € FPO(X),Vqags.
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Then pclV = 1xqD = ag5 € [D],. Again FRO(X) = {0x,1x, A}.
Then 1x € FRO(X) only with aps5qlx and so clearly ags € [D]s.
Now Wi(a) = 0.51 be such that W; € FSO(X) with ags5qW;, but
ClWl = <1X \ A) /QD = Q.5 ¢ [D]g

Example 4.12. Tt is possible to have [A]¢ Z [A]s, for some A € X
Consider Example 4.10 and the fuzzy set D defined by D(a) =
0.3,D(b) = 0.6 and the fuzzy point by7. Here FRO(X) =
{Ox,lx,A}. So b().nqA € FRO(X), but A /qD = b0‘71 g [D]5
Again the fuzzy set of the form S € FISO(X) is such that Sqby 7;and
clS = (1x \ A)gD. Also the fuzzy set of the form W € FSO(X) is
such that by71¢gW and clWW = 1xqD = by € [D]S.

5. Fuzzy s°-REGULAR SPACE

In this section a new type of fuzzy separation axiom is introduced
and characterized by fuzzy s°-closure operator. Also it is shown that
in this space fuzzy semiclosure operator and fuzzy s°-closure operator
coincide.

Definition 5.1. An fts (X, 7) is called fuzzy s®-regular space if for
each fuzzy point x; and each fuzzy semiopen set U in X with x;qU,
then there exists V' € 7 such that z,qV < clV < U.

Theorem 5.2. For an fts (X, 7), the following statements are equiv-
alent :

(a) X is fuzzy s®-regular space,
(b) for any A € I¥, sclA = [A]S,
(c) for each fuzzy point z; and each U € FSC(X) with z; € U, there
exists V € 7 such that z; € clV and U <V,

(d) for each fuzzy point x; and each U € FSC(X) with z; € U, there
exist V, W € 7 such that z,qV, U < W and V 4gW,

(e) for any A € I and any U € FSC(X) with A £ U, there exist
V,W € 7 such that AqV,U < W and V gW,

(f) for any A € I and any U € FSO(X) with AqU, there exists
V € 7 such that AqgV <V <U.

Proof. (a) = (b) By Note 3.3, it suffices to show that [A]¢ C sclA,
for any A € IX. Let x; € [A] be arbitrary and V € FSO(X) with
xqV. By (a), there exists U € 7 such that x,qU < ¢lU < V. Since
Uer=U € FSO(X), by hypothesis, clUgA = VqA = x, €
sclA = [A]S C sclA.

(b) = (a) Let z; be a fuzzy point in X and U € FSO(X) with z,qU.



A NEW TYPE OF CLOSURE-LIKE OPERATOR VIA FUZZY ... 53

Then U(z)+t > 1= o, € 1x\U(€ FSC(X)) = scl(1x\U) = [1x\U]¢
(by (b)). Then there exists V' € FSO(X) with z,qV, clV 4(1x\U) =
clV < U. Therefore, x,qV < clV < U = X is fuzzy s°-regular space.
(a) = (c) Let z; be a fuzzy point in X and U € FSC(X) with
x; & U. Then z4q(1x \ U) € FSO(X). By (a), there exists V € 7
such that z,qV < ¢V < 1x \ U. Therefore, U < 1x \ clV (= W,
say). Then W € 7. Now x4V = intV = xqintV <V < intcV =
zq(intclV) = (intcdV)(z) +t > 1 = 1 — (intdV)(z) < t = x4 &
Ix \intcdV =cl(1x \ cdV) = cW.

(c) = (d) Let x4 be a fuzzy point in X and U € FSC(X) with z; ¢ U.
By (c), there exists V' € 7 such that U < V and z; & clV = there
exists W € 7 such that z,qW, W 4V. Now V (1x \ clV). Now
riq(1x \ V) (= W, say). Then W € 7 and V' gW. So we get,
VW e 1 with x,qW, U <V and V 4gW.

(d) = (e) Let A € I and U € FSC(X) with A £ U. Then there
exists € X such that A(z) > U(z). Let A(z) =¢. Then z; ¢ U. By
(d), there exist V., W € 7 such that z,qV,;U < W and V' 4W. Again
Vieg)+t>1=V(@)+Alz) >1—-t+t=1= Aq¢V.

(e) = (f)Let A € I and U € FSO(X) with AqU. Then A £ 1x\U €
FSC(X). By (e), there exist VW € 7 such that A <V, 1x\U <W
and V fW =V <1Ixy\Wert=cdV <d(1lx\W)=1x\W < U.
Therefore, A <V <V < U.

(f) = (a) Obvious.

Corollary 5.3. An fts (X, 7) is fuzzy s®regular if and only if fuzzy
semiclosed set in X is fuzzy s°-closed set in X.

Proof. Let (X, 7) be fuzzy s°-regular space and A € FSC(X). Then
by Theorem 5.2 (a)= (b), A = sclA = [A]¢ = A is fuzzy s°-closed set
in X.

Conversely, let A = [A]¢ for any A € FSC(X). Let B € I¥.
Then sclB € FSC(X) and so by hypothesis, scIlB = [scIB]¢. Then
[B]S < [sclB]¢ = sclB. By Note 3.3, scIB < [B]¢. Combining these
two, we get [B]¢ = scIB for any B € I*. Then by Theorem 5.2 (b)=
(a), X is fuzzy s“-regular space.

6. Fuzzy s~-CLOSURE OPERATOR : MORE CHARACTERIZATIONS

In this section we first introduce the notions of fuzzy s°-cluster point
and fuzzy s°-convergence of a fuzzy net and then fuzzy s°-closure op-
erator of a fuzzy set is characterized in terms of these concepts.
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Definition 6.1. A fuzzy point z; in an fts (X, 7) is called a fuzzy
s®~cluster point of a fuzzy net {S; : n € (D,>)} if for every fuzzy
semiopen set U in X with x,qU and for any n € D, there exists
m € D with m > n such that S,,qclU.

Definition 6.2. A fuzzy net {S, : n € (D,>)} in an fts (X,7) is
said to s®-converge to a fuzzy point x; if for every fuzzy semiopen set
U in X, x;qU, there exists m € D such that S,,qclU, for all n > m
(n € D). This is denoted by Sn?$t.

Theorem 6.3. A fuzzy point x; is a fuzzy s°-cluster point of a fuzzy
net {S, :n € (D, >)} in an fts (X, 7) iff there exists a fuzzy subset of
{Sn :n € (D,>)} which s-converges to z:.

Proof. Let x; be a fuzzy s®cluster point of the fuzzy net {S, : n €
(D,>)}. Let C(Q.,) denote the set of fuzzy closures of all fuzzy
semiopen sets of X g¢-coincident with z;. Then for any A € C(Qy,),
there exits n € D such that S,qA. Let E denote the set of all or-
dered pairs (n, A) such that n € D, A € C(Q,,) and S,qA. Then
(E,>) is a directed set, where (m, A) > (n, B) ((m,A),(n,B) € E)
iff m >nin D and A < B. Then T : (E,>) — (X, 7) given by
T(m,A) = S, is clearly a fuzzy subnet of {S, : n € (D,>)}. We
claim that T?Z‘t. Let V' be any fuzzy semiopen set in X with z,qV .
Then there exists n € D such that (n,clV) € E and so S,qclV. Now
for any (m, A) > (n,clV), T(m,A) = S,qA <V = T(m, A)qclV.
Consequently, T's®x;.

Conversely, let x; be not a fuzzy s®cluster point of the fuzzy net
{S, :n € (D,>)}. Then there exists U € FSO(X) with x;,qU and
an n € D such that S,, gclU, for all m > n. Then clearly no fuzzy
subnet of the net {S,, : n € (D,>)} can s®converge to x;.

Theorem 6.4. Let A be a fuzzy set in an fts (X, 7). A fuzzy point
z; € [A]S iff a fuzzy net {S,, : n € (D, >)} in A, which s®-converges to
T

Proof. Let z; € [A]S. Then for any U € FSO(X) with xqU,
clUqA, i.e., there exists yY € suppA and a real number sy with
0 < sy < A(yY) such that the fuzzy point yng with support yY
and the value sy belong to A and yquclU . We choose and fix one
such ySUU for each U. Let D denote the set of all fuzzy semiopen
set in X g-coincident with z;. Then (D, >) is a directed set un-
der inclusion relation, ie., B,C' € D, B = C iff B < C. Then
{yng cA: ygjqclU, U € D} is a fuzzy net in A such that it s°~converges
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to x;. Indeed, for any fuzzy semiopen set U in X with x,qU, it V € D
and V > U (i.e., V < U) then yg/vqclV <cU = yg/vqclU.
Conversely, let {S, : n € (D,>)} be a fuzzy net in A such that

Sn?xt. Then for any U € FSO(X) with z,qU, there exists m € D
such that n > m = S,qclU = AqclU (since S,, € A). Hence z; € [A]S.
Remark 6.5. It is clear that an improved version of the converse of
the last theorem can be written as "z, € [A]S if there exists a fuzzy
net in A with z; as a fuzzy s°-cluster point”.
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