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COMPARATIVE GROWTH OF COMPOSITE ENTIRE
FUNCTIONS WITH FINITE LOGARITHMIC ORDER
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Abstract. In this article we studied some growth properties of com-
posite entire functions with finite logarithmic order. Also we proved
some results on the growth of composite entire functions of finite log-
arithmic order with respect to their maximum terms. Further we
proved some results on the relative growth of one set of composite
entire functions with another set of composite entire functions having
the same right factor as well as having different left and right factors
with respect to logarithmic order.

1. INTRODUCTION

The maximum modulus of an entire function f(z) = Y a,2" is
defined as My(r) = max {|f(2)| : |z| < r} for r > 0. It follows imme-
diately that M(r) is nondecreasing function of 7.

The order p(f) and lower order A(f) of the entire function f(z) are

log log M
p(f) = limsup 08208 1) s(r)
r—00 logr
and
log log M
A(f) = liminf 20608 BT s(r)
r—00 log r
respectively.
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Also by Nevanlinna theory [3], the order p(f) and lower order A(f)
of an entire function f(z) are defined as,

log T
o(f) = limsup—og 1(7)
r—oo  lOgT

logT
A(f) = liminf log Ty(r)
r—00 log r
where T¢(r) is the Nevanlinna’s characteristic function.
Definition 1. [1] An entire function f(z) is said to have finite loga-
rithmic order piog if
logT
Plog = lim sup 0871 o(r)
r—oo  loglogr
and f (z) is said to have finite lower logarithmic order Aog if
logT
)\log = lim inf —Og f(r).
r—oo  loglogr
One can easily check that pios < Aiog + 1 and there is a constant ¢
satisfying 0 < ¢ < piog — Alog-

Definition 2. Also for a transcendental entire function f(z) with
order zero, the logarithmic order piog(f) and lower logarithmic order

Aog (f) are defined as

_ loglog M¢(r) .. log T (r)
1 ool ) = limsup BBy, o LoBTH (),
(1) pros(f) Huep log log r Huep log log r

.. JdoglogMys(r) .. . . logTy(r)
2 Ao =1 f———————= =1 f————=
) g () oo loglog r oo loglog r
Definition 3. [5] We have for 0 <r < R,

R

(3) pp(r) < My (r) < —ps (R).

Definition 4. Using above result we can define piog(f) and Nog(f) as

i loglog u;(r)
4 0, - 1 o "o JAN /
( ) 4t g(f) lfnrisogp log log .
and
<5) )\log(f) - hm mf M’

r—oo  loglogr
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where pg () is the mazimum term of the function f(z) on |z| = r is
defined as g (r) = max |a,|r™.
n>

Now it is already known [8] that for any two transcendental entire
functions f(z) and g(z) with 0 < A\(f) < p(f) < o0,

(6) . loglog Myoq (1)

roo loglog My (r)
A.P.Singh and M.S.Baloria [6], proved that for sufficiently large R =
R(r),

(7) lim sup < 00.

Also they derived that for very large R, say R = r4 along with the
condition A(f) > 0,A(g) > 0, the result (7) does not hold good for
every positive constant A.

However if we consider R = exp /), they showed that the limit in
(7) became zero.

In this paper we will develop results made by A.P.Singh and
M.S.Baloria [6] with respect to logarithmic order and will obtain the
limit as zero. In the composition we shall also deal with the right fac-
tor instead of left factor in the denominator of (7).We will also prove
some related results for the maximum term using parallel technique.

Further we will prove some results on relative growth (developed
from [7], where both numerator and denominator are of composite
type) of entire functions with respect to the logarithmic order.

2. PRELIMINARY LEMMAS
In this section we shall present first the following known lemmas.

Lemma 5. [8] Let A(g) < oo. Then for any € > 0 and sufficiently
large r,

(8) Myoq (r'*%) > My (My(r)) .

Lemma 6. [2] If f(z) and g(z) are two entire functions with g(0) = 0,
then forr >0

(9) Myoq (r) = M (c(a) My (ar)) ,

(1-a)?

where a satisfy 0 < a < 1 and take c (o) =
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Further if g(z) is any entire function then with o = %, for suffi-
ciently large values of r,

1 r
(10) Myey ()2 My (04, (3) = la00)]).
Also from the definition it follows immediately that
(11) Miog (r) < My (My(r))

Lemma 7. [5] Let f(z) and g(z) be entire functions, then for a > 1,
and 0 <r < R,

o —

e} aR
Hpog (1) < ——hp | = Hg (1) ]
In particular taking o = 2 and R = 2r,

(12) fifog (1) < 2pur (4pag (27))
Lemma 8. [5] Let f(z) and g(z) be entire functions with g(0) = 0.

Let v satisfy 0 < o < 1 and let ¢ (o) = %. Also let 0 < § < 1 then

fpog (1) = (1= 0) s (c(@)prg (adr)) .
And if g(2) is any entire function, then with o = 6 = %, for sufficiently
large values of r,

(13 1 )2 s (00 (5) = o0 )

Lemma 9. [8] If f(z) and g(z) are two entire functions with My(r) >
22 |g(0)| for any e > 0, then

(14) Tpog(r) < (1 +€) Ty (My(r)) .
In particular if g(0) = 0, then for all v > 0
(15) Tog(r) < Ty (My(r)) .

Lemma 10. [4] If f(2) and g(z) are two entire functions, then
1 1 r

Slog My 4 <M, () +o(1

losty {3, () + ot

(16) > %long {%Mg (2)}

T'toq (r) >
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3. MAIN RESULTS
Now we will prove our main results here.

Theorem 11. Let f(z) and g (z) be two entire functions of positive
lower logarithmic order and of finite logarithmic order. Then for every
constant A > 0,

log log Mo (1)

lim inf —0
"o Tog log My (r4)
and
log log M e
lim inf 28108 Mrey (1) _

r—oo loglog M, (r4)
Proof. We know by Lemma 6 that for r > rq ,

Mo, (r) > M; (%Mg (g)) .

That implies ,

1
(17) log log Mg (1) > loglog M (1_6Mg (g)) _
Since Ajog (f) > 0, for r > 1,
liming 28108 M)

r—oo  loglogr
(18) = loglog M(r) > (Aiog (f) — €) loglogr, for any € > 0.
Combining (17) and (18),

loglog Myog (1) > (Miog (f) — €) loglog (%Mg (g))

= (Nog (f) —€)log {log 1_16 + log M, (g)}

(19) > (Aiog (f) —€) loglog M, (g) .

Again by Definition 2 for r > rq,

(20) log log M, (1) > (Aiog (g) — €) loglogr, for any € > 0.
Using (20) in (19) we have,

(21)  loglog Myey () > (g (f) = 2) (o (9) — &) loglog (5 )
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Also by Definition 2,
loglog M¢(r) < (piog (f) +¢€)loglogr , for any € > 0.

Now for sufficiently large r (> 70), so that 74 > 7y, we have from
above

loglog M(r) < (piog (f) +¢)log log r
< (pog (f) +¢) log r#
(22) < (pog () +) 7%

Now using (21) and (22) for sufficiently large r,
log log Mfog (7“) (/\log (f) B 8) (Alog (g> B 6) log log (%)

loglog My (r4) (Prog (f) + )4
We choose € > 0 so that (Mg (f) —€) > 0, (Mg (9) —€) > 0 and as
loglog(g)
r—00, —=a —~ — 0.

Thus we finally get,

=0.

li f
1?_1)})2 log log M¢(r4)

In a similar manner using
loglog My(r™) < (piog (9) +2) 7
along with (21) we get

lim inf log log Myo (1)

r—oo loglog M, (r4) =0

O

Remark 12. Theorem 11 need not be true if either Aog (9) = 1 or
Mg (f) = 1. For this purpose consider g(z) = z and A = 1, then

loglog M ¢4
Mg (9) =1 and lim in fﬁw L

Similarly, if we conszder f(2) =2z and A =1, then Ao (f) =1 and
.. cloglog Myo,(r)
i Inf e Tog ar, oy = 1
Theorem 13. Suppose f(z) and g(z) are two entire functions of
finite logarithmic orders piog (g) and piog (f) respectively with piog (9) >
plog (f) ) then

log log M,
lim sup 0g log Myo, () = 00.

r—oo loglog Mf(eXp(Rn)plog(f))



COMPARATIVE GROWTH OF COMPOSITE ENTIRE FUNCTIONS 105

Proof. We know by Lemma 6 that for r > rg,
Miog (r) < My (My(r)).
Thus
loglog Mo, (1) < loglog My (M,(r)) .
Also by Definition 2, for all r > rq and for any € > 0,
(23) loglog Mf(r) < (pog (f) + €) loglogr.
Therefore combining the above two,
(24) loglog Moy (1) < (prog (f) + €) loglog My (7).
Also since piog (g) < 00, we get by Definition 2
log log M,
lim sup—og 0g My (r)

—00 log lOg r - plog (g) .

So for any € > 0,

log log M (1) < (piog (g) + €) loglog .
Hence from (24)we have for a sequence r = r,, — oo and for any ¢ > 0,

loglog Myeg (1) < (prog (f) + ) (prog (9) + €) loglogr
< (prog (f) +¢)log (logr) (Prog(9)+¢)
< (prog (f) +¢) (log r)(plog (9)+¢)
(25) < (prog (f) + &) rlpost@<).

On the otherhand, for a sequence r = r, — oo and given any € > 0,
it follows

(26) loglog M (1) > (piog (f) — €) loglog r.
Consider R,, = (logr,) s | we get from (26),
log log M(exp(R,)"=)) > (piog (f) — €) loglog exp(R,, ")

(27) > (plog (f) — 6) 1Og(Rn>plog(f)‘
Thus for r = R,, (> 19) , we get from (25) and (27),
(28) log log My, (r) (Prog (f) + &) r (P9 +2)

< .
lOg lOg Mf(exp (rﬂlog(f))) (plog (f) — 5) log Tplog(f)
Now since piog (g) > piog (f) , for any € > 0,

,Olog (g) +e> plog (f)
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and thus as r — oo,
T(plog(g)JrE)

log Tplog(f) — 00

Therefore ,
loglog M,
lim sup 0g 10g Mye, (1) — 0.
r—oo l0glog M(exp (rplog(f)))

Example 14. Consider f(z) = z and g(z) = z, then pog (f) =

_ loglog Moq(r) r
17p10g (g) = 1. Hence by (28>’ ]oglong(exp(Tgplog(f))) < logr — 00 as

r — 0OQ.

Theorem 15. Consider two entire functions f (z) and g (z) of finite
logarithmic orders piog (f), pog () and finite lower logarithmic or-

ders )\log (g) ) >\10g (f) respectively with Plog (f) 2 Plog (g) > )\10g (g) Z
Aog (f) > 0. Then

liminf 08108 Mres (1)
r—oo loglog M(exp (rPes))

Proof. For all r > ry from (21) we have for a sequence r = r, — 00 as
n— oo,

r
loglog Mo (r) > (g (£) = €) (Niog (9) — &) log log (5)
Also by Definition 2, for all » > ry and chosen ¢ > 0,
loglog My(r) < (pog (9) + €) log log 7.

We choose r large enough so that exp (rplog(f )) > rg. Thus we get from
above

log log Mg (eXp (TPIOg(f)) ) < (plog (g) + 5) log IOg eXp (Tplog(f))
= (piog (9) +€)log (rplog(f)) .
Therefore for a sequence r = r,, — 00 as n — 00,
log log Mo, (1) . (Mog (f) =€) (Miog (9) — €) loglog (%)
log log My (exp (rres(f))) (Prog (9) + ) log (rPes(D)
Now since piog (f) > prog (9) > Aog (9) > Aiog (f) > 0,for any € > 0,
(>\10g (f) B 8)
(P1og (9) +¢)

<1, prog (f) > Aiog (9) — &
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Hence as r — oo, the ratio

log (log %) (st =)

log Tplog(f) — 0

Therefore

liming— 28108 Mpea (1)
r—oo loglog M (exp (r7es(f)))

O

Theorem 16. Suppose f(z) and g(z) are two entire functions of
positive lower logarithmic orders Aog (9), Mog (f) and of finite loga-
rithmic orders piog (f), prog (9). Then for every constant A > 0,

i i 108 108 Fseg (1)

r—oo loglog pus (r4) =0

and
lim inf log10g 1109 (r)

= 0.
r=oo loglog pig (1)

Proof. By applying Lemma 8, we have for r (> rg) large enough,

1 1 T
[ifog (1) > SHI (16”9 <4>)
and thus

’
loglog pifeq (r) > loglog = ,uf< <4)>

1
log {IOg + log jus (16“9 )]

log log 1y ( ) )

1
> (Niog (f) —€) loglog (16

AV

v

- > (for any £ > 0)

16
> (g (f) = ) loglog s (7

(29) > (g (£) =€) Qg (9) — &) log log ()

> Qg () — ) log [logi+1ogug ()]
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Also Definition4 for all > 7y and for any € > 0,

loglog (1) < (prog (f) +€)loglogr .

Now for sufficiently large 7, so that 74 > ry, we have from above

< (prog (f) +¢)loglogr®
< (prog (f) +€)logr?
< (prog (f) + ).

log log uf(rA)

(30)
Combining (29) and (30),

log log 1764 (T) - (Atog (f) =€) (Niog (9) — €) log log (i) ‘

loglog ru(r) (P1og (f) +&) 4
We choose € > 0 so that (Mg (f) —€) > 0, (Mg (9) —€) > 0 and as
loglog(ﬁ)

r — 0oQ, B — — 0.
Thus we finally get,

log1 o
lim inf 08 208 [ fog (r) =0

r=oo loglog iz (r4)

Proof of the second part of the theorem is omitted as it is similar. [

Theorem 17. Consider two entire functions f (z) and g(z) of pos-
itive lower logarithmic order ANog (f), Nog (g) and of finite logarithmic

orders piog (f), prog (9) . Then for every & > 0,

log1 . 1+¢
lim inf 08 108 Hieg (r )

= 0.
r—oo loglog p, (1)

Proof. By Definition 4, for the entire function ¢ (z), there exists a
sequence 1, (n =1,2,3,...) ,such that

loglog ptg (rn) > (prog (9) — €) loglogr, , for any € > 0.

Let R, = (4r,)7 , then

R1+§ R1+§ (plog(g)_e)
log,ug( Z )><log L ) ,n=1273, ..

4
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Now from (29) we have for r > r,

1 1 r
> Z - —
log fifoq (r) = log { S (mug (4>) }
1 1 r
log 5 +log 11y (1_6“9 (;J)
1 1 r
31081y (1—6ug (Z))
1 1 r (Alog(f)_a)
) {log (1—6“9 (1))}

> % {log Iy (2) + 0(1)}(/\10g(f)e) :

So, if we take R, > 7o then for any & > 0, R1*¢ > 7y and from above

E Rl f ( log(g)—g) ()\log(f)—a)
10g f110g (erz+ ) > 2 (log n ) .

Therefore for the sequence R,, (> 19),

1 R1+£ (plog(g)_s)
loglog fifeg (R,"€) > (Mg (f) —2)log 5 (log - )

Y]

v

4
1+ (Pog(9)—¢)
> (og () — ©) {1og§+1og (ngf) }
1+¢€
G31) > O (1) = ) (s (9) = o (T 2 ).

Also for all r > rg,

loglog iy (1) < (prog (9) +€) loglogr
(32) < (pog (9) +¢)r.

Combining (31) and (32) we have for the sequence R,, (> r¢),

14+¢
log log 170y (R1H)  Otog (F) = 2) (piog (9) — ) log (log 25~ )
loglog 1y (Ry) (Prog (9) +€) Ry '
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1+¢

log | log
Since for € > 0, Ajog (f) — ¢ > 0 and (Rn )%OasRn—>oo,

hence the result is proved. O

Theorem 18. Let f (2),g(2) and h(z) be entire functions with posi-
tive lower logarithmic order Nog (f) , Miog (9) 5 Aiog (R) and of finite log-
arithmic order piog (f) ; Plog (9) s Prog () . Further let piog (h) > Aog () -

Then
Proof. By Definition 2,
loglog My (1) < (prog (f) + €) loglogr

=0.

and
log log M}, (1) < (piog (h) + €) loglog r,
for given € > 0.
From Lemma 6,

Mjon (r) < My (M (1))

log Myop (r) < log My (M (1))
< exp{(piog (f) + €) loglog My, (r)}
< €exp {(plog ( ) + ) (plog (h) + 5) log lOgr}
33) < (togr)lrmn (Do) att)ss),

which implies
(34) log Mjop () < r(Pros(0)+2) (ros() <)
Again by Definition 2,

loglog My (r) > (Mg (f) — €) loglogr
and

loglog My (1) > (Aiog (g) — €) loglog r,

for any given € > 0.
Now from Lemma 6,

Mioq () 2 My (116M9 (9)
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Now for all » > rg and given any £ > 0, we have

1 T
log Myoy (r) > log My (16Mg <§>)

> exp {()‘log (f) =€) loglog (116Mg <g)> }

1 r
> exp [ )\log —€ log {log E + log ]\/[g <§> H
> { Aog (f) — €) loglog M, <2>}+0(1)
r
> { )\108 )\log ( ) 5) IOg log 5
(Alog<f)fs)(xlog<g)fe)
(35) > <log 5) ’
Hence by equation(34) and (35),
(36)
log Mfog r . ( og %) Alog Alog(g) 5) (log %) (/\1og(f)fs) (Alog(g)fg)
log M¢op, (1 (1) (logr) (Prog(f)+¢) (Prog(h)+e) 7,(plog(f)Jre) (prog(h)+e)

Since prog (h) > Aiog (9) , for any given € > 0, piog (h) +2 > ANog (g) — €.
Thus we have |
My,
lim 1nf0g—fg(r) = 0.
r—oo log Mo (1)
]

Example 19. In the above Theorem 18,consider f(z) = g(z) = z and
h(z) = e then piog (f) = Aog (f) = Mog (9) = 1 and piog (h) = 2.
Then piog (h) > Aiog (9) and therefore from the ratio (36), we have

log Myo4(r) (1 o8 2)

Tog My on () (ogr)? — 0 asr — oo.

Next two theorems deal with composite entire functions having same
right factor.

Theorem 20. Let f(z2),g(z) and h(z) be entire functions of finite
logarithmic orders piog (f), pog (9) and piog (R) respectively. Suppose
Alog (R) > 0 and pog (f) < prog (), then

loglog M to, (%
i inf 0g 10g M foq (2) < Plog (h)
r—oo loglog Mhog (7") >\log (h)
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Proof. For all r > rg and given any € > 0, from (33) we get
log Myey (r) < (log ) (Pos(/ <) one( )
i.e;
(37)  loglog Myoq (r) < (prog (f) +€) (prog (9) + €) loglog 7.
which implies
(38) loglog M., (g) < (prog (f) +€) (prog (g) + €) log log g
Also for all » > rq and given any € > 0, we have from (35)

T ()‘10 (h)fs) (plog(g)fs)
log Mpeq (1) > (log 5) ’

i.e;
.
(39)  loglog Mpog (1) > (Aiog (R) — €) (prog (9) — €) log log 3

for a sequence r = r,, — 00 as n — oo.
Thus combining (38)and (39) it follows that for a sequence r =
T'n — 00 as n — 00,

loglog Myeg (5) _ (Pros (f) +) (prog (9) + ) loglog §
loglog Mo (1)~ (Nog () — €) (prog (9) — €) loglog 5~

Since piog (f) < piog (h) , we thus have from above

loglog M+., (%
lim inf 08 208 Msog (2) < Pog (h)
r—00 log log Mhog (’l") )\log (h)

O

Theorem 21. Let f (2),g(2) and h(z) be transcendental entire func-
tions of finite logarithmic orders piog (f), piog (9) and piog (h) respec-
tively. Suppose Aiog () > 0 and, then

lim inflog Tog (r) < Plog (f)
r—00 108 Thog (1) ~ Aog ()

Proof. From Definition2 we get,

Ty (r) < (logr)(Pes(D+<)
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By Lemma 9 and using above result for a sequence r = r, — oo as
n — 00,

Trog (r) < Ty (M, (r))
< (log M, (r))(Pes+)

ie;
lOg Tng (T> < (plog (f) + 8) lOg 10g Mg (7’)
(40) < (pog (f) +€) (prog (9) + €) loglog 7.
Again by Lemma 10 for a sequence r = r, — 00 as n — o0,
1 1 r
Thoy () > 5 log M, <§Mg (Z> n 0(1))
1 1 r
> _ - -
= glog M <9M9 (4))
1 1 r (Alog(h)_e)
> _ - -
(41) = 3loe (9M~" (4)) ’
ie.
1 r
log Thog (1) > (Aiog (h) — €) loglog <9Mg <4)> +0(1)
> (Mg (h) —¢)log {01 (log f) (Plog(g)—s)} +o(1)
4
> (Aog (h) —e)loger + (Aog (h) — €) (prog (9) — €) log 108;2 +o(1)

(42) = (hog () = ) (o (9) — €) loglog 7 + o(L),

where ¢; is a positive constants.
Hence from (40) and (42),we have for a sequence r = r, — 0o as
n — 0o,

log Tyoq (1) _ (prog (f) +€) (prog (9) + €) loglog 7

108 Thog (1) ~ (Aiog (R) — €) (p1og (9) — €) loglog 7
For a given ¢ > 0 and for a sequence r = r, — oo from above
inequality it follows that

<

lim inflog Tyoq (1) < Plog (f)
r—00 log Thog (’I“) >\10g (h)
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Theorem 22. Let f(z),g9(2),h(2) and k(z) be transcendental
entire functions of finite logarithmic order piog (f), prog (9) ; Prog (1)
and piog (k) respectively and of positive lower logarithmic order
Mog (f) s Mlog (9) 5 Aog (h) and Aiog (k) respectively.  Further assume
Plog (g) = )\log (g) and )\log (k> = Plog (k) ; then

i 10g Tfog (’f’) . Plog (g)
1m - :
r—00 log Thok (7") Plog (k)

Proof. From Definition 2 we get,
Ty (r) < (log r)<pl°g(f)+€) .
By Lemma 9 and using above result,
Trog (r) < Ty (Mg (r))
< (log M, (1) ="),

log Tyoq (1) < (prog (f) + &) loglog M, (r)
< (prog (f) +€) (prog (9) + €) loglog r
(43) < ¢ (prog (g) +€)loglogr,

where we take ¢ > piog (f).
Also by Lemma 10,

1 1 T
Thot (r) > 5 log M, <§Mk (Z> + 0(1))
1 1 T
> Zlog M, (=M (-)
38 h<9 k 4)
/\log h) z’;‘

v

(44) % log < (Z

ie; )
<

1
log Thor (1) > (Alog (R) — €) log log ng >—|—0(1)

(45) > ¢log {02 <log Z) (Pest® E)} +o(1),

where c1, ¢y are positive constants.
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Now from (43) and (45) we have

. J0gThog (1) prog (9)
46 lim inf g < =5 )
( ) r—oo log Thok (7") "~ Plog (k)

Replacing h o k by fogin (45) we get,

(47)  logTye, (r) > dy log {dz (108 ““’g(g“)} +o(1),

and also replacing f o g by hok in (43),
(48) log Thor (1) < d (prog (k) + €) loglog,

where we take d > pog (h) and dy, dy are positive constants.
Now from (47) and (48),

>\10g (g)

.. JlogTye, (1)
49 lim inf g .
(49) s (F)

r—roo log Thok (T’)

>

Combining (46) and (49) we thus have,

Mg (9) _ o+ 10 Tyoy (r) _ s (9)

(50) Plog (k) r—oo 1og Thok (7") "~ Plog (k)

In a similar way we can see also,

Plog (g) . log Tng (’I“) Plog (g)
51 < limsu < .
5 og (8) = 2 P10 Tk (1) g (B)

Hence from(50) and (51) the result follows, since it it given that g and
k are of regular growth. O

Theorem 23. Let g(z),h(2) and k (z) be transcendental entire func-
tions of finite logarithmic order piog (9), pog (R) and piog (k) respec-
tively.  Let Aog (h) be the lower logarithmic order of h(z) with
Alog (R) > 0. Suppose 0 < piog (k) < prog (9) , then

Tho
lim inf 2% (r)

=0
r—> Tog (7)

holds for every transcendental entire function f (z) of finite logarithmic
order piog (f) -
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Proof. By (43) we have for a sequence r = 1, — 00 as n — 00,

Ttog(r) < exp{c(puog(g) +€)loglogr}
< (logr)loes@+e)
(52) < rC(Plog(Q)+E) :

where ¢ > piog (f) -
Also by (44), for a sequence r = r,, — 00,

1 1 r ()\log(h)_‘f)
) = glos (30 (7))

1 1 r
> 3 exp {01 log log <§Mk <Z>) }
]_ T (plog(k)_e)
(53) > 3 €XP {01 log {02 (log Z) }} ,

where ¢y, ¢y are positive constants.
Combining (53) and (52) we have for a sequence r = r, — 00 as

n— oo
1 1 1 T (plog(k)_s)
gy $ee{oe{s e

Tfog (1") rc(plog(g)+€)

v

(54)

Since it is given piog (9) > piog (k) , so for any given € > 0 we have
Plog (g) te> Plog (k> —&.
Therefore right hand side of the inequality (54) tends to 0 as r — oc.
Hence the result follows. OJ

Theorem 24. Let g (z),h(2),k (z) be transcendental entire functions
of finite logarithmic order piog (9) , prog (R) and piog (k) respectively. Let
Alog (R) and Aiog (k) be the lower logarithmic order of h(z) and k(z)
respectively. Also let Aog (h) > 0 and 0 < Ajog (k) < prog (9) , then

Tho
lim —ek (r)

=0
r—0T'toq (1)

holds for every transcendental entire function f of finite logarithmic
order.
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Proof. From above theorem we have in a same manner,

(55)

Thot (1) %exp {01 (Alog (k) — €) loglog 7 + 0(1)}
Tng (T) rc<plog(9)+5) '

where we take ¢ > pie (f) and ¢; is positive constant.
Since it is given piog () > Aog (k) , so for any given € > 0 we have
Plog (9) + € > Nog (k) — €.
Therefore right hand side of the inequality (55) tends to 0 as r — oc.
Hence the result follows. O

[1]
2]
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