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COMMON FIXED POINTS FOR ABSORBING
MAPPINGS SATISFYING A COINCIDENCE RANGE
PROPERTY IN DISLOCATED METRIC SPACES

VALERIU POPA AND DAN POPA

Abstract. In this paper a general fixed point theorem for two
pairs of pointwise absorbing mappings in dislocated metric space is
proved. As applications we obtain new results for mappings satisfying
contractive conditions of integral type and for p-contractive mappings.

1. INTRODUCTION

In 1994 Mathews [17] introduced the notion of partial metric space
as a part of the study of denotational semantics of dataflows and
proved the Banach principle in this paper.

The partial metric space play an important role in constructing
models in the theory of computation. There exist a vaste literature in
the study of fixed points in partial metric spaces.

In 2000, Hitzler and Seda [11] introduced the notion of dislocated
metric space as a generalization of metric spaces. Also, they general-
ized the Banach contraction principle in this spaces. In 2012, Amini-
Haradi [3] reintroduced the notion of dislocated space under the name
of metric like space.

Recently, some results for the existence of fixed points in dislocated
metric spaces (metric like spaces) are obtained in [10], [13], [14].
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Quite recently, Bennani et al. [4],[5], established new common fixed
points theorems for two pairs of weakly compatible meppings in dis-
located metric spaces which improved the results by [3] without con-
tinuity requirement.

The notion of absorbing mappings are introduced in [7], [8], [9] and
other papers.

Some classical fixed point theorems and common fixed point theo-
rems have been unified considering a general condition by an implicit
relation [21],[22].

Some results for pairwise absorbing mappings satisfying implicit
relations are obtained in [19].

Aamri and El-Moutawakil, [1], introduced the notion of (E.A)-
property for a pair of mappings. Liu et al. [16] extend this notion
for two pairs of mappings.

In 2011, Sintunavarat and Kumam [29] introduced the notion of
common range property as a generalization of (E.A)-property for a
pair of mappings. In [23] a new type of common limit range property
is introduced. In [12, [16], [29], 23] and other papers there exist some
convergents sequences in X.

Quite recently in [26], [27] the presents authors introduced a new
common range property without notions of convergent sequences
named common coincidence range property.

The purpose of this paper is to prove a common fixed point theorem
for two pairs of absorbing mappings satisfying a common coincidence
range property in dislocated metric space. As applications we obtain
some results for mappings satisfying contractive conditions of integral
type and for (p-contractive mappings in dislocated metric spaces.

2. PRELIMINARIES

Definition 2.1.([17]) Let X be a nonempty set and p: X x X — R,.
pis a partial metric on X if for any z, y, 2 € X, the following conditions

hold:

(P1) z =y if and only if p(x,x) = p(z,y) = p(y, y);
(P2) p(z,z) < p(z,9);

(Ps) p(z,y) = p(y, v);

(P1) p(z, 2) < p(z,y) +py, 2) — p(y, y).

z,Yy
The pair (X, p) is called a partial metric space. If p(x,y) = 0, then
x =y follows by (P;) and (F,), but the converse is not true.
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Definition 2.2. Let X be a nonempty set and d : X x X — R,. d
is said to be a dislocated metric on X [11] or a metric like on X [3] if
for any x,y € X the following properties hold:
1) (Dy) (x y) = 0 implies z = y.
2) (D2) d(z,y) = d(y,x),
3) (D3) d(z,2) < d(x,y) +d(y, 2).

The pair (X d) is called a dislocated metric space [11] or a metric
like space [4].

Remark 2.1. Every partial metric space is dislocated metric space
but the converse is not true (Ex.2.2 [3]).

Let X be a nonempty set and A, S : X — X two mappings of X. A
point z € X is a coincidence point of A and S if w = Az = Sx. The
set of all coincidence points of A and S is denoted by C'(4,S) and w
is said to be a point of coincidence of A and S.

We introduce a new type of common coincidence range property in
dislocated metric spaces.

Definition 2.3. Let (X, d) be a dislocated metric space and A, S, T
be self mappings of (X, d). The pair (A, S) is said to have coincidence
range property with respect to 7', denote C'RP4 g)r if there exists
z = Bx = Sz for some z € X with z € T(X) and d(z, z) 0.
Example 2.1. Let X = [0,1] and Az = 0, Sz = f5, To =
with d(z,y) = max{x,y}. Then (X,d) is dislocated metric space. If
Ax = Sz thenz =0and 2 = A0=5S0=T0=0 € [0, 1].

Definition 2.4. ([8],[9]) Let (X, d) be a metric space and f, g be self
mappings of X.

1) f is called g absorbing if there exists R > 0 such that d(gz, gfz) <
Rd(fx,gx). Similarly g is f absorbing.

2) f is called pointwise g-absorbing if for given x € X, there exists
R > 0 such that d(gz,gfx) < Rd(fz, gx).

Remark 2.2. A similar definition we have for dislocated metric
spaces. Definition 2.5. ([15]) An altering distance is a mapping
¢ :]0,00) — [0, 00) which satisfies:

(11) @ 1 is increasing and continuous,

(19) : () = 0 if and only if t = 0.

Fixed points theorems involving altering distances have been ob-
tained [25] and [28].

Definition 2.6. A weak altering distance is a mapping ¢ : [0, 00) —
[0, 00) which satisfies:
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1 (t) is increasing.

o (t) = 0 if and only if £ = 0.

Remark 2.3. Every altering distance is weak altering distance but
converse is not true:

t if telo,1
f@):{et if ¢ell,00)

3. IMPLICIT RELATIONS

In 2008, Ali and Imdad introduced a new class of implicit relations:
Definition 3.1. ([2]) Let F be the lower semi-continuous functions
F :R.% = R satisfying:

(F1) F(t,0,0,t,,0) > 0V > 0

(Fy) F(t,0,t,0,0,t) > 0OVt > 0

(F3) F(t,t,0,0,t,t) > 0Vt > 0

Example 3.1. F(tl, ceey tﬁ) = tl—k? max{tg, [Z T tﬁ}, where k € [0, ].),
Example 3.2. F(t,...,ts) = t1 — kmax{ts, tsts, 2}, where k €
[0,1),

Example 3.3. F(ty,...,tg) = t; — kmax{t, 8t Bl where k €
0.1),

Example 3.4. F(ty,...,ts) = t1 — aty — bmax{ts, {4} — cmax{ts, s}
where a,b,c > 0and a+b+c <1

Example 3.5. F(tl, . tﬁ) =1 —« max{tQ, ts, t4} — (1 - Oé) (at5 + btﬁ)
where av € (0,1) a,b>0and a+b < 1

Example 3.6. F(ty,...,ts) = t1 —aty—b(t3+t4) —cmax{ts, ts) } where
a,bc>0anda+b+c<1

Example 3.7. F(ty,...,ts) = t1 — aty — by where a,b > 0 and
a+b<1.

Example 3.8. F(ti,....,ts) = t1 — max{cty, ct3, cty, ats + btg} where
ce(0,1)a,b>0anda+b+c<1.

For other examples, see [2].

4. MAIN RESULTS

Theorem 4.1. Let (X,d) be a dislocated metric space and A, B, S
and T be self mappings of X such that for all z,y € X

(4.1) F((d(Ax, By))i(d(Sz, Ty))1(d(Sz, Ax)) (d(Ty, By)),
U(d(Sz, By)) v (d(Az, Ty)) < 0
for some F' € F and v is a weak altering distance.

If (A, S),T satisty CRP 4 syr-property then C(B,T) # ¢.
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Moreover, if A is pointwise S-absorbing and B is pointwise 7T-

absorbing then A, B,S,T have a unique common fixed point z with
d(z,z) = 0.
Proof. Since (A,S) and T satisfy C'RP4, gyr-property there exists
z = Av = Sv for some v € X such that z € T(X) and d(z,z) = 0
Since z € T(X), there exists v € X such that z = T'(u). Then by
(4.1) for = v and y = u we obtain

F((d(Av, Bu)), P(d(Sv, Tu)), Y(d(Sv, Av)), P(d(Tu, Bu)), P(d(Sv,
Bu)), ¢(d(Av,Tu)) ) <0

F((d(z, Bu)),0,0,9(d(z, Bu)), ¢(d(z, Bu)),0) <0
a contradiction of (Fy) if ¢(d(z, Bu)) > 0. Hence ¥(d(z, Bu)) = 0
which implies ¢(d(z, Bu)) = 0. Hence z = Bu = Tu = Av = Sv and
C(B,T) # 6.

Moreover, if A is pointwise S-absorbing, there exists Ry > 0 such
that d(Sv, S(Av)) < Ryd(Sv, Av) = Ryd(z,z) = 0.

Hence d(Sv,SAv) = 0 and by (D;)Sv = SAv. Therefore z = Sv =
SAv = Sz and z is a fixed point of S with d(z, z) = 0.

Again, by (4.1) for z = z and y = u we obtain:

F(U{(d(Az, Bu)), 0(d(Sz, Tu)), ¢(d(S2, A2),
U(d(Tu, Bu)),$(d(Sz, Bu)), ¢(d(Az, Tu)) <0,
F((d(Az, 2),0,¢(d(Az, 2)),0,0,¢(d(Az, 2)) < 0.

A contradiction of (F3) if ¢(d(Az,z)) > 0. Hence ¢(d(Az,z)) =0
which implies z = Az and z is a fixed point of A. Hence z is a common
fixed point of A and S with d(z, z) = 0.

Let B pointwise T the absorbing , then there exists Ry > 0 such
that d(Tu, TBu) < Ry d(Tw,Bu) = R d(z,z) = 0. Hence z = Tu =
TBu =Tz and z is a fixed point of T" with d(z,z) = 0.

By (4.1) for x = v and y = z we obtain:
F(y(d(Av, Bz)), ¥ (d(Sv, Tz)), ¢(d(Sv, Tv)),
U(d(T'z, Bz)),¢(d(Sv, Bz), ¢ (d(Av, Tz)) < 0,
F((d(z, B2)),0,0,6(d(%, B2)), t(d(z B2)),0) < 0
A contradiction of (F7) if ¢(d(z, Bz)) > 0. Hence ¥(d(z,Bz)) = 0
which implies 2z = Bz and z is a common fixed point of B and T with
d(z,z) = 0.

Suppose that exists an other common fixed point z; with d(zy, z1) =
0. By (4.1) for z = z and y = 2z; we obtain:

F(U(d(Az, By)), w(d(S2, T2)), (d(S, A2)),
Y(d(Tz1, Bz1)), ¥ (d(Sz, Bz1),¥(d(Az,Tz)) <0,

Y
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F(¢(d(z> Zl))v ¢(d(za Zl))? 0,0, 1/J(d(z, Zl))> sz(d(z’ 21))) <0,

a contradiction of Fy if ¢ (d(z1,21)) > 0, hence ¥(d(z, 2z1)) < 0 which
implies z = z;. Hence, z is the unique common fixed point of A, B, S, T
with d(z, z) = 0.

If ¢(t) = t, by Theorem 4.1 we obtain:
Theorem 4.2. Let (X, d) be a dislocated metric space such that:
F(d(Azx, By)),d(Sx,Ty),d(Sz, Ax),d(Ty, By), d(Sx, By),d(Az,Ty)) <
0 forall z,y € X and F € F.
If (A, S) and T satisfy CRP 4 syr-property , then C(B,T) # ¢.
Moreover if A is pointwise S absorbing and B is pointwise T absorb-
ing, then A, B, S and T have an unique common fixed point z with
d(z,z) = 0.
Remark 4.1. For the proof of this theorem we have to do the
following steps:
Step 1. Solve equation Ax = Sz and establish C(A,S), If the
C(A,S) = ¢ the theorem is not applicable.
Step 2. If C(A,S) # ¢ we have to select z € C(A,S5) such that
z € T(X) and d(z,2) = 0. As a consequence (A,S) and T satisfy
CRP 4 s)r-property.
Step 3. Verify that (A,S) and (B,T') are pointwise absorbing at z.If
one of these pairs is not pairwise absorbing, the theorem can not be
applied. Stop.
Step 4. If the Theorem 4.1 is satisfied then A, B, S,T have a unique
common fixed point z with d(z,z) = 0.
Example 4.1. Let X = [0,1] and d(z,y) = max{z,y}. Let
AB,ST: X - X, Av =0, Br =%, So =5, T =
Is Av = Sxthen z =0 € T(X) = X and d(z, z) = 0. Hence (A4, S) and
T satisty CRP4 sT — property. On the other hand d(Sz, SAx) = max
{ -55,0} = -5 and d(Az, Sz) = ~7 which implies d(Sz, SAz) < Ry
d(Az, Sz) for Ry > 1. Hence A is pointwise S absorbing. Similarly,
d(Tz,TBr) = max{z,5} = v and d(Tw, Br) = max{z,3} = .
Hence d(Tx,TBx) < Ry d(Txz,By) for R, > 1. Hence B is T
absorbing. On the other hand d(Axz, By) = max{0,%} = % and
d(Ty,By) = max{y,{} = y. Hence d(Az,By) < k d(Ty, By) for
k € [5,1) which implies:
d(Az, By) < kmax{d(Sx,Ty),d(Sz, Az),d(Ty, By),d(Sz, By),d(Az, Ty)}
where k € [%, 1). By Theorem 4.2 and example 3.1 A, B, S, T have an
unique fixed point z = 0 with d(z, z) = 0.
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5. APPLICATIONS

5.1. Fixed point theorems of two pairs of pointwise absorbing
mappings satisfying contractive conditions of integral type.
In [6], Branciari established the following theorem which opened the
way to the study of fixed points satisfying contractive conditions of
integral type.

Theorem 5.1 ([6]) Let (X, d) be a complete metric space ¢ € [0,1)
and f: X — X such that for all z,y € X.

d(fz,fy) d(z,y)
/ h(t)dt < / h(t)dt
0 0

whenever h : [0,00) — [0, 00) is a Lebesgue measurable mapping which

is summable (with finite integral) on each compact subset of [0, c0)

such that [; a(t)dt > 0 for all € > 0. Then f has an unique fixed point.
Some results for mappings satisfying contractive conditions are ob-

tained in [24], [25] and other papers.

Lemma 5.1. Let h : [0,00) — [0,00) as in Theorem 5.1. Then

W(t) = f(f h(t)dt is a weak altering distance.

Proof. The proof is similar to the proof of Lemma 2.5 [25].

Theorem 5.2. Let A, B, S and T be self mappings of a dislocated

space such that

(5.1)
d(Az,By) d(Sz,Ty) d(Sz,Ax)
P / h(t)dt, / h(t)dt, / h(t)dt,
0 0 0

d(Ty,By) d(Sz,By) d(Az,Ty)
/ h(t)dt, / h(t)dt, / h(t)dt) < 0
0 0 0

for all z,y € X |, h(t) as in Theorem 5.1 and some F' € F.
If (A, S) and T satisfy CRP 4 s)r property, then C(B,T) # ¢.
Moreover if A is pointwise S absorbing and B is pointwise T ab-
sorbing , then A, B, S,T have a unique common fixed point z with
d(z,z) = 0.
Proof. By Lemma 5.1 ¢(t) = fg h(t)dt is an weak altering distance.
Hence

Sy (tydt = w(d(Aw, By)), Jy " h(t)dt = v(d(Se, Ty)),

fod(Am,Sz) h(t)dt = (d(Sz, Ax)), fod(Ty,By) h(t)dt = (d(Ty, By)),
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(O h(t)ydt = (d(S, By)), Jy T h(t)dt = b (d(Ax, Ty)).

0
By 5.1 we obtain

F(¢(d(Az, By)), ¥(d(Sz, Ty)), (d(Sx, Ar)),
Y(d(Ty, By)), ¢¥(d(Sz, Ty)),(d(Az,Ty))) < 0
which is inequality (4.1). Hence the conditions of Theorem 4.1 are
satisfied and Theorem 5.2 follows by Theorem 4.1.
For example, by Theorem 5.2 and Example 3.1 we obtain:
Theorem 5.3. Let A, B, S, T be self mappings of a dislocated metric
space such that

JARBD) p(pyat < kmac] [1O0T pt)dt, [0 n(t)at,

JIEED pyar, [S55T p(t)dt, S5 b(e)di)
where k € [0,1) and A(t) is as in Theorem 5.1.
If (A, S) and T satisfy CRP 4 syr-property, then C(B,T) # ¢.
Moreover, if A is pointwise S absorbing and B is pointwise T ab-
sorbing, then A, B, S, T have a unique fixed point z with d(z,z) = 0.
Remark 5.1. By Theorem 5.2 and Examples 3.2-3.8 we obtain other
particular results.

5.2. Fixed points for pointwise absorbing mappings satisfying
p-contractive conditions. As in [16] let ® be the set of all ¢ :
[0, 00) — [0, 00) such that
1) ¢(t) <t for t € (0, 00),
2) p(t) =0 if and only if t = 0.
The following functions F : RS — R satisfy conditions
(), (Fy), (Fy).
Example 5.1. F(ty,...,t) = t; — @(max{ts, ts, ..., ts}).
Example 5.2. F(t,...,t5) = t1 — p(max{ly, t3,ts, B3 }).
Example 5.3. F(t,...,ts) = t1 — p(max{ty, 8ts atle}),
)=t
)

Example 5.4. F(tl, ceey tﬁ —gp(max{\/tQM, \/t5t6, \/t3t5, \/t4t6})
Example 5.5. F(tl, ey t6 = tl — gO(CLtQ —+ btg -+ Ct4 —+ dt5 —+ €t6> where
a,b,c,d;e>0anda+b+c+d+e<1.

Example 5.6. F(ty,...,ts) = t1—p(a ta+bmax{ts, t,}+c max{ts, ts})
where a,b,c > 0and a +b+c < 1.

Example 5.7. F(ty,....,tg) =t —p(aty +b 1jfstit4), where a,b > 0
a+b<1.

Example 5.8 F(t1,...,ts) = t1 — @(a to + bmax{2t, +t5, 2t4 + tg, 2t5 +
ts}) where a,b > and a + 2b < 1.

By Theorem 4.2 and Example 5.1 we obtain
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Theorem 5.4. Let A, B,S and T be self mappings of a dislocated
metric space (X, d) such that

d(Az, By) < @(maz{d(Sz,Ty), d(Sz, Ax), d(Ty, By), d(Sz, By),
d(Az,Ty)}) for all 2,y € X and ¢ € O.

If (A, S) and T satisfy CRP 4 s)r property then C(B,T) # ®.

Moreover, if A is pointwise S absorbing and B is pointwise T-
absorbing, then A, B, S, T have a unique common fixed point z with
d(z,z) =0.
Remark 5.2. By Example 5.2-5.8 and Theorem 4.2 we obtain new
particular results.
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