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w-SEMI-SYMMETRIC SASAKIAN MANIFOLDS
ADMITTING GENERAL CONNECTION

ASHIS BISWAS, ASHOKE DAS AND KANAK KANTI BAISHYA

Abstract. The object of the present paper is to study the proper-
ties of Sasakian manifold in the light of general connection, which is
induced with quarter symmetric metric connection, Tanaka Webster
connection, Schouten-Van Kampen connection and Zamkovoy connec-
tion. We consider w*-semi-symmetric Sasakian manifold. Further-
more, we discuss the Sasakian manifold satisfying R* (X,Y) - Z* = 0.
Where w* is quasi conformal curvature tensor and Z* is Z-tensor with
respect to general connection respectively.

1. INTRODUCTION

Throughout our paper, we denote the symboles V, V* and w for
Levi-Civita connection, general connection and quasi-conformal like
curvature tensor respectively.

Recently, Biswas and Baishya ([2],[3]) introduced and studied a new
connection, named general connection in the context of Sasakian ge-
ometry. The general connection V* is defined as

(1) VoV =VuV +AM(Von) (V) E=n (V) Vil + pun (U) ¢V,

for all U,V € x (M) and the pair (A, u) being real constants. The
beauty of such connection V* lies in the fact that it has the flavour of
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(1) quarter symmetric metric connection([7], [4]) for (A, u) =
(07 _1) ;

(71) Tanaka Webster connection[13] for (A, u) = (1,—1);

(7i1) Schouten-Van Kampen connection[12] for (A, u) = (1,0) and

(iv) Zamkovoy connection[18] for (A, u) = (1,1).

Generalized quasi-conformal curvature tensor (hereafter we abrevri-
ate it as w-tensor)[1] is a linear combination of four tensors namely
conformal curvature tensor C', Concircular curvature tensor F, Pro-
jective curvature tensor P and Conharmonic curvature tensor K re-
spectively. i.e The components of such curvature tensor w in a Rie-
mannian manifold (M", g)(n > 1), are given by

—2
WUVIW = “=[1+{n-1Da=b)— {1+ {n-1)(a+b)}dC U)W
+1-b0+n—-1)a E{UV)W+(n—-1)(b—a)P (U V)W

@) P D4 (= 1) (a+ D)} K (U, V)W

After straightforward calculation (2) reduces to
W(U, V)W
= RU,V)W +alS(V,W)U — 8 (U, W)V]
+b[g(V.W)QU — g (U, W)QV]

® (g ra0) VU - g @)V,

for all U, V- & W € x(M), set of all vector fields of the manifold M,

where (a, b, ¢) is a scalar triple of real constants. It is to be noted

that such curvature tensor is that it is a Riemann curvature tensor R

if the scalar triple (a, b, ¢) = (0,0,0), Conharmonic curvature tensor

K8 if (a,b,¢) = (-5, —-%5,0), Conformal curvature tensor C' [5]
1

n—2°
if (a,b,¢) = (—-%5, —=15,1) ,concircular curvature tensor E[16] if (a,
b, ¢) = (0,0,1), m-projective curvature tensor H[10], if (a, b, ¢) =

(—2n£2, —ﬁ, 0) and projective curvature tensor P[16], if (a,b,c) =

(—-15,0,0).
A n-dimensional Sasakian manifold M is said to be w semi- sym-

metric if the w-tensor satisfies the following condition([4])
R(U, V) -w=0,
for all U, V' € x(M), set of all vector fields of the manifold M.

This paper is structured as follows: After introduction, a short de-
scription of Sasakian manifold is given in section 2. In section 3, we
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have studied Sasakian manifold admitting general connection and we
obtained curvature tensor R*, Ricci tensor S*, scalar curvature r* of
V* in Sasakian manifold. Section 4 deals with the w*-semi-symmetric
Sasakian manifold and tabled the nature of the Ricci tensor for dif-
ferent curvature restrictions in the light of quarter symmetric metric
connection, Tanaka Webster connection, Schouten-Van Kampen con-
nection and Zamkovoy connection. Finally in section 5, we have dis-
cussed Sasakian manifold satisfying R* (X,Y’) - Z* = 0 with respect to
general connection and we found an n-dimensional Sasakian manifold
M admitting the general connction satisfying R* (X,Y) - Z* =0 , is
an 7)- Einstein manifold.

2. PRELIMINARIES

Let M be an n-dimensional almost contact metric manifold
equipped with an almost contact metric structure (¢, &, 1, g) con-
sisting of a (1,1) tensor field ¢, a vector field £, a 1-form 1 and a
Riemannian metric g. Then

(5) g(UV) = g(oU.¢V) +n(U)n(V),
(6) g(U7¢V) = _g(gbUa V)JI(V) :9<Vaf)7for all U7V € X(M)a

where x (M) is set of all vector fields of the manifold M. An almost

contact metric manifold M is said to be (a) a contact metric manifold
if

(7) g(U,¢V) = dn(U,V),for all U,V € x (M);
(b) a K-contact manifold if the vector field ¢ is Killing equivalently
(8) Vy€ = —9¢V,

where V is Riemannian connection and (c) a Sasakian manifold if

(9) (Vuo)V = g(U, V), —n(V)U, for al U, V € x (M).

Further, for Sasakian manifold with structure (¢, &, 1, g), the following
relations hold([11],[17]):

(10) RUWV)E=n(V)U —-nU)V, forall U,V € x (M),
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(11) (Vo) V. = g(U¢V),

(12) R U)WV = g(UV)§—=n(V)U,
(13) SU,§) = (n—=1)n(U),

(14) RU,OV = n(V)U—-g(UV)E,
(15) Q¢ = (n—-1)¢,

where S and @) are Ricci tensor and Ricci operator.

Definition 1. A n-dimensional Sasakian manifold M is said to be
n-Einstein if the Ricci tensor S of type (0,2) is of the form

S (U? V) = kig <U7 V) + kan (U) n (V) )

for allU, V € x(M), set of all vector fields of the manifold M and k;
and ko are scalars.

3. SOME PROPERTIES OF SASAKIAN MANIFOLD ADMITTING
GENERAL CONNECTION

Let us consider a Sasakian manifold admitting general connection.
Then by virtue of (11), the relation (1) takes the following form

(16) ViV =VuV+XgUeV)E+n(V)oU] + un (U) ¢V.
Putting V' = ¢ in (1)

(17) £ = —pU + \oU.
Now, in view of (8), (9) and (16) we get the following
on (V)
18) = n(VuV)+Ag (U, ¢V) =g (V.¢U) + Ag (V,0U),
vg (V. oW)
= g(VuV,oW) +un(U) g (¢V,oW) + g (V,Vy (W)
(19) —pn (U) g (VW) + pn (U)n (V) (W),
Vi (V)

(20) = Vu (V) =Ag(eU,¢V) & —pun(U)V + pn (U)n(V)E.
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By virtue of (16), (17), (18), (19) and (20), we obtain the following

Vi VEW

ViVuW +Ag (V,¢oVuW)§ + An (VeW) ¢V + un (V) VW
+Ag (VyU, W)+ ABn (V) g (U, W) § + Ag (U, Vy (oW)) §
—Aun (V) g (U, W) E+ Aun (V) n(U)n (W) €§ — Ag (U, W) ¢V
+X2g (U, W) @V + M (Vy W) oU + N2g (V, W) U

—Ag (W, V) U + X2g (W, V) ¢U + Xn (W) Vy (¢U)

=\ (W) g (6V,¢U) & = M\ (W) n (V) U + Mun (W) (V)n (U) €
+un (VvU) oW + Aug (V, ¢U) oW — ug (U, dV) oW

+Ag (U, ¢V) oW + un (U) Vy (W) — Aum (U) g (9V, W) &

2L)—p*n (U)n (V)W 4 p@Pn (U)n (V)n (W)€

and

VoW

= VW +Ag (VoV,oW)§ = Ag (VvU,oW) & + A (W) oV V

(22)

= (W) ¢V U + un (VuV) oW — un (VyU) ¢oW.

Interchanging U and V' in (21), we obtain

(23)

Vi VEW

VuVyW + Ag (U, VyW) € + My (Vy W) oU + i (U) ¢V W
+Ag (Vo V,oW) €+ Aun (U) g (9V, oW) § + Ag (V, Vi (9W)) €
—Aun (U) g (VW) E+  un (U)n (V)n (W) & — Ag (V, W) U
+X2g (V,oW) U + My (VW) ¢V + Ng (U, oW ) ¢V

+N2g (W, 0U) ¢V + An (W) Vy (V) — X (W) g (oU, ¢V) &
A (W)nU)V + Aun W)n (U)n (V) €+ un (VoV) oW
+Ang (U, dV) oW — ug (V, oU) oW + Aug (V, oU) oW
+un (V) Vu (9W) = Aun (V) g (oU, W) § — Ag (W, U ) oV
—1°n (V) n (U)W + p@n (V) n (U)n (W)€,
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Finally, in view of (21), (22) and (23) we get
R (U V)W
= VyViW = Vi VW — Vi W
= R(UV)W + (N =2)) [g(W,0U) ¢V + g (V, oW) ¢U]
—2pg (V, ¢U) oW
A= Au+p)lg(UW)n(V ) n(U) g (V,W)¢]
(24) + A=A+ p)[nU)n(W)V ( )n(W)UT,

In consequence of (4), (5), (6), (9), (11), (12), (13), (14) and (28), one
can easily bring out the following;:

(25) ST(V.W) = S(V.W)—Ag(V,W)+Bn(V)n(W),
(26)  ST(V.§) = —(n—1)Cn(V),

(27) S (W) = —(n—1)Cn(W),

(28) QV = QY - AV + Bn(V)¢,

(29) Q¢ = —(n-1)C¢,

(30) r* = r—An+ B,

(31) R (U V)¢ = Ch(U)V —n(V)U],

(32) R (EVIW = Cly(W)V —g(V.W)g],

(33) R (U W = Clg(UW)E—n(W)U],

where S*, Q*, r* are the Ricci tensor, Ricci operator and scalar cur-
vature with respect to the general connection and

(34) A = (N¥=X—p—2Ap),
(35) B = [N+m-2) —n+p),
(36) C = A= AMp+p—1).

Therefore for quarter-symmetric metric connection
(37) A=1,B=n;C = —
for Tanaka Webster connection
(38) A=2B=3-n;C=0

for Schouten-Van Kampen connection

(39) A=0B=1-n;C =0,
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and for Zamkovoy connection
(40) A=-2B=-1-n;C=0
respectively. Thus, we can state the following:

Proposition 2. Let M be an n-dimensional Sasakian manifold ad-
mitting general connection V*, Then

(i) The curvature tensor R* of V* is given by (32),

(ii) The Ricci tensor S* of V* is given by (33),

(i1i) The scalar curvature r* of V* is given by (37),

(iv) The Ricci tensor S* of V* is symmetric.

Now, if we suppose that the Sasakian manifold is Ricci flat with
respect to the general connection. Then we get

This leads to the following

Theorem 3. If the Sasakian manifold M™ is Ricci flat with respect
to the general connection if and only if it is an n-Einstein.

Let us denote quasi conformal like curvature tensor with respect to
general connection by the symbole w*, defined by

W (U, VYW
= R (U V)W +a[S* (V,W)U — 5* (U, W) V]
+blg (VW) QU — g (U, W) QV]

(41) —CT*< L +a+b)[g(V,W)U—g(U,W)V].

n \n—1

4. wW*-SEMI-SYMMETRIC SASAKIAN MANIFOLD

In this section, we consider an w*-semi-symmetric Sasakian mani-
fold. Then, we have

(42) R (V,X)ow*(Y,Z)U =0,
for all U, V € x(M), set of all vector fields of the manifold M. The
above equation can also be written as
0 = RV, X)w(Y,2)U-w*(R*(V,X)Y, Z)U
(43) —w"(Y,R*(V,X)Z)U —w*(Y, Z)R*(V, X)U.
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Putting in V' = ¢ in (43), we get
0 = R X)wx (Y, 2)U—w" (R (€, X)Y, Z)U
(44) —w"(Y,R* (&, X)2)U —w* (Y, Z)R* (&, X)U.
Using (31), (32), (33) and (41) we obtain the following
w(R* (&, X)Y, Z2)U

(45) = Ch(V)w (X, 2)U —g(X,Y)w" (£ 2) U],
w'(Y, R*(§, X)2)U

(46) = C(2)w (V. X)U - g(X,Z)w" (Y,§) U],
w (Y, Z)R (£, X)U

(47) = ChO)w (Y, 2)X —g(X,U)w" (Y, 2)¢],

R* (6, X)w'(Y, Z)U
(48) = Cw'(Y,Z,U,§)X — g (X,w"(Y,2)U)¢].
Using (45), (46), (47), (48) in (44), we obtain
w*(}/a Za Uv f)X -9 (X7 W*(Ya Z)U)f
= n(Y)w' (X, 2)U - g(X,Y)w" ({, 2)U+n(2)w* (Y, X)U
(49) =9 (X, 2)w" (VU +nU)w" (Y, Z2) X — g (X, U)w" (Y, Z)¢.
Taking covariant derivative with £ in (49) and then contracting over
X and Y we get
n(U)w* (€, Z,e:,§) + g (€5, w" (€5, 2)U) +n (Z) w" (€5, €, U, §)
(5ﬁ> nw” (5’ Z7 U: f) + g (eia Z) w”* (67;75, Uv f) + g (eia U) W (62', Z: §7£> .
By the help of (25), (31), (32), (33) and (41) we get the following
U(U) w* (ei727 6ia£)
= (n=1)CnU)n(Z) —a(n—-1)Cn(U)n(2)
—arn (U)n(Z) + anAn (U)n(Z) — aBn (U)n(Z)
~b(n—1)Cn(U)n(Z) +bn(n—1)Cn(U)n(2)

(51) -f“(l +aMMManwmmmnw»

n \n—1
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g (ei,w* (e;, Z)U)
= S*(Z,U)+anS* (Z,U) —aS* (Z,U) + bg (Z,U)r*

(52) b5t (ZU)- (L ro+ b) Ing (Z,0) — g (Z,U)],

n \n-—1
(53) n(Z)w" (ei,€;,U,§) =0,
nw* (&, Z,U,§)
— WOy (U)5(2) - nCy (2,1)
+anS* (Z,U) +an(n—1)Cn(U)n(2)
—bn(n—1)Cgq(Z,U)+bn(n—1)Cn(U)n(2Z)

s T () g (Z0) - m ) 2],

g(eiaz) w* (ei>§7 U?ﬁ)
= Clg(Z,U)—nU)n(
~b(n—1)CnU)n(Z)+b(n—1)Cq(Z,U)

(55) —( +a+b) n(U)n(2) — 9 (2.0)).

Z)]—a(n—1)Cn(U)n(Z) —aS"(Z,U)

n \n—1

(56> g(eivU)w* (Gi,Z,€,£> =0.
Using (51), (52), (53), (54) (55) and (56) in (50), we obtain
67)  (1-b)S(Z,U)=Mg(Z,U)+ M (U)n(Z).

where

\ Cn4 (—n4+ 1) (A= Ap4p) +bn? —2bn+bnB —br —20B+b+ A -1
L 1—b

Y n(A—=Au+p) —A—anB+aB +bB —an® +an — (A — M\ + p) + ar
1= :

1—-0b
This leads to the following

Theorem 4. Fvery w*-semi-symmetric Sasakian manifold M is an
n- Einstein manifold (provided b # 1).

Also, from (57), we infer the following
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Theorem 5. Let M be a n-dimensional Sasakian manifold admitting
quarter symmetric metric connection, then the following table holds:

Curvature restrictions

Expressions for Ricci Tensor

REX) R =0
(Obtained if a =b=c=0)

S=0C2n—-1)g—nn®n

R (&,X)-C"=0

_ _ 1 l—-n+r ,
(Obtamedzfa:b:—n_Q,c:l) S:ﬁ +(n—n_1)77®77
R (& X)-K*=0
(Obtained if a = b = — L =0) S*l_n—Fr + S ®

atned if a = b = n_2,C— E— g n n—1 nwn

REX)-E =0
(Obtained if a =b=0,c=1)

S=@2n—-1)g—nn®n

R*(&£,X)-P*=0
1
(Obtained if a — c=0)

n—1

S:(zn—1)g+(n—L)n®n

R(EX) - H =0
1

(Obtained if a = b = 55 €= 0)

22
S:(n +r
2n —1

1 r+n %
9 o — 1 .

Theorem 6. Let M be a n-dimensional Sasakian manifold ad-
mitting Tanaka Webster connection, then the following table holds:

Curvature restrictions

Expressions for Ricci Tensor

R(EX)-R =0
(Obtained if a =b=c¢=0)

S=29+(n—-3)n®n

R (EX) =0

o 1 r _r
(Obtamedzfa:b:—n_TCIl) S:(—1+n_1)g+(n—n_1)77®77
REX) K =0

o 1 _r
(Obtamedzfa—b——n_Q,C—O) S = (—1+n_1)g+<n—n_1>77®77

R (6 X) E =0

(Obtained if a =b=0,c=1) S=29+(n—-3)n®n
R (&,X)-P*=0
1
(Obtainedifa:—m,b:c:O) S =29+ (n—j>77®77

R*(&,X)-H* =0
1
(Obtained if a = b= —

m—2 ¢

=0)
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Theorem 7. Let M be a n-dimensional Sasakian manifold admitting
Schouten-Van Kampen connection, then the following table holds:

Curvature restrictions

Expressions for Ricci Tensor

REX) R =0
(Obtained if a =b=c=0)

S=n—-1)nen

R (£,X)-C*=0
1

(Obtainedifa:b:—n_Q,Czl) S=GH-1Dg+n—5)n®n
RFEX) K =0
(Obtainedifa:b:—niQ,CZO) S=GH-1Dg+(n—5)n®n

R (&£ X)-E*=0
(Obtained if a =b=0,c=1)

S=n-1)n®n

R (& X)-P =0

1
(Obtainedifa:—m,b:c:()) S = (n—nil)"?@’ﬂ
R*(£X)-H =0
1
(Obtamedz'fa:b:—%—_z,c:()) S = (1;"—:171—1)9"‘(%)77@77-

Theorem 8. Let M be a n-dimensional Sasakian manifold admitting
Zamkovoy connection, then the following table holds:

Curvature restrictions

Expressions for Ricci Tensor

R(EX) R =0
(Obtained if a =b=c=0)

S=-29+(n+1)n®en

R (&,X)-C"=0

(Obtainedifa:b:—niQ,c—l) S = (%—QQ—F(”—”;)U@U
REX) K =0

y - 1 T—zn T
(Obtaznedzfa:b:—n_Q,c:O) S = <n%12—1)9+(n—n_1)77®77

R (&£ X)-E*=0
(Obtained if a =b=0,c=1)

S=-29g+n+1)n®n

R (& X)-P =0

1
Obtained if 4 = ————
(Obtained if a —

b=c=0)

S=-2g+ (n—L)n@)n
n—1

R (&, X)-H =0

1
(Obtained if a = b = —

m—2 "

0)

777,2 T™—on n277'
G — ( 2 24;_13 H)g—i— (2271_1)7]@77'
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5. SASAKIAN MANIFOLD ADMITTING R* (X,Y)-Z*=0

In this section we considered Sasakian manifold satisfying the fol-
lowing condition

(58) R (X,Y) - Z* (U, V) =0,

for any vector fields X , Y | U and V | where the Z*(U,V) is a
Z-tensor with respect to general connection which is defined [9] by

*

(59) 2 (U, V) = S§* (U, V) — %g (U, V).
Taking account of (25) and (30) we get from (59)
Z* (U, V)
= S(UV)-Ag(U,V)+BnU)n(V)
(60) LU V) + Ang (UV) ~ By (U, V)
Equation (58) can be written as
(61) Z*(R* (X,Y)U,V) + Z* (U,R* (X,Y) V) = 0.
Putting X = U = ¢ in (61), we get
(62) ZE(R(§,Y)EV)+ 27 (6, R7(§,Y) V) = 0.
By the help of (31), (32), (33) we get the following
(63) Z' (R (§Y)EV)=ClZ"(Y,V) =n(Y) Z" (§,V)]

(64) Z* (&R (EY)V)=Cl(V)Z7(&Y) =g (Y. V) Z" (&,¢)]

Using (63), (64) in (62) we obtain
(65)

0=C[Z"(Y,V)=n(Y)Z"(&V)+n(V)Z"(§Y) —g (Y, V) Z" (&,¢)]

Taking account of (4), (6) and (25), we get from (65)
(66) SY.V)=[(n=1)+B]g(Y,V)=BnY)n(V).
This leads the following theorem.

Theorem 9. A n-dimensional Sasakian manifold M admitting the
general connction satisfying R* (X,Y).Z* =0 , is an n- Einstein.
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