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Abstract. Bicomplex algebra is a modern developed area which
is a generalization of the field of complex numbers. In this paper we
derive some results related to the distribution of zeros of bicomplex
valued entire functions in a certain domain. A few examples with
related figures are given here to justify the results obtained.

1. INTRODUCTION

Bicomplex numbers which are the commutative generalization of
complex numbers were first introduced by Segre (cf, [5]). Stan-
dard definitions, notations and many more properties of bicomplex
numbers are available in [2] and [6]. A bicomplex entire function
f(2) is also represented by an everywhere convergent power series as
f(2) = 2272027, where a;’s and z are bicomplex numbers. Thus,
bicomplex entire functions can be thought of the natural generaliza-
tion of bicomplex polynomials. The aim of the paper is to establish
some results concerning the distribution of zeros of bicomplex entire
functions in a certain domain.
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2. PRELIMINARY DEFINITIONS AND NOTATIONS

In this section we give some basic idea about bicomplex numbers.

The set of bicomplex numbers C, is defined by Co = {2z : z =
ao +tay + jas + kas, ag, a1, az, az € R} or equivalently Cy = {21 + j25 :
21,29 € C1}, where C; is the set of complex numbers with imaginary
unit i such that 2 = j2 = —k? = —1 and ij = ji = k.

2.1. Idempotent Representation. One of the important features of

a bicomplex number is its idempotent representation . The bicomplex
numbers e; := 1;” , € 1= 177” are linearly independent in the C;-linear

space Cy and e; + ey = 1,61 — ey = ij,e1.65 = 0,€2 = €1, €3 = 5. Any
z € Cy can be uniqely expressed as z = (21 — izg)e; + (21 + i22)ea,
which is known as the idempotent representation of z.

2.2. Norm. The  norm ||| : C, — Rt
(R*denote the set of all non negative real numbers) is defined as
follows:

If 2= Z1 —|—ng = 5161 + 5262 S CQ, then

1
2 2y 3
Izl = {lza*Hzl) 7 = {%} .

2.3. Auxiliary Complex Spaces. The spaces A; = {z; — iz :
21,290 € Ci} and Ag = {21 + 129 : 21,29 € Cq} are called the aux-
iliary complex spaces. Each point z; + jzo = (21 —i29)e; + (21 +i22) ez
in Cy associates the points z; — iz9 € Ay and 27 + iz € Ay. Also to
each pair of points (27 —iz9, 21 +1i22) € A; X A, there is a unige point
in CQ.

2.4. Cy-Open Discus. An open discus D(§;rq,7r2) with centre £ =
&1eq + &eq and radii rp > 0,79 > 0 is defined by

D(&;71,72) = {wier + waes € Cy t|wy — &1 <1, jwa — &of < 12}

2.5. C,-Closed Discus. A closed discus D(g;rl, ro) with centre £ =
&1eq + &eg and radii rp > 0,79 > 0 is defined as

D(&;r1,m9) = {wier + waey € Cy twy — & <1y, Jwe — & < 1o}

2.6. Cy-Disc. If r1 > 0, ry > 0 and r; = ro = r, then the discus is
called a disc in Cy and is denoted by D(&;r,r) = D(&;r) .
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3. LEMMAS

In this section we present some lemmas which will be needed in the
sequel.

Lemma 3.1. [1] If f(2) is holomorphic in | z |< R in Cy, f(0) =
0, f(0) =0, and | f(2) |[< M for| z |= R, then for |z |< R,
Mlz| M|z|+R*|b|

R* = M+ |b]l z|

| f(2) <

The following lemma is due to Schwarz in C;.

Lemma 3.2. [4] If g(z) is holomorphic in | z |< R in Cy,g(0) =0
and | g(z) |[< M for | z |= R, then

< —

Lemma 3.3. [3] Let f(2) be holomorphic for | z |< R in Cy. Suppose
f(0) # 0 and let ri,7r9, ..., Ty, ... be the moduli of the zeros of f(z) in
| 2 |< R arranged as a non decreasing sequence. If r, < r < 1,4,

then
" 1
og LI 1
T1T9...Tn 2T

2
| o st | as
0
where a zero of order p is counted p times.
Remark 3.1. Lemma 3.8 is known as Jensen’s Theorem in C;.

Lemma 3.4. [5] Let X = Xje; + Xoeg :={&1e1 + &en 1 & € Xp,6 €
Xo} be a domain in Cy. A bicomplex function F = Gie; +Gaeg : X —
Csy is holomorphic if and only if both the component function Gi and
G5 are holomorphic in Xy and X5 respectively .

Lemma 3.5. [5] Let F' be a bicomplex holomorphic function defined
in a domain X = Xje;+ Xaeg := {&1e1+ 660 : & € X4, & € Xo} such
that F(z) = G1(&1)er + Ga(&2)es, for all z = E1eq + e € X Then,
F(z) has zero in X if and only if G1(&1) and G2(&2) both have zero at
& in Xy and at & in Xy respectively.

Lemma 3.6. Let F(z) = G1(&)er + Ga(&)ea be a bicomplex holo-
morphic function with ||F(0)|| # 0 and ||F(2)|| < M(ry,72) for all
z € D(0;7r1,73). Then the number of zeros Ni(%5) of G1(&1) in the do-

main {1 € Ay :|&| < B} and Na(F) of Go(&2) in {&2 € Ay 1|&e] < 2}
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do not exceed respectively

1 V2M (11, 79) 1 V2M (11, 75)
logz{l"g Gi(0)] }“”d@{log G2(0)] }

Proof. In view of Lemma 3.4, G1(&;) and G5(&) are holomorphic re-
spectively in X; = {& € Ay :|&| <} and Xo = {& € Ay & <o}
Since

G1(&1) G1(61)* + Ga(&2)?
Vo { 2

for z = &eq + &re € D(O; T1,7T2),

}2 IF ) < Mrra)

| Gi(&1) |< \/EM(Tl,Tz) for & € X;.

Let &11,&12, -+, &1 be n zeros of G1(&;) such that |&1] <|&1] < ...

’£1n| < 7.
Then by Lemma 3.3,

IA

. Ni(%) .
N (=L log2 < log !
i 2 ) ; | &1 |
Ni(r1) ”
< log -
; | &1 |
< log V2M(ry,r5) — log|G1(0)],
i.e,
" 1 V2M (ri,15)
N, (=) < log —————= 7.
1(2)_ log2{og |G1(0)]
Similarly,

T9 1 \/éM(Tl,TQ)
") % g {k’gW} |

This completes the proof of the lemma.
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4. THEOREMS

In this section we present the main results of the paper.

Theorem 4.1. Let f(2) = > o k2" be an entire function with
|| f(O) ||£ 0, ap = axer + brea, k = 0,1,2,.. and z = req + Eaeq. Let
N1, Ny be the respective highest positive integers less than or equal to
Ni(r1) in{& € Ay 1| & |[< 1} and No(rg) in {& € Ag | & |< o} such
that ay, # 0, an, # 0. Then within the open discus D(0;ry,73) , f(2)
does not vanish in the open discus D(0;ty,ty) where ty , to are respec-
tively the least positive roots of the equations

g1(t) =| ao | T{Vl“ — (] ao | +\/§N1M(r1,r2))7“{vlt+
V2N M (71, 79N 2 — 2M (rq, 7o)tV = 0

and
go(t) =| bo | réVZH — (] bo | —|—\/§N2M(r1,7’2))ré\[2t+
+\/§N2M(7”1, T’Q)TéVQ_th — \/§M(7”1, Tg)tN2+1 = 0,
max | f(2) [< M(ry,72).

zED(O;rl T2

Proof. As f(z) can be written as

f(z) = Zakffel + Zbk€§€2 = fi(&)er + fa(&2)es,
k=0 k=0

clearly f(z) is holomorphic in the closed discus D(0;71,72),0 < 1 <
00,0 < 19 < 00. Hence in view of Lemma 3.4 , f1(&;) and f(&;) are
holomorphic respectively in X; = {& € Ay | & |[< r} € C; and
Xy = {SQ € A, Z| & |§ 7’2} c C,.

Now for | & |< 1,

fi&) =D aph
k=0

=ap+ @&+ .l + ot an &+ Y wld
k=N1+1

(1) =ao+G(&1) + H(&)
where G(&1) = a16y + a26} + ... + an, {VI and H (&) = ZZO:MH argy
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Since

_[REP+ A& A&
R e e

we have for the coefficients of the power series Y- apéF in | & |< 7y,

max | f1(£1) |
(2) ‘ a. ’§ [&1]=r1 - S \/EM(;ﬂlaTQ) .
1 )

Hence for | & |= 71, by using (2) it follows that

|G <l ar [ &1+ az | &P+ | an, || & 1™
< ay|ri+lag| 24 .4 |an, | rf]l
S \/§N1M(T17T2)-

Since G(&) is holomorphic in | & |< 7y, G(0) = 0 and | G(&) |<
V2N M (ry,75) for | € |=ry, by Lemma 3.2, we get that

V2N M (r,7m9) | & | .

T1

(3) | G(&) |<

Also for | & |< r1, by using (2) we have

|H(&) 1= > gt |
k=N1+1
< S lallal
k=N1+1
< \/§M(7’ - (| 51 ’)k
~ 1’7,.2> Z
keNa1 N 1
Bl
< \/EM(T177"2)711—
&8
r1

_VEM(ry, ) | & [V

(= [ &)
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Hence for | & |< 7, it follows from (1) by (3) and (4) that
fil&) Zlao | = | G(&) | = | H(&) |
V2NIM () [ & | V2M(ry,ra) | & [V

>l ag | —
| (=] & )

lao | r{" ™ = (| ao | +V2NI M (ry,72))r7" | & |
+\/§N1M(7”1,7“2)7’{V1_1 | & 2 —\/§M(r1,7°2) | & |Vt
(= | & )

Let

g1(t) =| ao | rivlﬂ — (] ao | +\/§N1M(r1,r2))rivlt+
V2N M (r1, 7o) M2 — 2M (ry, 1)t N1+

We see that the number changes in sign in the coefficients of ¢, () is
3. Hence by Descarte’s rule of sign, the number of positive real roots
of g1(t) = 0 will be either 3 or 1.

Let us consider t; be the least positive root of the equation g, (¢) = 0.

Since ¢1(0) =| ag | ™™ > 0 and g;(c0) = —00 < 0, g1(¢) > 0 if
t < t1, otherwise there will be another positive root in (0,t;), which
makes a contradiction. Hence for | & [< 71, | f1(&1) |> 0if | & |< ty.

Similarly for | & |< 7a, | f2(&) |[> 0 if | & |< ta where t5 is the least
positive root of the equation

g2(t) =| bo | 72— (| bo | +V2N,M (7, 79) )it +
+\/§N2M(T’1, 7“2)7”9[2_1252 — \/QM(Tl, TQ)tN2+1 = 0
Therefore both f;(&) and f2(§2) have no zeros respectively in
X{ = {51 < X1 Z’ 61 |< tl} and Xé = {52 < XQ I’ 52 ‘< tg}
Hence by Lemma 3.5, f(z) has no zero in X|e; + Xea = D(0;14,t2).

This proves the theorem.
O

Remark 4.1. The following example with related figure justifies the
validity of Theorem 4.1.

Example 4.1. Let f(z) = cos(z) = cos(&1)er + cos(&r)es .
Here, f1(&§1) = cos(&) =1~ %512 + %fil — ... and fo(&) = cos(&y) =

1—L1e2 4+ Led —
2152 4152 ceen
Forri =ry =1, by Lemma 3.6 , N1(r1) < 2.41, No(rq) < 2.41.
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Since ag # 0,by £ 0 , we may take Ny = Ny = 2.
1

Now, ||f(2)]] = { el flenlP A% < 2 for all = € D(0;1,1).
Hence,

g1(t) =| ao | T{V“Ll — (] ao | +\/§N1M(r1,r2))7“{vlt+
—|—\/§N1M(’T‘1, ’I“Q)T{Vl_lt2 — \/§M(’I"1, 7‘2)tN1+1

=1—(1+V2(e+e )t+v2e+e ) — V2. 3
and

go(t) =| bo | réVQH — (] bo | +\/§N2M(r1,r2))r§2t+
V2N, M (11, 7978?12 — /2M (ry, vy )t N2t
=1—(1+V2(e+e )t +V20e+e )2 — V2. etepd,

We see that g1(.22) > 0, ¢1(.23) < 0 and g;(t) > 0 for 0 <t < .22.
Hence the positive root of g1(t) lies between .22 and .23.
Similarly the least positive root of ga(t) lies between .22 and .23.

Hence by Theorem 4.1, f(z) has no zeros in D(0;.22,.22) within the
open discus D(0;1,1).

’51 \: |f2 ‘:

61 |: 0.22\\\\ // 52 |: 0.22\\\\

[ \
| [ !
\ oy 1
\ \

~

’ ’
/ /7

’

!

FIGURE 1. Zero free region of f(z) = cos(z) in D(0;1,1)
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Theorem 4.2. Let f(z) = >_,2,axz"® be an entire function with
I f(0)] # 0, = arer + brea, k =0,1,2,.. and z = 1eg + &aea. Then
within any open discus D(0;11,73) , f(2) has no zero in the open dis-
cus D(0;t1,ty) where ty and ty are respectively the positive roots of the
equation

|ao|(|ao| + 2B)r7 — 2Blag — rias |t — (|ao| + 2B)** = 0
and
|bo|(|bo] + 2C)r5 — 2C|by — raby|t — (|bo| + 2C)*t* = 0,

where

(o] o
B=> lagrf , C'= |br}.
k=1 k=1

Proof. As f(z) can be expressed as

f(z) = Zakffel + Zbkfgez = fi&1)er + fa(&2)ez,
k=0 k=0

f(2) being holomorphic in Cy, by Lemma 3.4, f1(£1) and f5(&) both
are holomorphic respectively in X; = {& € Ay :| & |[<r} € Cy and
Xy = {52 < A2 Z| 52 |§ 7‘2} C Cl.

Clearly, klim apr® = 0 and klim bk =0 .
—00 —00

Let us consider
F(&) = (& —r) (&),
ie, (&) = (& —711) Ppco wét
ie, F(&) = —agry + Y poq (ag—1 — r1ay)EF
Le, F'(&) = —aor1 + G(&).
Then for || < 7y,

(5) [F(&0)| Z[aolr—|G(&)]
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For || = r1 and as because the series Y~ |ag|r} converges for
1&1| < 71 we have

[ee)
|Z Qr—1 — T1ag f1|

oo
< Z|ak—1 — rag|[&]*

oo
< D (awa| +rifar])r

[e.9]

=l|ag|r1 + 211 Z|ak|r’f

k=1
= (|a0| + 2B)T’1,

o0
B = Z|ak|7’]f.
k=1

Since G(&) is analytic in | & [< 7, G(0) = 0,G'(0) = (ap — riaq)
and | G(&1) |< (Jao| + 2B)ry for | & |= r1 and in view of Lemma 3.1,
it follows for |£;] < ry that

(laol + 2B)r1|&] (lao| + 2B)r1|& | + rilao — riay]

aQ <
| G(&) I< 72 (lao| + 2B)ri+|ag — ria|&]

_ (aol +2B)[& [{([ao] + 2B)[&] + r1]ao — mas |}
(laol + 2B)ri+|ag — rias|[& ] '
Hence for |&;| < 71, we obtain from (5) that
) s, (o0 + 2B (a0l + 2861 + rilao — o
(lao| + 2B)r1+|ao — ria|&:]
_ lao|(lac| + 2B)r? — 2Blao — r1a1[|&| — (|ao + 2B)?|&|*
(lao| 4 2B)r1+|ag — riaa|&:] '

where

Clearly the equation
g(t) =lag|(|ag| + 2B)r3 — 2Blag — ria;|t — (|ag] + 2B)*t* = 0
has exactly one positive root.

Let the positive root of the equation be ;.
Since ¢(0) =|ao|(|ao| +2B)r? >0, g(t) > 0 for t < t; .
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Hence for |&] < 7, |[F(&)] > 0, ie. |fi(&)] > 01if |&] < 1.
Similarly for [&] < 7o, | f2(&2)] > 01if |§2| < ta where ¢, is the positive
root of the equation

[bol(lbo] +2C)r3 — 2Cbg — r2buft — (|bo + 2C)** = 0

where
C=> |blrh.
k=1
Therefore both f;(&1) and f2(&2) have no zeros respectively in

X{ :{51 EXl :lfl |<t1} CAl

and
Xy ={& € Xo:| &< ta} C As.
Consequently by Lemma 3.5, f(z) has no zeros in
Xier + Xsea = D(0;tq, to).
Thus the theorem is established.
O

Remark 4.2. The following example with related figure ensures the
validity of Theorem 4.2.

Example 4.2. Let f(z) = —(1 —j) + 2 + (2 + ji)2%
Here,
Qg = —(]_ — j) = (—1 — ’i)@l + (-1 + 7:)62 = Qp€1 + b0€2,
a1 = 1= 161 —+ 162 = aye; + b1€2,
Qg = (2 —|—j2) = (2 — zz)el + (2 + 22)62 = 361 + 162 = ageq + b2€2.
Now, f(z) can be written as
f(2) =BG +& —1—der + (& + & — 1 +i)ey
Forri=ry=1, we get B=4,C = 2.
Hence the equation

|ao|(|ao| + 2B)ri — 2Blag — ria1|t — (|ao| + 2B)*t* = 0

becomes

V2(V2+8) — 8V5t — (V2 +8)*2 =0

and the positive root t1 ~ 0.30.
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Again the equation
|bo|(|bo] + 2C)r5 — 2C|by — r2by|t — (|bo| + 2C)*t* = 0

reduces to

V2(V2 +4) — 45t — (V2 4+ 4)*2 =0
and the positive root to ~ 0.38.
Hence by Theorem 4.2, f(z) has no zeros in D(0; .30, .38) within the
open discus D(0;1,1).

Gl=t &=t

- -

52 |< .Sé\\\

51 |< .30 \‘\ ///

! . \ !

-,
’
/
’

&-plane &o-plane
P -\—~\\
’ ’ \ ~
v / \ A
’ I \

’ I S \
P = S
[ Y 4 AN
! i@ ) i

\
‘\\\ ‘|\\ —’/‘ -

AR S I

h ] ,
N ' / ’

FIGURE 2. Zero free region of f(z) = —(1 —j) + 2z +
(2+ ji)22 in D(0; 1, 1)

Future prospect. In the line of the works as carried out in the pa-
per one may think of the extension of the results obtained dealing

with n-dimensional bicomplex numbers with the help of the idempo-
1 +41d9 1 %3 14,10, .
tents 0,1, , ) in C,. As a consequence,

the problem of taking the coeffiecients of the power series in C, is
still virgin and may be considered as an open problem to the future
workers of this branch.
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