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A COMMON FIXED POINT APPROACH FROM
NON-ARCHIMEDEAN MENGER SPACES TO
MODULAR METRIC SPACES VIA SIMULATION
FUNCTION

BHAVANA DESHPANDE

Abstract. In this paper, we prove common fixed point theorems on
non-Archimedean Menger spaces by using the concept of simulation
function. We also deduce some consequences in modular metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Recently, the notion of simulation function was introduced by [8].
This definition of simulation function was revised in [10] and [12].

Definition 1. ([10], [12]). A mapping (: [0,00) x [0,00) = R is a
simulation function if it satisfies the following conditions:

(C1) C(t,s) <s—tforallt,s>0.

(Ca) If {t,}, {sn}are sequences in (0, 00) such that
lim, o t, = lim, s S, > 0

and t,, < s, for all n € N then limsup,, .. ((t,,s,) < 0.
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76 B. DESHPANDE

The set of all simulation functions is denoted by Z.

For examples of simulation functions one can refer to [3], [8], [10],
[11] [13], [17].

It is clear from (¢;) that ((t,f) < 0 when ¢ > 0.

Last more than half a century saw a tremendous growth in the field
of fixed point theory and its applications to study the

existence and uniqueness of common fixed point for different metric
structure spaces especially where the probabilistic situations arises
such as probabilistic metric spaces. The concept of probabilistic metric
space plays a very important role where the distance between the two
points are unknown but the probabilities of the possible values of the
distance are known.

For terminologies, notations and properties of probabilistic metric
spaces, we refer to [5], [6], [9], [15], [16].

Definition 2. Let R denote the set of reals and R™ denote the set of
the non-negative reals. A mapping F : R — R™ is called a distribution
function if it is non- decreasing and left continuous with inficgF(t) =
0 and supier F(t) = 1. We will denote by D the set of all distribution
functions.

Definition 3. Let X be any nonempty set. An ordered pair (X, F) is
called a probabilistic metric space(briefly a PM-space) if F is a map-
ping from X x X — D satisfying the following conditions (where we
denote F), , the distribution function F(p,q) for (p,q) € X x X) such
that
(t) =1 for every t > 0 if and only if p = q,
(0) =0 for every p,q € X,
4(t) = Fy,(t) for every p,q € X,

(ta

q

p,q,r € X and ti,ty >0

Then (X,F) is called a mon-Archimedean probabilistic metric
space(briefly a N. A. PM-space) .

In metric space (X, d) the metric d induces a mapping F': X x X —
D such that F(p,q)(t) = F,,(t) = H(t — d(p,q)) for every p,qg € X
and x € R, where H is the distributive function defined by

0 x< 0

CER S
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Definition 4. A function A : [0,1] x [0,1] — [0,1] is called a T—
norm if it satisfies the following conditions:

(t,) A(a,1) = a for every a € [0,1] and A(0,0) =0,

(t2) Aa,b) = A(b,a) for every a,b € [0, 1],

(t3) If c > a and d > b then A(c,d) > A(a,b),for every a,b,c €
0,1,

(ts) A(A(a,b),c) = Ala, A(b,¢)) for every a,b, c € [0,1].

Definition 5. A Menger space is a triple (X, F,A), where (X, F) is
a PM-space and A is a T-norm satisfying the following condition:

(Po)Eylts + 12) > A(Eyg(tr), Fyp(t2)) for every p.a.r € X and 1,
ty > 0.

If we replace (Ps) by

(P7)F,(max{ti,ta}) > A(F,q(t1), Fy.(t2)) for everyp,q,r € X
and tl, tg Z 0

Then (X, F,A) is called N. A. Menger space.

Note:  We observe that a Menger space (X,F,A) is non
Archimedean if and only if

Fpr(t) 2 A(Fp (1), Fyr(1))-

An important T-norm is the T-norm A(a,b) = min{a,b} for all
a,b € [0,1] and this is the unique T-norm such that A(a,a) > a for
every a € [0, 1].Indeed if it satisfies this condition, we have

min{a, b} < A(min{a, b}, min{a,b} ) < A(a,b)

< A(min{a, b},1 ) = min {a, b}

Therefore A = min.

In the sequel, we need the following definitions due to [14].

Definition 6. Let (X, F,A) be a Menger space with continuous T-
norm A. A sequence {x,} of points in X is said to be convergent to
a point x € X if for everyt >0

limyy ooFy, .(t) = 1.

Definition 7. Let (X, F,A) be a Menger space with continuous T-
norm A. A sequence {x,} of points in X is said to be Cauchy sequence
if for everyt >0 and A > 0, there exists an integer N = N(t,\) > 0
such that Fy, .. (t) >1— X\ for allm,n > N.
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Definition 8. A Menger space (X, F, A) with the continuous T-norm
A is said to be complete if every Cauchy sequence in X converges to
a point in X.

Definition 9. [18]. Let (X, F, A) be a Menger space. The probabilistic
metric F' is said to be triangular if it satisfies the condition

1 SORRART

— 1)

ORI ()

for every p,q,r € X and each t > 0.

Definition 10. [7]. Two self maps A and B on a set X are said to be
weakly compatible if they commute at their coincidence point.

2. Common fixed point via simulation function on N. A.
Menger spaces

Theorem 11. Let (X, F, A) be a N. A. Menger space with F trian-
gular and let A, B : X — X be two given mappings. Assume that
there exists ( € Z such that

1 1
1 -1,
Y SN0 Rl RO )
If AX C BX and AX or BX is a complete subset of X. Then A
and B have unique coincidence point in X. Moreover if A and B are

weakly compatible then A and B have a unique common fized point
mn X.

—1)>0 forallz,y e X

Proof. First of all we will prove that if coincidence point of A and B
exists then it is unique.

Suppose that v; and v, are two distinct coincidence points of A and
B.Then then there exists two distinct points uq,us € X such that

Au1 = Bu1 = U1 7é Vo = AU2 = BUQ.
It follows by( 1) that

1 1
0 < 1, 1
o C(FAul, Ausg (t> FBUl, Busg <t> )
1 1
C(thvz (t) 7 FU17'U2 (t) )
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but this is a contradiction. Thus we have v
Va.

Let zy € X be arbitrary. We have AX C BX therefore there exists
x1 € X such that Axry = Bz continuing this process, we construct a
sequence {z,} such that

Ax, = Bx, foralln e N

Let Az, = Bx,y1 = ypIf ¥, = yny1 for some n € N then Bz, ; =
Yn = Ynt+1 = Awn—l—l-

Thus z,.1 is the unique coincidence point of A and B. Therefore
let us suppose that y,, # y,.1 for all n € N.Hence we have

1 1
0< —1, 1
g(FAaxn, ATp41 (t) Fan, Bxpt1 <t> )
1 1
- (g— b~V
Fynv Yn+1 (t) Fynflv Yn (t>
(2) < Synfh Yn (t) - Syn, yn+1(t)
where S(yn—lyynvt) = m — 1.

Therefore {S(yn_1,yn,t)} is a decreasing sequence of positive real
numbers. Thus there exists z > 0 such that

(3) ggg;;S(yn_l,yn,t)== 2

Suppose z > 0.Then by (2) and ((3) it follows that

0 S nh_{{.lo sSup C(S(ynvyn+1>t)a S(fgnfla Yn, t)) <0

where t, = S(Yn, Yns1,t) < S(Yn—1,Yn,t) = sn and t,, s, — z > 0.
Clearly this is a contradiction and so z = 0.By (3) we obtain

(4) nh_g)lo Fyr pa(t) =1

Now we prove that the sequence {y,} is Cauchy. Suppose to the
contrary that {y,} is not a Cauchy sequence in X, therefore for some
to > 0 we do not have lim,, ;o0 inf F}, ., (fo) = 1.

It follows that there exists 0 < ¢ < land two sub sequences {ym, }
and {y,, } of {y,}such that n; is the smallest index for which n; >
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my > k and
(5) By vy (to) <1 —e
and
(6) By v (to) >1—¢
Now we have
l—e > Fy. g (to)
> A(Fy, . g (to): Fy oy, (t0))

> A(]‘ -6 Fynk,l, Yny (t()))
Letting £ — oo and using (4), we get

(7) lim F,

k—o0

(to) =1—c¢

my> Yng

By the same reasoning as above, we obtain

1 —¢€ 2 Fymk7 Yny (to)
> A<Fymk, Ymy_q (tO)a A<Fymk,1, Ynp_q (tO)u Fynk,l, Yny, (t())))
and
Fymk_l, Ynp_q (to) Z A(Fymk_l, Ymy, (to)’ A(Fymk yYny, (t0)7 Fynk,ynk_l (to))>

By letting k£ — oo and using (4) and (7), we obtain
(8) hm Fymk_la Ynp_1 (to) - 1 - €

k—o00

Using (7) and (8), we obtain

1

m Sy Ynysto) = im s =1
kgrolo (Y > Yre» t0) kggo Fymk,ynk<t0)
= lim 1- Fymk7 Yny, (t())
k—o0 Fymkv Yny, (to)
11— (1—¢)
= T«
€
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and
€

1—e¢

B0 S,y Y,y To) =
— 00
Let

tk == S(ymk7 ynk7 tO)

Sk = S(Ymp_1s Yns_1» to)-
Thus by using (1) and ({3), we have

0 S klggo sup C(S(ym/w Yny, s tO)a S(ymk,1 y Ynge_1> tO)) < 0.

The above inequality is not true and hence {y,} is a Cauchy se-
quence in X.
Now since AX or BX is a complete subset of X therefore there exists
u € X such that y, — Bu as n — oo. If there exists a subsequence
{Yn,. } of {y,} such that y,, = Au then letting k — oo we get Au = Bu
and hence the claim. So we suppose that ,, # Au for all n € N.
Since yn—1 # Y, there exists a subsequence {y,, } of {y,} such that
Yn, 7 Bu for k € N.Using (1) we have
1 1
0 < ¢ -1, —1
<FAxnk+l, Au(t) FB$nk+1, Bu(t) )
= C(S(ynk+17 Au, t), S(?Jnka Bu, t))
< SYny, Bu,t) — S(yn,, Au,t).

This shows that y,, , — Au and hence Au = Bu is a unique co-
incidence point of A and B. If A and B are weakly compatible then
by using well known result due to [7] we can prove the existence of
unique common fixed point of A and B.

|

Theorem 12. Let (X, F,A) be a N. A. Menger space with F' trian-
gular and A, B : X — X be two given mappings. Suppose that there
exists ¢ € Z and a function ¢ : [0,00) — [0, 00) such that

1 1

(9) C(FA$7 Ay(t) - 17 QS(FB% By<t>

—1)>0forall z,y e X

(10) 0 < ¢(t) <tforallte (0,+00) and ¢(0) =0
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If A X C BX and AX or BX is a complete subset of X.Then A
and B have unique coincidence point in X. Moreover if A and B are
weakly compatible then A and B have a unique common fixed point
in X.

Proof. First of all we will prove that if A and B have at most one
coincidence point.

Let v; and vy be two coincidence points of A and B. Suppose that
v1 and vy are distinct. Then there exists two points uy,us € X such
that

Auy = Buy = vy # vy = Aug = Bus
then by (9) we have

1 1

0= C(FAUL Auz(t) B 1,¢(F’Bu1, Bu2(t) - 1))
1 1
@ ) Frmn Y
< 07

but this is a contradiction. Thus we have v; = vs.
Let zyp € X be arbitrary. Since AX C BX therefore there exists
1 € X such that Azqg = Bz continuing this process, we obtain

Ax, = Bx, foralln e N

Let Az, = Bx,11 = yp.If y, = ynyq for some n € N then Bz, =
Yn = Yn+1 = Axn—l—l'

Thus z,.1 is the unique coincidence point of A and B. Therefore
let us suppose that y,, # y,41 for all n € N.Hence we have

1 1
B VRN () R R () R
1 1
= A YR e Y
1 1
< e Ve Y

(11) = SUn-1,Ynt) — S(Yn, Yns1t) foralln e N
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where S(Yn_1, Yn,t) = m - L

Therefore { S(yn—1,Yn,t)} is a decreasing sequence of positive real
numbers. Thus there exists z > 0 such that

(12) lim S(yn—1,Yn,t) = 2
n—oo

Suppose z > 0 then

0< nlggo Supg(s(yn7yn+1at)a ¢(S(yn_1, Yn, t)) <0

Where tn - S(y’rw Yn+1, t)? Sn = ¢<S(yn—17 Yn, t)) < S(yn—lu Yn, t)7
and t, < Sp, th, S, — 2> 0.
This is a contradiction. Thus we have

lim S(yn-1, Yn,t) =0
n—oo
By (12) we obtain

(13) nlgrolo Fy g () =1

Now we claim that the sequence {y,} is Cauchy sequence in
X.Suppose to the contrary that {y,} is not a Cauchy sequence in
X, therefore lim,, ,, .o inf F),, . (o) < 1 for some ¢y > 0.

Then there exists 0 < € < 1 and two sub sequences {y,,, } and {yn, }
of {y,} such that ny is the smallest index for which ny > my > k and

(14) Fymk, Yny, (to) <1—e¢
and
(15) Fymk7 Ynp_q (t(]) > ]' — €

Now we have

1 —¢€ Z Fymky Yny, (to)
Z A(Fymk, Ynp 4 (t0)7 Fynk71: Yny, (to))
Z A(]‘ -6 Fynk71» Yny (t0)>

Letting £ — oo and using (13), we get

(16) lim F,

koo Ymy s Yng

(to)zl—é

By the same reasoning as above, we obtain
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1- € Fymka Yny, (to)

A<Fymk, Ymy ¢ <t0)7 Fymk717 Ynp 1 (t0>7 Fynk717 Yny (to)

AVARLY,

and

Fymk_17 Ynp_1 (tO) > A(Fymk_l, Ymy, (t0)7 A(Fymk, Yny, (tO)a Fynk, Ynp_1q (tO)))

From the last inequality, by letting k& — oo and using (13), (16) we
get

(17) lim F

koo Ymy 15 Yng_q

(to):1—€

By letting & — oo and using (16) and (17) we obtain

1
m S(my, Yo to) = lim s — 1
ki}filo (y & Yng 0) k1—>I£lo Fymk’ Yny, (t())

1 - Fymk7 Yny (t())

klggo Fypum,, (t0)
109
T 1-—e€
B €
 l—c¢
and €
A1 SWmess Yrissfo) = 7
Let

tk = S(ymka Yny,» tO)

Sk = qﬁ(S(ymk,l, Ynp_1> tO)) < S(ymk717 ynkflto)
By (9), we have

1 1

_ 17

Faq,,, . ay,, (to) (b(Fmek,ank (to)
1 1
(= — Lo
Fymk) Yny (to) Fymk_ly Ynp_q, (t())

C(S(ymka ynk7 t0)7 ¢(S((ymk_1 ) ynk_lyto))
O Wy s Yr—1» t0) = S (Ymy Yni» to)
0as k — oo

0 < (( —1)

—1)

(18)

A
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From (18) we deduce that

;}H& SUpP C(S (Y » Yny» 10)s P(S (Ymy_1» Yne_1»0)) = 0.

Clearly this is a contradiction to ((2) and hence we conclude that
{yn} is a Cauchy sequence in X. Now since AX or BX is a complete
subset of X therefore there exists u € X such that y, — Buasn — oo.
If there exists a subsequence {y,, } of {y,} such that y,, = Au then
letting £ — oo we get Au = Bu and hence the claim. So we suppose
that y,, # Au for alln € N.

Since yn—1 # Yy there exists a subsequence {y,, } of {y,} such that
Yn, 7 Bu for k € N.Using (9) we have

1 1
0 < - 1, (—
- C<FAmnk+1, Au(?) ¢(FBa:nk+1, Bu(t)
= C(SWnpsr» Au, 1), O(S(Yn,., Bu, t)))
< ¢(S(Yny, Bu,t) — S(Yn,,, Au,t)).
< S(Yn,, Bu,t) = S(yn,.,, Au,t) for all n € N

—1)

This shows that y,, , — Au and hence Au = Bu is a unique co-
incidence point of A and B. If A and B are weakly compatible then
by using well known result due to [7] we can prove the existence of
unique common fixed point of A and B. 1

Theorem 13. Let (X, F, A) be a N. A. Menger space and A, B : X —
X be two given mappings. Suppose there exists ( € Z and a function
k€ (0,3) such that for all z, y € X

(19)

1 1 1 1
¢

_ -1, -1, -1, —1}) >
FA:E, Ay(t) FBz, By(t) FBx, Ax(t) ’{TBy7 Ay (t) FB{E, Ay(t) })
If AX C BX and AX or BX is a complete subset of X. Then A
and B have unique coincidence point in X. Moreover if A and B are
weakly compatible then A and B have a unique common fixed point
in X.

—1, kmax{

Corollary 14. If in (19) we put
Bz =z for all x € X then A: X — X has a unique fized point in
(X, F, A).
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3. Extended approach to a modular metric space

Definition 15. [1] [2]. Letw : (0,00) X X x X — [0, 00) be a function
satisfying the following conditions for all A,y > 0 and z,,y,z € X

(i) x =y if and only if w(\, x,y) =0 for all A > 0.

(it) w(, z,y) = W\, y, x)

(Wi)w(A + p, z,y) < w(A 2, y) +w(p, 2,9).

Then w is called a modular metric on X. If we replace (i) by

(v) w\, z,z) =0 for all A > 0,

then w is called pseudo modular metric on X. If we replace (iii) by

(v) w\, z,y) <w(A\ z,2) +Fw\ z,y) for all A >0 and z,y,z € X

Then w s called non-Archimedean. Moreover w is called convex if
the following inequality is satisfied for all \,;p > 0 and z,,y,z € X

(vi) WA+ p, @, 2) < w2, 2) + w2, 9).

Remark 16. (i) A metric on a set X is a finite distance between any
two points of X while a modular on a same set X is a way to consider a
nonnegative “field of velocities” precisely an average velocity w(\, x,y)
is associated to each A > 0,w(\, x,y) that is one takes time \ to move
from x toy

(11)[4]. Let (X, F, A) be a triangular N. A. Menger space. Define a
function w : (0,00) x X x X — [0,00) as

1
Fr,y (V)

for all ,y € X and A > 0.Then w) is a modular metric on X.

(20) wA z,y) =

Definition 17. Let X, be a modular metric space. Then

(i) {z,} in X, is called w—convergent to x € X,,,if w(\, z,,2) =0
asn — oo for all A > 0. In this case we say x is the w—limit of {x,}.

(i1) {z,} in X, is called w— Cauchy if w(\, Tp, ) — 0 as m,m —
oo for all X > 0.

(i1i) A subset Y of X, is called w—complete if any w— Cauchy se-
quence 'Y 1s a w—convergent sequence and it’s w—Ilimait s in Y.

Now we state two existence results for unique fixed point in the set-
ting of modular space. Clearly these results are modular counterparts
of Theorem ??7 and Theorem 16.

Theorem 18. Let X, be a non-Archimedean modular metric space
and let A, B : X — X be two given mappings. Let there exists ( € Z
such that
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(21)
C(w(A, Az, Ay),w(\, Bz, By)) > 0forallz,y € X and for all A >0

If AX C BX and AX or BX is a complete subset of X. Then A
and B have unique coincidence point in X. Moreover if A and B are
weakly compatible then A and B have a unique common fixed point
mn X.

Theorem 19. Let X, be a non-Archimedean modular metric space
and let A,B : X — X be two given mappings. Suppose there exists
¢ €Z and a function ¢ : [0,00) — [0,00) such that

C(w(\, Az, Ay),p(w(N, Bz, By)) > 0forallz,y € X and for all A >0

0<o(t) <t forallt e (0,00) and $(0) =0

If AX C BX and AX or BX is a complete subset of X. Then A
and B have unique coincidence point in X. Moreover if A and B are
weakly compatible then A and B have a unique common fixed point
n X.

The proofs of Theorem 18 and Theorem 19 are established by ap-
plying Theorem 11 and Theorem 12. We give outline of the proof of
Theorem 18.

Proof. Let F' be a probabilistic metric induced by w and defined by
( 20). It follows that the triple (X, F, A) is N. A.  Menger space.

Then by (21) we have
1 1
-1+ -1)=0
g(FAI, AyO‘) FBw, By()‘) )

for all x,y € X, and for all A\ > 0.Therefore, we apply Theorem 11
to conclude that A and B have a unique common fixed point in X. 1
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