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A CHARACTERIZATION OF 0-COMPLETENESS IN
PARTIAL METRIC SPACES

SUSHANTA KUMAR MOHANTA AND PRIYANKA BISWAS

Abstract. In this paper, we introduce the concept of p-point in a
partial metric space and extend Weston’s characterization of metric
completeness to partial metric spaces in terms of p-point. As a con-
sequence of this study, we obtain the celebrated Banach Contraction
Principle in the framework of O-complete partial metric space.

1. INTRODUCTION

In 1994, Matthews [10] introduced the concept of partial metric
spaces as a part of the study of denotational semantics of dataflow
networks and proved the well known Banach Contraction Principle in
this setting. Complete partial metric space is a useful framework to
model several complex problems in theory of computation. The works
of [2, 3,4, 5,6, 7,8, 17] are viable and have opened new avenues for
application in different fields of mathematics and applied sciences. It
is interesting to note that in partial metric spaces, self-distance of an
arbitrary point need not be equal to zero. Matthews [10] introduced
a class of open p-balls in partial metric spaces which generates a Tj
topology on X.
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This will facilitate the initiation of open and closed sets, neigh-
bourhoods and other related notions in partial metric spaces. In
this work, we shall discuss some topological aspects of partial metric
spaces and prove Cantor’s intersection theorem, Urysohn’s lemma in
this setting. We also prove that every partial metric space is first
countable and hence continuity is equivalent to sequential continuity.

In 1977, Weston [20] has proved a completeness criterion of metric
spaces which has got some relation with the family of real valued
semicontinuous functions carried over the space. In fact, he had proved
a necessary and sufficient condition for the metric space (X, d) to be
complete in terms of the notion of d-point for lower semicontinuous
functions. Later on, several authors successfully characterized metric
completeness in terms of fixed point theory(see [11, 12, 13, 14, 15, 18,
19]). In this study, our main purpose is to introduce the concept of
p-point in partial metric spaces and extend Weston’s characterization
[20] of metric completeness to partial metric spaces in terms of p-
point. As a consequence of this study, we obtain the celebrated Banach
Contraction Principle in the framework of 0-complete partial metric
space.

2. SOME Basic CONCEPTS

In this section, we begin with some basic facts and properties of
partial metric spaces.

Definition 2.1. [10] A partial metric on a nonempty set X is a
function p : X x X — RT such that for all x, y, z € X :

(p1) p(,x) = p(y,y) = p(z,y) if and only if = =y,
(p2) p(z,x) < plz,y),
(ps) p(z,y) = ply, ©),
(ps) Pla.y) < pla,2) +p(z.) - p(z.2).
The pair (X, p) is called a partial metric space.
It is clear that if p(z,y) = 0, then from (p;) and (p2), it follows that

x =y. But if x = y, p(x,y) may not be 0. Moreover, it is valuable to
note that the axiom (p4) is stronger than triangle inequality.

Example 2.2. [10] Let X = [0,00) and let p(z,y) = max{x, y},
for all x, y € X. Then (X,p) is a partial metric space.

Example 2.3. [10] Let X = {[a,b] : a,b € R, a < b} and let
p([a, b, [c,d]) = max {b, d} —min{a, c¢}. Then (X,p) is a partial met-
T1C Space.
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Each partial metric p on X generates a Tj topology 7, on X which
has as a base the family of open p-balls {B,(z,¢) : x € X, € > 0},
where B,(z,¢) = {y € X : p(z,y) < p(z,x) + €} for all z € X and
e > 0.

We now visualise the open balls in a particular case.

Example 2.4. Let X = [0,1] and p(z,y) = max{x,y}, then p is
a partial metric on X. In this case, an open p-ball By(z, €) is given by

By(z,e) = {yeX:pl,y) <p(z,z)+e}
= {yeX max{x,y}<z+e}
= {yeX:y<z+e}
= [0,z +¢€).

Theorem 2.5. If U € 7, and x € U, then there exists r > 0 such
that By(xz,r) CU.

Proof. Since U is an open set containing x, there exists an open p-ball,
say B,(y,€) such that x € B,(y,e) C U. Then p(z,y) < p(y,y) + €.
Let us choose 0 < r < p(y,y) —p(x,y) + € and consider the open p-ball
B,(x,r). Then it is easy to verify that B,(x,r) C B,(y,e) CU. O

Remark 2.6. Let (X,p) be a partial metric space, (x,) be a
sequence in X and x € X. Then (x,) converges to x with respect

to(w.r.t.) 7, if and only if lim p(z,,z) = p(x,x).
n—o0

Let x, — x w.rt. 71, and € > 0. Then there ewists a natural
number ng such that x, € By(z,€) for all n > ng. This gives that
p(zn, ) — p(z,z) < € for all n > ng. Since p(x,,x) — p(x,x) >0, it
follows that | p(x,,x) — p(z,z) |< € for all n > ng. This proves that
lim p(z,,x) = p(z,x).

n—oo

Conversely, suppose that im p(x,,z) = p(z,x). We shall show that
n—oo

Ty — x w.r.t. 7,. Let U € 7, and x € U. Then there exists € > 0 such
that x € By,(x,€) C U. By hypotheses, it follows that

Jim (p(an, ) — p(z,x)) = 0.

So, there ezists ng € N such that p(x,,x) — p(x,x) < € for all n > ny.
This ensures that x,, € By(x,€) for all n > ny and hence x, € U for
all n > ng. Therefore, (x,) converges to x w.r.t. 7, on X.
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Definition 2.7. [10] Let (X,p) be a partial metric space and let
(x,) be a sequence in X. Then

(i) (z,,) converges to a point x € X if im p(x,,x) = p(x,z). This
n—oo

will be denoted as lim x, = x or z, — x(n — 00).
n—oo

(i) (@) is called a Cauchy sequence if lim p(z,,x,) exists and
n,M—00

1s finite.
(ili) (X,p) is said to be complete if every Cauchy sequence (xy)
in X converges to a point x € X such that p(z,x) =

Hm  p(z,, Tn).
n,m—00

Definition 2.8. [16] A sequence (x,) in (X,p) is called 0-Cauchy
if
lim p(z,,z,) =0.

n,Mm—00

The space (X, p) is said to be 0-complete if every 0-Cauchy sequence
in X converges to a point x € X such that p(z,z) = 0.

Lemma 2.9. Let (X,p) be a partial metric space.
(a) (see|1,9]) If p(xn,2) — p(2,2) =0 asn — oo, then p(z,,y) —
p(z,y) as n — oo for each y € X.
(b) (see [16]) If (X, p) is complete, then it is 0-complete.

The converse assertion of (b) may not hold, in general. The following
example supports the above remark.

Example 2.10. [16] The space X = [0,00) N Q with the par-
tial metric p(x,y) = max {x, y} is 0-complete, but it is not complete.
Moreover, the sequence (x,) with x, = 1 for each n € N is a Cauchy
sequence in (X, p), but it is not a 0-Cauchy sequence.

3. SOME TOPOLOGICAL ASPECTS

Theorem 3.1. Let (X, p) be a partial metric space with the topology
7, defined above and A be any nonempty subset of X. Then,

(i) A is closed if and only if for any sequence (x,) in A which
converges to x, we have v € A;
(ii) for any x € A and for any € > 0, we have By(z,e) N A # (.

Proof. (i) Suppose that A is a closed subset of X. Let (x,) be a
sequence in A such that x, — x as n — oo. We shall show that
x € A. If possible, suppose that x € A. Sox € X \ A and X \ A
is open. Then there exists € > 0 such that B,(z,e) € X \ A.
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Therefore, B,(z,e) N A = . Since z, — x as n — 0o, we have
lim p(x,,x) = p(x,x). So for € > 0, there exists ny € N such that
n—oo

p(xn, ) — p(z,z) < € for all n > ny. This gives that z,, € B,(x,¢),
for all n > ng. Hence z,, € By(z,€) N A, for all n > ng, which leads to
a contradiction with By(z,e) N A= 0. So, x € A.

Conversely, assume that the condition holds i.e., for any sequence
(,) in A which converges to x, we have x € A. Let us prove that
A is closed. In fact, we have to show that X \ A is open. So for
any x € X \ A, we need to prove that there exists ¢ > 0 such that
By(z,e) € X \ A ie, By(x,e) N A = 0. If possible, suppose that
for any € > 0, we have B,(x,e) N A # (). So for any n > 1, choose
Zn € By(z, £)NA. Then z, € Aforalln > 1 and p(x,, x)—p(z,z) < =
for all n > 1. Therefore, ILm (p(xn,x) —p(x,z)) = 0. That is, z,, > x

as n — oo in (X,p). Hence, by assumption x € A, which is a
contradiction. So for any = € X \ A, there exists ¢ > 0 such that
B,(x,e) C X\ Aie., X\ Aisopen and hence A is closed in X.

(ii) It follows from definition that A is the smallest closed sub-
set which contains A. Set A* = {x € X : foranye > 0, Ja €
A such that p(z,a) < p(z,x)+e€}. Obviously, A C A*. Next we prove
that A* is closed. Let (z,) be a sequence in A* such that =, — = as
n — oo. We have to prove that x € A*. Since z,, = x as n — 0o, we
have 1i_>rn p(zn, z) = p(x, x).

Let € > 0 be given. Then there exists ng € N such that p(z,,z) —
p(z,z) < g, for all n > ng. As x,, € A*, there exists a,, € A such that
P(Tn, an) < p(n,x,) + 5. Hence,

p(z,a,) < pl,20) + (20, an) — p(Tn, Tn)
<

€+€+( )
5 9 pl\xr,x

= e+ p(z,x), for all n > ny.

In particular, p(z,a,,) < € + p(z,z), which implies that z € A*.
Therefore, by part (i), it follows that A* is closed and contains A. The
definition of A assures that A C A*, which implies the conclusion of
(ii). O

Theorem 3.2. FEvery closed subset of a complete partial metric
space is complete.
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Proof. Let (X, p) be a complete partial metric space and Y be a closed
subset of X. Let (y,) be a Cauchy sequence in (Y, py), where py :
Y XY — R* is defined by py(u,v) = p(u,v) for all u, v € Y. Then
(yn) is also a Cauchy sequence in (X, p). As (X, p) is complete, there
exists x € X such that y, — = as n — oco. By applying Theorem
3.1, it follows that x € Y. Thus (y,) converges in (Y, py). So, (Y, py)
becomes a complete partial metric space. 0

Remark 3.3. z € A if and only if every open set U containing x
intersects A.

Definition 3.4. Let (X,p) be a partial metric space, A C X and
x € X. Then p(z, A) is defined as follows:

p(z, A) = inf {p(x,a) — pga : a € A},

where py, = min{p(z,x), p(a,a)}. Obviously, p(x,A) > 0 and
p(r,A) =0 ifx € A.

We now prove the following theorem.

Theorem 3.5. Let (X,p) be a partial metric space, A C X and
rxeX. Ifp(x,A) =0 then x € A.

Proof. Let p(x,A) = 0 and U € 7,, x € U. Then there exists € > 0
such that B,(x,e) C U. Since p(x, A) = 0, there exists z. € A such
that p(z, x.) —pee. < €. This implies that p(x, z.) —p(z, x) < p(x,z.)—
Paz. < €. Therefore, z. € By(z,¢) C U and z. € A. Hence, UN A # 0.

The last theorem ensures that z € A.
OJ

Next we prove the property of first countability of partial metric
spaces.

Theorem 3.6. Let (X,p) be a partial metric space and © € X be
arbitrary. Then there exists a countable collection {B,}°2; of open
netghbourhoods of x such that for any neighbourhood U of x, there
exists m € N with B,, C U.

Proof. For each n € N, we consider B,, = B,(, %) Clearly, {B, :n €
N} is a countable family of open p-balls centered at x. Let U be any
neighbourhood of z. Then there exists » > 0 such that B,(z,r) C
U. We choose m € N such that % < r. Then, B, = Bp(x,#) -
By(z,7) CU. O
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Definition 3.7. Let (X,p) be a partial metric space and A C X.
The diameter of A, denoted by diam(A), is defined by

diam(A) = sup{p(z,y) : z, y € A}.

Clearly, 0 < diam(A) < oo. The subset A is said to be bounded if
diam(A) is finite. Otherwise, A is said to be unbounded.

It follows from the above definition that if A C B, then
diam(A) < diam(B).  Hence, it is worth mentioning that

diam(A) < diam(A).

We now prove Cantor’s intersection theorem in partial metric
spaces.

Theorem 3.8. If a partial metric space (X, p) is 0-complete, then
every descending sequence (A,) of nonempty closed sets with diam(A,,)

— 0 as n — oo, the intersection A = ﬂ A, consists of exactly one

. n=1
point.

Proof. Let (X, p) be a 0-complete partial metric space and let (A4,) be
a descending sequence of nonempty closed sets with diam(A,) — 0
as n — oo. As each A, is nonempty, we choose a point z, € A,,
for each n € N. We shall show that (z,) is 0-Cauchy in (X, p). For
m, n € N with m > n, we have A,, C A, which gives that z,,, z, €
A,,. Therefore,

P(Tn, Tm) < diam(A,) — 0 as n — .
ie, lim p(x,,x,)=0.
n,m—00

This shows that (z,) is a 0-Cauchy sequence in (X,p). Then by
hypothesis, there exists x € X such that =, — x with p(z,z) = 0

ie., p(xy,x) = p(r,z) = 0 as n — oco. We prove that = € ﬂ A,.
n=1
Let U € 7, and * € U. Then there exists ¢ > 0 such that
B,(x,e) C U. As lim p(z,,x) = p(z,z) = 0, there exists ng € N
n—oo

such that p(z,,z) < ¢ = p(x,x) + ¢, for all n > ng. Therefore,
x, € By(x,€) C U, for all n > ny. Again, z,, € A, for all m > n as
Tm € A,y C A, for all m > n. So, UN A, # 0, for all n € N. This

proves that z € A,, = A,,, for all n, A,, being closed. Hence x € ﬂ A,

n=1
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Now, let y € ﬂ A, with y # x. Then for each n € N, we have

n=1
x,y € A,. Therefore,
0 <plz,y) < diam(A,) — 0 as n — oo

which gives that p(z,y) = 0 and hence = = y, a contradiction. This
proves that A contains exactly one point. 0

Definition 3.9. Let (X, p1) and (Y, ps) be two partial metric spaces.
A function f: (X,p1) — (Y,p2) is said to be continuous at a point
a € X, if corresponding to every e >0, 3§ > 0 such that

x € By, (a,0) implies f(x) € Bp,(f(a),e).

f is said to be continuous on X if it is continuous at each point of X.

Obviously, the concept of continuity of a real valued function on
a partial metric space turns out to be a special case of the above
definition by considering Y = R and ps(y, 2) =| y—z | for all y, z € R.
For such real valued functions on a partial metric space, we can prove
the following theorem, as exact duplicates of the corresponding proofs
for real valued continuous functions on a metric space.

Theorem 3.10. Let f and g be real valued functions on a partial
metric space (X,p). If f and g are continuous at a point a € X and
g(x) # 0 for all x € X, then so are f £ g, fg, af (for any a €
R) and 5.

Theorem 3.11. Let (X, p1) and (Y, p2) be two partial metric spaces.
Then a function f: (X,p1) — (Y,p2) is continuous at a point a € X
if and only if for each sequence (x,) in X converging to a in (X, p1),
the sequence (f(x,)) in'Y converges to f(a) in (Y, ps).

Proof. Suppose that f is continuous at a € X. Then for a given € > 0,
36 > 0 such that

x € By, (a,d) implies f(z) € B,,(f(a),€).
Since (z,) converges to a in (X,p;), we have lim pi(z,,a) =
n—oo

p1(a,a). So, there exists ny € N such that pi(x,,a) < pi(a,a) + 9,
for all n > ng. This shows that z, € B, (a,d), for all n > ny. By
hypothesis, it follows that f(x,) € B,,(f(a),€), for all n > ny. Then

po(f(zn), f(a)) < p2(f(a), f(a)) + €, for all n > ng. Consequently, it
follows that hm pg( (), f(a)) —p2( (a), f(a)). Therefore, (f(x,))
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converges to f(a) in (Y, ps).

Conversely, suppose the condition holds but f is not continuous at
a € X. Then there exists € > 0 such that for each 6 > 0, x5 € X
with x5 € By, (a,d) but f(zs) € B,,(f(a),€). In particular, for each
neN, 3z, € X with z, € By (a,+) but f(z,) & By,(f(a),e). It
then follows that =, — a but pa(f(x,), f(a)) > pa(f(a), f(a)) + €,
for all n € N i.e., (f(z,)) does not converge to f(a) in (Y, py). This
contradicts the assumed hypothesis. O

We now present analogue of Urysohn’s lemma in partial metric
spaces.

Theorem 3.12. For any two nonempty disjoint closed subsets U, V'
of a partial metric space (X, p), there exists a function f : X — R such
that f(U) ={0}, f(V)={1} and 0 < f(z) <1 for allx € X.

Proof. For A C X and =z € X, we use the notation pa(z) for the

function p(x, A). We now show that the function f(x) = z#(ﬁ/(z)

is the desired function. If py(z) + py(xz) = 0 for some x € X, then
pu(r) = py(z) = 0 and hence x € U = U and * € V = V, which
contradicts the fact that U NV = (). Therefore, f is well defined.
Obviously, 0 < f(z) <1 for all x € X. Now, x € U implies py(z) =
0 implies f(x) = 0 and = € V implies py(z) = 0 implies f(x)
1.

O

4. A CHARACTERIZATION OF 0-COMPLETENESS

Inspired by Weston [20], we now characterize 0-completeness via
lower semicontinuity, introduce a strict order “ < ” and establish Ba-
nach Contraction Principle in the setting of 0-complete partial metric
spaces.

Definition 4.1. Let (X,p) be a partial metric space. A function
¢ : X = R is called lower semicontinuous if, for each sequence (x,) C
X converges to a point x € X with p(x,xz) = 0, we have

o(x) < liminf p(z,).
n—oo

Definition 4.2. Let (X,p) be a partial metric space. A function
f X — R is called uniformly continuous on X if for any e > 0, there
exists 6 > 0 such that

p(x,y) < 0 implies | f(x) — f(y) |[<e.
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Definition 4.3. Let (X, p) be a partial metric space and h : X — R
be a function. A point xqg € X is called a p-point for h if for every
point x € X other than x,

h(xzo) — h(z) < p(zo, x).

Example 4.4. Let X = [0,00) and let p(x,y) = max{z, y} be a
partial metric on X. Let h : X — R be defined by h(x) = 2x for all
x € X. Then, h(0) — h(z) = —2z < p(0,z) for every x € X with
x # 0. Therefore, 0 is a p-point for h. But if g : X — R s defined by
g(xz) =5 for all v € X. Then every point of X is a p-point for g.

Example 4.5. Let X = [0,1] be equipped with the partial metric

given as

lz—yl, if z,y€l0,1),

p(z,y) =

1, ife=10ry=1.
Let h : X — R be defined by h(x) = 1 —x for all x € X. Then,
h(1)—h(x) = —h(z) < p(1,z) for every x € X with v # 1. Therefore,
1 is a p-point for h.

Theorem 4.6. If the partial metric space (X, p) is 0-complete then
any lower semicontinuous function h : X — R which is bounded below
has a p-point. If (X,p) is not 0-complete, then there is a uniformly
continuous function g : X — R which is bounded below but has no
P-point.

Proof. To prove the first part, we assume that (X,p) is O-complete
and h : X — R is a lower semicontinuous function which is bounded
below. For any point z; € X, we construct a sequence (z,) in the
following way:

For each n € N, let
¢, = inf{h(z) : h(z,) — h(z) > p(z,,x) > 0}

and let z,,1 be a point such that

(4'1) h<xn) - h(xn-l-l) > p(xm xn+1)
and
(4.2) Wps1) < cp+n7h

In above construction, we assume that none of z,, is a p-point for h.
In case, x,, is a p-point for h, then we have nothing to prove. It follows
from condition (4.1) that the sequence (h(z,)) is nonincreasing in R.
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Also, it is bounded below. So, the sequence (h(z,)) is convergent.

For m > n, we have
h(zn) = h(zm) = h(2n) = h(@ng1) + W(@ng) = h(2ngs)
++ h(@e1) — h(zm)
P(Tn, Trg1) + P(Tni1, Tngz) + o+ p(Tmo1, Tm)

P(Tn, Trm).

IV 1V

(4.3)
Hence,
P(Tn, Tm) < h(zy) — h(zy) — 0 as m, n — oo.

This yields that the sequence (z,) is 0-Cauchy in (X,p). By 0-
completeness of X, it follows that the sequence (z,) converges to a
point oy € X such that p(zg,xg) = 0. From condition (4.3), it follows
that

for all m > n. By using condition (4.4), Lemma 2.9 and lower semi-
continuity of the function h, one can obtain that
h(zg) < liminfh(z,,)
m—0o0

< liminf [A(x,) — p(2n, Tm)]

m—0o0
= h(xn) - p(xny ZL'())
for all n > 1.

Thus,
(4.5) h(x,) — h(zo) > p(zn, xo)
for all n > 1.

If xy is not a p-point for A, then for some z(# o) € X, we have
(4.6) h(xo) — h(z) > p(zo,z) > 0.

Using conditions (4.5) and (4.2), we obtain
(4.7)  h(z) < Maper) + h(x) — h(zo) < cn +n71 4 h(z) — h(x0).

In view of condition (4.6), we can choose n so that condition (4.7)
gives that h(z) < c,.
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From conditions (4.5) and (4.6), it follows that
h(x,) —h(z) = h(x,) — h(zo) + h(xe) — h(x)

> p(%@o) +p(I07x>
> 0,
which implies that h(z,) > h(z). So, z, # x and therefore
p(zn, ) > 0.
Moreover,

h(x,) — h(x) > p(zn, vo) + p(xo, ) > p(T,, ) > 0.

It now follows from the definition of ¢, that h(z) > ¢,, which
contradicts the fact that h(z) < ¢,. Thus, z¢ is a p-point for h.

Now suppose that (X,p) is not O-complete. So there exists a
0-Cauchy sequence (z,) in X which does not converge to a point
x € X such that p(z,x) = 0. We show that for any x € X, the
sequence (2p(z, x,)) is Cauchy in R.

For x € X, we have

p(r,2,) < p(x, Tm) + P(Tms Tn) — P(Tms Tm) < (T, Ty) + D(Tm, T)
and so
p(z,x,) — p(x, 2m) < p(Tm, Ty).
Interchanging n and m, we obtain
p(x, xm) - p(ZL’, xn) S p(l'm, xn)

Therefore,

(4.8) | p(z, 20) — p(2, Tm) |< (T, Tn).

As (z,,) is 0-Cauchy, it follows from condition (4.8) that the sequence
(2p(x, x,)) is Cauchy in R. Let g(z) be its limit. Clearly, g(z) > 0
for every © € X. Because g(z) = 0 for some z € X implies that
li_>m p(z,z,) = 0. Then,

S p<x>$n> —i—p(xn,x) _p(xmxn)
< p@,z0) + p(an, v)
— 0, as n — oo,

p(x, z)
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which gives that p(z,z) = 0. Therefore, lim p(z,z,) = p(x,z) =0, a
n—oo

contradiction.

Thus, the function g is bounded below. If zy € X, then
g(xo) —g(z) = lim 2p(xo,z,) — lim 2p(z, z,)
n—oo

n—oo

= lim [2p($07 iL‘n) - 2p(;E, xn)]
n—00
n—00

= 2p(l’0,l‘)

Interchanging zy and z, we obtain

g9(z) — g(x0) < 2p(x0, 7).
Thus,
| (o) — g(x) |< 2p(x0, 7).
Let € > 0 be a given real number. We choose ¢ = 5 such that
p(xo, x) < 6 implies | g(xg) — g(x) |<e.

So, g is uniformly continuous. Also,

%[9(%) +g(x)] = % [JE& 2p(wo, wn) + lim 2p(z, 2,)| = p(z0, ).
Now,
1 1
g(x0) — g(x) = 5 [9(w0) + g(x)] + 5 [9(w0) — 3g(x)]
(49) > p(ao,2) + = lg(z0) — 3g(2)].

2
The definition of g implies that g(z,,) — 0 as m — oco. Therefore,
39(x) < g(xo) if x = z,,, and m is large. It now follows from condition
(4.9) that g(zo) — g(x) > p(xo, z) if x = x,, and m is large. So, x, is
not a p-point for g.
U

The following corollary is the result of Weston [20].

Corollary 4.7. If the metric space (X,d) is complete then any
lower semicontinuous function X — R which is bounded below has
a d-point. If (X,d) is not complete there is a uniformly continuous
function X — R which is bounded below but has no d-point.

Proof. The proof can be obtained from Theorem 4.6 by taking p =
d. OJ
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Remark 4.8. When p and h are given, a relation can be defined
on X as follows:

<Ly if and only if h(y) — h(z) > p(z,y).
This relation “ <7 is a strict order on X. In fact, “ <7 is antisym-

metric, transitive and irreflexive.

Definition 4.9. A point zq in (X, p) is said to be a minimal point
w.r.t. < if and only if v < xg implies v = xg.

Remark 4.10. A point of X is a p-point for h if and only if it is
a minimal point w.r.t. K.

Proof. Let ¢y € X be a p-point for h. Then,
(4.10) h(zo) — h(z) < p(z,x0), for all x € X and x # xo.

Now & < x¢ implies that h(xg) — h(z) > p(x,zo). This gives that
x = xy. Because if © # xg, then by condition (4.10) it follows that

h(zo) — h(x) < p(x,z), a contradiction. Therefore, xy is a minimal
point w.r.t. <.

Conversely, let zy be a minimal point w.r.t. <. Then z < xg
implies that x = xy. That is, x < xg does not hold for all x € X with
x # xy. Therefore, h(xy) — h(z) < p(z,zo) for all x € X with = # z.
This gives that x( is a p-point for h. O

Remark 4.11. If a function f : X — X s such that it may be
possible to choose p and h so that the relation < has the property that
fx # x implies fx < x, then any p-point for h is a fized point for f.
Proof. Let ¢ € X be a p-point for h. Then,

(4.11) h(zo) — h(z) < p(z,x0), for all x € X and x # xo.

If fxg # g, then by hypothesis fry < x¢ which implies that

h(xo) — h(fxo) > p(fxo, x0),

which contradicts the condition (4.11). So, it must be the case that
fro = 9. This shows that xg is a fixed point of f. O

We now apply Theorem 4.6 and Remark 4.11 to prove Banach Con-
traction Principle in O-complete partial metric spaces .

Theorem 4.12. Let (X, p) be a 0-complete partial metric space and
let f: X — X be a mapping satisfying the following condition:

(4.12) p(fz, fy) < ap(z,y)
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forallz, y € X, where 0 < o < 1 is a constant. Then f has a unique
fized point u in X and p(u,u) = 0.

Proof. Let h(x) = Bp(fx,z), where § = — > 0 and x € X. We first

show that A : X — R is a lower semlcontlnuous function. Let y, — v

in (X, p) with p(y,y) = 0. Then, lim p(y,y,) = p(y,y) = 0. We have
n—oo

to show that
h(y) < liminf h(y,).
n—oo
By using condition (4.12), we have

h(y) = Bp(fy,y) (fY, Yn) + PWns y) — P(Yn> Yn)]

(fy,9n) + P(Yn: y)]

(fy, Fyn) + 2(fYns Yn) — P(Yns fyn) + P(Yns y)]
(fY, Fyn) + D(fYns Yn) + D(Yn, y)]

[ap(y,yn) + P(fYn, Yn) + P(Un, Y)]

Bla+1) p(y, yn) + h(yn)-

VAN VAN VAN VAN VAN

B
B
B
B
B

This gives that,
h(y) < liminf h(y,).
n—oo

Thus, h is a lower semicontinuous function on a 0-complete partial
metric space (X, p) which is also bounded below. Therefore, Theorem
4.6 ensures the existence of a p-point u(say) for h.

We now show that fr # x implies fr < .

Let fx # x. By using condition (4.12), we obtain

h(z) = h(fz) = Blp(fr.x) —p(f’z, fz)]
> Blp(fr,x) —ap(fz,z)]
= 1 —a)p(fz,z)]
= p(fz,z).
Thus f satisfies the condition that fx # x implies fr < z. By

applying Remark 4.11, it follows that the p-point u for A is a fixed
point for f in X.

For uniqueness, let v € X be another fixed point of f. Then, by
condition (4.12), we get

p(U,U> :p(fu,fv) < ap(u,v).
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Since 0 < a < 1, it follows that p(u,v) = 0 and hence u = v.

Moreover, p(u,u) = p(fu, fu) < ap(u,u) gives that p(u,u) = 0.

O

Remark 4.13. In view of Lemma 2.9 and Fxample 2.10, it follows
that every complete partial metric space is 0-complete but the converse
may not hold, in general. Thus the results of this section are obtained
under the weaker assumption that the given partial metric space is
0-complete.
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