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Abstract. We introduce the notion of m/O(X)-structures deter-
mined by operators Int, Cl and CI* on an ideal topological space (X, T,
7). By using mIO(X)-structures, we obtain a unified form of some
separation axioms containing semi-1-T;, 5-1-T;, b-I-T; (i = 0, 1, 2) and
other.

1. INTRODUCTION

In 1975, Maheshwari and Prasad [15] introduced new separation ax-
ioms semi-7j, semi-7} and semi-75. In 1990, Kar and Bhattacharyya
[13] introduced new separation axioms pre-Ty, pre-7; and pre-Ts.
Tong [27] introduced the notion of D-sets and used these sets to
introduce a separation axioms [ which is strictly between T and T7.
Borsan [2] and Caldas [3] introduced the notions of s-D-sets and a
separation axiom s-I); which is strictly between semi-7j and semi-7}.
Caldas [4] and Jafari [11] introduced independently the notions of
p-D-sets and separation axioms p-D;.
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=0, 1, 2), m-D-set, m-1-D; (i =0, 1, 2).
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In [23] and [24], the present authors introduced the notions of min-
imal structures, m-spaces, m-continuous functions and M-continuous
functions. In [19], the authors introduced and studied the notions of
m-T; spaces and m-D; spaces (i = 0, 1, 2) generalizing the notions of
T;, sT;, p-T;, D;i-spaces (i = 0, 1, 2).

The notion of ideal topological spaces were introduced in [14] and
[28]. By using b-I-open sets, 8-I-open sets and semi-/-open sets, some
separation axioms in ideal topological spaces are introduced in [1], [7]
and [26], respectively, and other papers.

In this paper, by using some results in [19], [20] and [21], we unify
and generalize several results obtained in [1], [7], [26] and [17].

2. PRELIMINARIES

Definition 2.1. Let X be a nonempty set and P(X) the power set
of X. A subfamily my of P(X) is called a minimal structure (briefly
m-structure) on X [23], [24] if § € mx and X € m.

By (X, mx), we denote a nonempty set X with an m-structure mx
on X and call it an m-space. Each member of my is said to be mx-
open (briefly m-open) and the complement of an mx-open set is said
to be mx-closed (briefly m-closed).

Definition 2.2. Let (X, mx) be an m-space. For a subset A of X
the mx-closure of A and the mx-interior of A are defined in [16] as
follows:

(1) mCl(A) ={F: ACF,X\F €mx},

(2) mInt(A) = U{U:U C A,U € mx}.

Lemma 2.1. [16] Let (X, mx) be an m-space. For subsets A and B
of X, the following properties hold:

(1) mCl(X \ A) = X \ mInt(A) and mInt(X \ A) = X \ mCIl(A),

(2) If (X \ A) € mx, then mCl(A) = A and if A € mx, then
mint(A) = A4,

(3) mC1(0) = ), mCl(X) = X, mInt()) = 0 and mInt(X) = X,

(4) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),

(5) A C mCI(A) and mInt(A) C A,

(6) mCl(mCl(A)) = mCIl(A) and mInt(mInt(A)) = mInt(A).

Definition 2.3. An m-structure my on a nonempty set X is said to
have property B [16] if the union of any family of subsets belonging to
mx belongs to mx.
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Lemma 2.2. [25] Let (X, mx) be an m-space and mx have property
B. For a subset A of X, the following properties hold:

(1) A € mx if and only if mInt(A) = A,

(2) A is mx-closed if and only if mCl(A) = A,

(3) mInt(A) € mx and mCI(A) is mx-closed.

Definition 2.4. A function f : (X,myx) — (Y, my) is said to be M-
continuous at © € X [23] if for each my-open set V' containing f(z),
there exists U € my containing = such that f(U) C V. The function
f is said to be M-continuous if it has this property at each z € X.

Theorem 2.1. [23] For a function f : (X,mx) — (Y, my), where
mx has property B, the following properties are equivalent:

(1) fis M-continuous;

(2) f~Y(V) is mx-open for every my-open set V of Y;

(3) [7UF) is mx-closed for every my-closed set F of Y;

Definition 2.5. An m-space (X, mx) is said to be

(1) m-Ty [19] if for any pair of distinct points z,y of X, there exists
an mx-open set containing = but not y or an mx-open set containing
y but not z,

(2) m-T [19] if for any pair of distinct points x,y of X, there exist
an my-open set containing x but not y and an m x-open set containing
y but not =z,

(3) m-T3 [23] if for any pair of distinct points x,y of X, there exist
mx-open sets U,V such that r e U,y € Vand UNV = (.

Definition 2.6. A subset A of an m-space (X, my) is called an m-
D-set [19] if there exist two mx-open sets U and V such that U # X
and A=U-V.

Remark 2.1. Every m x-open set different from X is an m-D-set since
we can take as follows A = U and V = ().

Definition 2.7. An m-space (X, myx) is said to be

(1) m-Dy [19] if for any distinct points x,y € X, there exists an
m-D-set of X containing x but not y or an m-D-set of X containing
y but not z,

(2) m-Dy [19] if for any distinct points z,y € X, there exist an
m-D-set of X containing x but not y and an m-D-set of X containing
y but not =z,

(3) m-Dy [19] if for any distinct points z,y € X, there exist m-D-
sets U,V of X such that r e U,y € Vand UNV = ().
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Remark 2.2. By Definitions 2.5 and 2.7, we have the following dia-
gram [19]:
m-15 = m-1T1] = m-TO

4 4 4

m-Dy = m-Di; = m-Dy

Let (X,myx) be an m-space and myx have property B. For any
subset A of X, a set A,,(A) is defined in [5] as follows: A,,(A4) =
MN{U:ACUE€mx}. Asubset Ais called a Ap,-set if A=A,,(A). It
is shown in Theorem 3.1 of [5] that the pair (X, A,,) is an Alexandorff
(topological) space. A subset A of X is said to be A,,-closed [5] if
A =UNF, where U is a A,-set and F' is an m-closed set of (X, mx).

3. IDEAL TOPOLOGICAL SPACES

Let (X,7) be a topological space. The notion of ideals has been
introduced in [14] and [28] and further investigated in [12]

Definition 3.1. A nonempty collection I of subsets of a set X is called
an ideal on X if it satisfies the following two conditions:

(1) Ae I and B C A implies B € 1,

(2) A€l and B € I implies AUB € [.

A topological space (X, 7) with an ideal I on X is called an ideal
topological space and is denoted by (X, 7,1). Let (X, 7,I) be an ideal
topological space. For any subset A of X, A*(I,7)={x € X :UNA¢
I for every U € 7(z)}, where 7(x) = {U € 7 : x € U}, is called the
local function of A with respect to 7 and I [12]. Hereafter A*(I, 1) is
simply denoted by A*. It is well known that CI*(A) = AU A* defines
a Kuratowski closure operator on X and the topology generated by
CI* is denoted by 7*.

Lemma 3.1. Let (X, 7,1) be an ideal topological space and A, B be
subsets of X. Then the following properties hold:
(1) A C B implies C1*(A) C CI*(B),
(2) CI"(X) = X and CI*(0) = 0,
(3) CI*(A) U CI*(B) C CI*(AU B).
)

Definition 3.2. Let (X, 7,1
A of X is said to be

(1) a-I-open [10] if A C Int(Cl*(Int(A))),
) semi-I-open [10] if A C CI*(Int(A)),
)
)

be an ideal topological space. A subset

pre-I-open [6] if A C Int(Cl*(A)),

(2
(3
(4) b-I-open [18] if A C Int(CI*(A)) U ClI*(Int(A)),
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) B-I-open [10] if A C Cl(Int(CI*(A))),
) weakly semi-I-open [8] if A C CI*(Int(Cl(A))),
) weakly b-I-open [18] if A C Cl(Int(CI*(A))) U CI*(Int(Cl(A))),

(
E
(8) strongly B-I-open [9] if A C CI*(Int(C1*(A))).

5
6
7
8

Among the sets defined in Definition 3.2, we have the following
relation:

DIAGRAM 1

open = a-I-open = semi-/-open = weakly semi-/-open
g 2 U
pre-I-open = b-I-open = weakly b-I-open
\ fr
strongly §-I-open = [3-I-open
The family of all a-I-open (resp. semi-I-open, pre-I-open, b-I-
open, [-I-open, weakly semi-/-open, weakly b-I-open, strongly (-1-
open) sets in an ideal topological space (X, 7, I) is denoted by alO(X)
(resp. SIO(X), PIO(X), BIO(X), BIO(X), WSIO(X), WBIO(X),
SAIO(X)).

Definition 3.3. By mIO(X), we denote each one of the families 7,
alO(X), SIO(X), PIO(X), BIO(X), SIO(X), WSIO(X), WBIO(X),
SPIO(X).

Lemma 3.2. 22| Let (X, 7,1) be an ideal topological space. Then
mIO(X) is a minimal structure and has property B.

Definition 3.4. Let (X,7,7) be an ideal topological space. For a
subset A of X, mCl;(A) and mInt;(A) as follows:

(1) mCL(A) =n{F:ACF, X\ FemlOX)},

(2) mInt;(A) = U{U : U C A,U e mIO(X)}.

Let (X, 7,I) be an ideal topological space and mIO(X) the mx-
structure on X. If mIO(X) = 7* (resp. alO(X), SIO(X), PIO(X),
BIO(X), BIO(X), WSIO(X), WBIO(X), SFIO(X)), then we have

(1) IIlClI(A) = T*C11<A) (resp. OéClI(A), SCII(A), pClI(A), bClI(A),
BCL(A), wsCli(A), wbCli(A), sBCLI(A)),

(2) mlnt;(A) = 7*Int;(A) (resp. alnti(A), slnt;(A), plnti(A),
blnt;(A), flnt;(A), wslnt;(A), wbhint;(A), sGInt;(A)).

4. SEPARATION AXIOMS IN IDEAL TOPOLOGICAL SPACES

Definition 4.1. An ideal topological space (X, 7, ) is said to be m-1I-
Ty (resp. m-I-Ty, m-I-Ty) if (X, mIO(X)) is m-Ty (resp. m-T1, m-T3).
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Then, for example, for m-I-T we have the following: an ideal topo-
logical space (X, 7, 1) is m-I-T} if for any pair of distinct points x, y of
X, there exists an m-I-open set containing x but not y or an m-I-open
set containing y but not x. Let mIO(X) be BIO(X) (resp. BIO(X)),
then for m-I-T;, we have the following definition:

Definition 4.2. An ideal topological space (X, 7,1) is said to be -
I-Ty [7) (vesp. b-1-Ty [1]) if for any pair of distinct points x,y of X,
there exists a f-I-open (resp. b-I-open) set containing x but not y or
an my-open set containing y but not x,

Lemma 4.1. [5], [19] For an m-space (X, mx), the following proper-
ties are equivalent:
(1) (X,m) is m-Ty;
(2) mCl({z}) # mCl({y}) for any pair of distinct points z,y € X;
(3) The singleton {x} is (A, m)-closed for each x € X;
(4) (X, A\y,) is Ty.

Theorem 4.1. For an ideal topological space (X, 1,1), the following
properties are equivalent:
(1) (X,7,1) is m-1-Ty;
(2) mCli({z}) # mClLi({y}) for any pair of distinct points x,y € X;
(8) The singleton {x} is (A, mI)-closed for each x € X;
(4) (X, Am[) 18 To.

Remark 4.1. If mIO(X) = SIO(X) (resp. BIO(X), 7*), by Theorem
4.1 we obtain Theorem 3.2 of [7] (resp. Theorem 5 of [1], Theorem 3.3
of [17]).

Corollary 4.1. For an ideal topological space (X, T,1), the following
properties are equivalent:
(1) (X,7,1) is pre-1-Ty;
(2) pCL({z}) # pCL({y}) for any pair of distinct points x,y € X;
(8) The singleton {x} is (A, pI)-closed for each x € X;
(4) (X, Ap]) 18 T().

Lemma 4.2. [5], [19] Let (X, mx) be an m-space and mx have prop-
erty (B). Then the following properties are equivalent:

(1) (X,mx) is m-T;

(2) for each points x € X, the singleton {x} is m-closed;

(8) The singleton {x} is a A,,-set for each x € X ;

(3) (X, Ay,) is discrete.

Theorem 4.2. For an ideal topological space (X, 1,1), the following
properties are equivalent:
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(1) (X,7,1) is m-I-Ty;

(2) for each points x € X, the singleton {x} is m-I-closed;
(8) The singleton {x} is a A, r-set for each x € X;

(3) (X, Amr) is discrete.

Proof. The proof follows from Lemma 4.2 and the fact that
mlO(X) has property B.

Corollary 4.2. For an ideal topological space (X, T,1I), the following
properties are equivalent:

(1) (X,7,1) is pre-1-Ty;

(2) for each points x € X, the singleton {x} is pre-I-closed;

(3) The singleton {z} is a Ayr-set for each x € X;

(4) (X, Ayr) is discete.

Lemma 4.3. [20] Let (X, mx) be an m-space and mx have property
B. Then the following properties are equivalent:

(1) (X, mx) 18 m-Tz,'

(2) For any distinct points x,y € X, there exists U € mx containing
z such that y ¢ mCl(U);

(8) For each point x € X, {x} = N{mCl(U) : z € U € mx},

(4) For each pair of distinct points x,y € X, there exists an M-
continuous function f of (X,mx) into an m-Ty-space (Y, my) such

that f(x) # [(y).

A function f : (X, 7,I) — (Y, 0,J) is said to be M-I-continuous if
f:(X,MIO(X)) — (Y,mJO(Y)) is M-continuous.

Theorem 4.3. For an ideal topological space (X, 1,1), the following
properties are equivalent:

(1) (X, 7,1) is m-I-Ty;

(2) For any distinct points x,y € X, there exists U € mIO(X)
containing © such that y ¢ mCl(U);

(3) For each point x € X, {x} = N{mCL(U) : x € U € mIO(X)};

(4) For each pair of distinct points x,y € X, there exists an M-I-
continuous function f of (X, 7,1I) into an m-I-Ty-space (Y, 0, J) such

that f(x) # f(y).

For example, if mIO(X) = PIO(X), by Theorem 4.3 we obtain the
following corollary.

Corollary 4.3. For an ideal topological space (X, T,1), the following
properties are equivalent:
(1) (X,7,1) is pre-1-Ty;
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(2) For any distinct points x,y € X, there exists U € PIO(X)
containing « such that y ¢ pCli(U);

(3) For each point x € X, {x} = N{pCli(U) : x € U € PIO(X)};

(4) For each pair of distinct points x,y € X, there exists a pre-1-
continuous function f of (X, 7,1I) into an pre-I-Ty-space (Y, 0, J) such
that f(z) # f(y).

Definition 4.3. An m-space (X, my) is said to be m-reqular [25] if
for each m-closed set F' and for each point x ¢ F, there exist disjoint
m~open sets U and V such that x € U and ' C V.

Definition 4.4. An ideal topological space (X, 7, 1) is said to be m-
I-reqular if for each m-I-closed set F' and for each point = ¢ F', there
exist disjoint m-I-open sets U and V such that x € U and F C V.

Lemma 4.4. [21] If an m-space (X, mx) is m-Ty and m-regular, then
it is m-T5.

Theorem 4.4. If an ideal topological space (X, 1,I) is m-I-Ty and
m-I-regular, then it is m-1-T5.

Proof. The proof is obvious by Lemma 4.4.

Remark 4.2. If mIO(X) = SIO(X) (resp. BIO(X)), by Theorem 4.4
we obtain Theorem 5.8 of [7] (resp. Theorem 27 of [1]).

For example, if mIO(X) = PIO(X), by Theorem 4.4 we obtain the
following corollary.

Corollary 4.4. If an ideal topological space (X, T,1I) is pre-I-Ty and
pre-I-reqular, then it is pre-1-T5.

Definition 4.5. An m-space (X, mx) is said to be m-symmetric [19]
if for each point z,y € X, x € mCl({y}) implies y € mCl({z}).

Definition 4.6. An ideal topological space (X, 7, 1) is said to be m-
I-symmetric if for each point z,y € X, € mCl({y}) implies y €
mCl({z}).

Lemma 4.5. [19] Let (X, mx) be an m-space, where mx has property
B. Then the following properties are equivalent:

(1) (X, mx) is m-symmetric and m-Tp;

(2) (X,mx) is m-1}.

Theorem 4.5. For an ideal topological space (X, 1,1), the following
properties are equivalent:

(1) (X,7,1) is m-I-symmetric and m-I-Ty;

(2) (X,7,1I) is m-I-Ty.
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Proof. The proof follows from Lemma 4.5 and the fact that
mlO(X) has property B.

For example, if mIO(X) = PIO(X), by Theorem 4.5 we obtain the
following corollary.

Corollary 4.5. For an ideal topological space (X, T,1), the following
properties are equivalent:

(1) (X, 7,1) is pre-I-symmetric and pre-I-Ty;

(2) (X,1,1) is pre-I-T.

Lemma 4.6. [20] Let f : (X,mx) — (Y, my) be an injective M-
continuous function and myx have property B. If (Y, my) is m-T;,
then (X, mx) is m-T; for i =0, 1, 2.

Theorem 4.6. Let f : (X,7,1) — (Y,0,J) be an injective M-I-
continuous function. If (Y,o,J) is m-J-T;, then (X, 7,1I) is m-I-T;
fori =20, 1, 2.

Proof. The proof follows from Lemma 4.6 and the fact that
mlO(X) has property B.

Remark 4.3. (1) If mIO(X) = SIO(X) and mJO(Y) = BJO(Y), by
Theorem 4.6 we obtain Theorem 3.10 for ¢ = 0 and Theorem 4.9 for 7
= 1lin [7].

(2) If mIO(X) = BIO(X) and mJO(Y) = BJO(Y'), by Theorem 4.6

for ¢ = 1 we obtain Theorem 20 of [1].

For example, if mIO(X) = PIO(X), by Theorem 4.6 we obtain the
following corollary.

Corollary 4.6. Let [ : (X,7,1) — (Y,0,J) be an injective pre-I-
continuous function. If (Y,o,J) is pre-J-T;, then (X, T,1) is pre-I-T;
fori=0,1, 2.

Definition 4.7. A subset A of an ideal topological space (X, 7,1) is

called an m-I-D-set if there exist two m-I-open sets U and V such
that U # X and A=U —V.

Definition 4.8. An ideal topological space (X, 7, 1) is said to be m-
I-Dy (resp. m-1-Dy, m-1-Ds) if (X,mIO(X)) is m-Dqy (resp. m-Dy,
m—Dg).

Lemma 4.7. [19] An m-space (X, mx) m-Dy if and only if it is m-Ty.
Theorem 4.7. An ideal topological space (X, 1,1) is m-I-Dy if and
only if it is m-1-T.
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Remark 4.4. If mIO(X) = 7, by Theorem 4.7 we obtain Theorem
3.1 of [17].

Lemma 4.8. [19]. Let (X, mx) be an m-space and mx have property
B. Then (X,mx) is m-Dy if and only if it is m-D.

Theorem 4.8. An ideal topological space (X, 1,1) is m-I-Dy if and
only if it is m-1-D.

Proof. The proof follows from Lemma 4.8 and the fact that
mlO(X) has property B.

Remark 4.5. If mIO(X) = 7*, by Theorem 4.8 we obtain Theorem
3.2 of [17].

Definition 4.9. Let (X, my) be an m-space. A point x € X is called
an m-cc-point if X is the unique m-open set that contains z.

Definition 4.10. Let (X, 7, 1) be an ideal topological space. A point
x € X is called an ml-cc-point if X is the unique m/I-open set that
contains x.

Lemma 4.9. [19]. An m-Ty m-space (X, mx) is m-Dy if and only if
it does not have any mcc-point.

Theorem 4.9. An m-I-Ty ideal topological space (X, T,I) is m-1-D;
if and only if it does not have any ml-cc-point.

Lemma 4.10. [19] Let f : (X,mx) — (Y, my) be an M-continuous
bijection and myx have property B. If (Y, m(Y")) is m-Dy, then (X, my)
is m-Dy.

Theorem 4.10. Let f : (X,7,1) — (Y,0,J) be an M-I-continusou
bijection. If (Y, 0,J) is m-J-Dy, then (X, 7,I) is m-1I-D;.

Proof. The proof follows from Lemma 4.10 and the fact that
mlO(X) has property B.

Lemma 4.11. [19] An m-space (X, mx), where mx has property B,
1s m-D1 if and only if, for each pair of distinct points x,y of X, there
exists an M -continuous surjection f of (X, mx) onto an m-Di m-
space (Y, my) such that f(z) # f(y).

Theorem 4.11. An ideal topological space (X, 7,1I) is m-I-Dy if and
only if, for each pair of distinct points x,y of X, there exists an M-
I-continuous surjection f of (X, 7,I) onto an m-J-Dy space (Y,o,J)

such that f(x) # f(y).

Proof. The proof follows from Lemma 4.11 and the fact that
mlO(X) has property B.
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