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NEW SUBCLASSES OF ANALYTIC FUNCTIONS
RELATED TO QUASI-CONVEX FUNCTIONS
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Abstract. This paper deals with the study of certain new sub-
classes of analytic functions related to quasi-convex functions in the
open unit disc £ = {z : |z] < 1}. We establish some geometric proper-
ties such as the coefficient estimates, distortion theorems and growth
theorems for these classes. The results proved earlier will follow as
special cases.

1. INTRODUCTION

Let U be the class of Schwarzian functions w(z) = Y 77, cx2F,
which are analytic in the unit disc £ = {z : |z| < 1} such that
w(0) =0, |w(2)| < 1.

By A, we denote the class of functions of the form

(1) fz) =2+ "
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which are analytic in the unit disc F and further normalized
specifically by f(0) = f’(0) — 1 = 0. The subclass of A, consisting of
functions of the form (1) and which are univalent in £, is denoted by S.

For the functions f and g analytic in F/, we say that f is subordinate
to g (symbolically f < g) if a Schwarzian function w(z) € U can be
found for which f(z) = g(w(z)). Under the assumption that g is
univalent, we have f < ¢ if and only if f(0) = ¢(0) and f(E) C g(E).
This is subordination principle.

The well known classes of starlike and convex functions are denoted
by &* and I respectively and defined as

S*:{f:feA,Re (i&g) >0,zeE}

!/ /
Kz{f:féA,Re(M) >0,zeE}.
f'(2)
The classes §* and K are related by the Alexander relation [1] as
f € K if and only if zf' € S*.

and

A function f € A is said to be in the class C of close-to-convex

!
functions if there exists a convex function A such that Re (f <Z)) >0

h'(2)
!/
Zf((?) > 0 where g = zh/ is starlike. Clearly,
z
IC C §* C C. The concept of close-to-convex functions was established
by Kaplan [3]. Subsequently, Noor [4] introduced the class C* of quasi-
convex functions as

or equivalently Re

/ /
Cr=<f:f€eA Re M >0,hel,ze E ;.
W (2)
Every quasi-convex function is convex and close-to-convex and so is
univalent. Also f € C* if and only if zf" € C.

By CZ, we denote the subclass of quasi-convex functions defined as

/ /
C::{f:fEA,Re(M) >O,g€S*,z€E}.
g(z)
This class was discussed by Singh and Singh [7]. For -1 < B < A <1,
Xiong and Liu [8] and Singh and Singh [7] studied the classes C*(A, B)
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and C¥(A, B) respectively, which are the subclasses of quasi-convex
functions defined as:

. B ' (zf'(2)) 1+ Az
C(AB)_{fjra¢ z) <1+B/heﬂzeE}
and
. B ' (zf'(2)) 1+ Az i
Q@&B)_{f.feA,g%O <1+B/ges,zeE}.

Some more subclasses of quasi-convex functions were studied by
several authors such as the classes C*(a, ) (0 < a < 1,0 < f < 1)
and C!(a, B) were studied respectively by Selvaraj and Stelin [5] and
Selvaraj et al. [6] and more recently, Singh and Singh [7] studied the
classes C*(A, B;C, D) and C!(A, B; C, D).

Using the concept of quasi-convex functions, Noor [4] intro-
duced the class Ky which includes the functions f € A such that

Re <f/EZ;> > 0 where g € C*. Obviously, C* C C C K;.
J'(z

Throughout this paper, we assume that

—1<D<B<A<C<1,2z€E.

Getting inspired by the above work, we now introduce the following
generalized subclasses of analytic functions related to quasi-convex
functions:

Definition 1 Let K;(A, B; C, D) be the class of functions f € A
which satisfy the condition

f'(z)  1+Cz
gd(z) 1+ Dz’
where g(z) = 2 + >0, biz" € C*(A, B).

The following observations are obvious:

Definition 2 Let K (A, B; C, D) denote the class of functions f € A
and satisfying the condition
f'(2) - 1+Cx
h(z) 14 Dz’
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where h(z) =z + Y 0, dyz¥ € C:(A, B).
We have the following observations:

(i) Ki(1,—-1,C, D) = Ky(C, D).

(i) £1(1,-1;1,-1) = K.

The paper is concerned with the study of the classes K1(A, B; C, D)
and (A, B;C,D). We obtain the coefficient estimates, distortion
theorems and growth theorems for the functions in these classes.
The results established earlier by various authors follow as special
cases by giving the particular values to the parameters A, B, C' and D.

2. PRELIMINARY RESULTS
14 Cuw(z)
1+ Duw(z)

[pal < (C=D)n > 1.

Lemma 2 [7] If g(z) = 2+ Y 1, byz* € C*(A, B), then for A — (n —
1)B = (TL—Q),?’L > 3a

Lemma 1 [2] If P(z) =1+ > .2, prz®, then

2n
Lemma 3 [7] If g(2) € C*(A, B), then for |z| =r < 1,
for B # —1,
A-B l 1—Br n 1+ A
rA+B2 7\ 1+ ) T 4B+
, A-B 1—r 1+ A
< <
<l < et <1+Br> TS
and for B = —1,
144 A1 , 14+ A A1
(1-4) < |g'(2) +5(A=1).

_ il < _
2r(1 + r)2+r(1 + 7‘)+27’ < 2r(l—=r)2 r(1—7r) 2r

Lemma 4 [7] If h(z) = 2+ Y, , dp2" € C:(A, B), then for A — (n —
(A-=B)(n—1)(2n —1)

d,| <1 .
|dnf <1+ =

Lemma 5 [7] If h(z) € Ci(A, B), then for |z| =7 < 1,
for B # —1, B # 0,
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Ly < |W(2)] < Lo, where
_ (B-1) 147 B-1 A} 1
YU rB+1371=Br|  |B(B+1? B|l+r

%[ A (B—l)](?—i—r)

log ’

142
"BTBBIY A1

)

CEUNCE
(1—r)%’

1+ Br
1—r

_ (B-1)
Lo = S5l

v |1+ 5-
2 B B(B+1)
and for B = —1,
A BA+1(2+7) 2(A+1)(3+3r+1r?)
1+r 21 +7)? 3(1+7)3
A BA+DE2-r) 24+1)(B-3r+12)

S‘h/(z)lg 1_7"_ 2(1—7")2 + 3(1—7‘)3

3. THE craAss Kq(A, B;C, D)

Theorem 1 Let f(z) € Ki(A, B;C, D), then for A— (n —1)B >
(n—2),n>2,

(2)
L, (n=)(A-B) (C-D)n-1)

4

1
2n n {—1_

The bounds are sharp.
Proof. In Definition 1, using Principle of subordination, we have

3) 1) = g(2) (M) () e,

1+ Dw(z)
On expanding (3), it yields
1+ 2a92 + 3a3z® + ... + na,z" ' + ...
(4)

= (142032 +3b3 2% +...4nbp 2" . ) (14pra+pez o A1 2" 1),
Equating the coefficients of z2"~! in (4), we have
(5) na, =nb, + (n — 1)p1by—1 + (N — 2)paby_s... + 2pp_2bs + pp_1.

Applying triangle inequality and Lemma 1 in (5), it gives
(6)
nla,| < nlb,| + (C — D) [(n —1)|by_1| + (n — 2)|bp_a]... + 2|ba| + 1].
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Using Lemma 2 in (6), the result (2) is obvious.
For n = 2, equality sign in (2) holds for the functions f,, defined as
(7)

fa= (1 —|—D512"> /0 (1 — 692)2 (1 +B§3zn> dz,|01| = [02] = [03] = 1.

On putting A = 1, B = —1 in Theorem 1, we obtain the following
result:
Corollary 1 Let f(z) € K;(C, D), then

(n—1)(C - D)
2

For A=1,B=—-1,C =1,D = —1, Theorem 1 coincides with the
following result due to Noor [4].
Corollary 2 Let f(z) € Ky, then

la,] <14

la,| < n.
Theorem 2 If f(z) € K,(A, B;C, D), then for |z] = 7,0 <r <1, we
have
for B # —1,

G:g:) [r(?lg)zlog (11_+€r> a +1£;)_(f+ 7")] < 17
® = Gig:) l (fllﬂg) o <11+_£;~> 0 +1BJ)F(114— r)]?
4 G:gi) { (fﬂg 1_+B;t) T +1B+)(If+ t)} dt < 17(2)]

(9) = /0 (iifﬁ) [ (fwg) lo (11+_1;s) 0 +lBJg(f11—t)} at,

and for B =

G:gi) - zrlfﬁ (1117") #5476
S
°T<1—gi [ zth% +t(1it)+2it(1_A)] w1

1+Ct 1+A A 1
2t

() = o (1+Dt (1—t)2_t(1—t)+2_t(A_1)} d.
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Estimates are sharp.
Proof. From (3), we have

(12) P =l | e | u) e
It is easy to show that the transformation
72 1+ Culz)
g (2) T 1+ Duw(z)
maps |w(z)| < r onto the circle
f'(z) 1-CDr? (C — D)r
¢(z) 1=D2%|~ (1—D*?) 2l =r.
This implies that
(13) l—C’TS‘l—i—Cw(z) _1—1—07".
1—Dr = |14 Dw(z) 1+ Dr

As g(z) € C*(A, B), so using Lemma 3 and (13) in (12), the results
(8) and (10) can be easily obtained. On integrating (8) and (10) from
0 to r, the results (9) and (11) are obvious.

Sharpness follows for the function f,, defined in (7).

On putting A = 1, B = —1 in Theorem 2, it gives the following result:
Corollary 3 Let f(z) € K,(C, D) then

G:gi) [ (1+7“) (11—1-7“)} =

<1< () [ - s

‘/T 1—Ct 2 1 ]
o \1— Dt t1+62  t1+t)] =

, 1+ Ct 1
fﬂf@”— 0(1+DJ[%1—¢ 1—0}“‘

For A=1,B=-1,C =1,D = —1, Theorem 2 coincides with the
following result due to Noor [4].
Corollary 4 Let f(z) € Ky, then

and

(1—r) (1+7r)
(1+ﬂ3_ﬁ(ﬂ (1= )
and ’ r
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4. THE cLaAss K\ (A, B;C, D)

Theorem 3 Let f(z) € K| (A, B;C, D), then for A— (n—1)B >
(n—2),n>2,

(14) lan] <1+ (n— 1)(2716;1)(14 — B) n (C— DQ)(n— 1)

{1 L (- 2)(4711;”3)(14 - B)} |

The results are sharp.

Proof. From Definition 2, using Lemma 1 and lemma 4 and following
the procedure of Theorem 1, the result (14) can be easily derived.
For n = 2, equality sign in (14) hold for the functions f,(z) defined by
(15)

1+ Coz 1402z (14 Adz2"
=t (o) [ s (s ) detal = 1ol = o = 1
0

1 + Délz" 1 — 522)3 1 + B(S?,Z

On putting A = 1, B = —1 in Theorem 3, it yields the following result:
Corollary 5 Let f(z) € K{(C, D), then
2n’+1 (C—D)(n—1)(2n* —n+3)
< + :

an In
For A=1,B=-1,C =1,D = —1, Theorem 3 gives the following
result:
Corollary 6 Let f(z) € K}, then

In
Theorem 4 If f(z) € K| (A, B;C, D), then for |z] = 7,0 <r <1, we
have

for B# —1, B # 0,
Cr 1+ Cr
(=50 sl (155 ) b

(1 —=Ct 1+Ct
< <
) <1—Dt> Lt <|() < Jy (1+Dt) L,

where
_ (B-1) 147 (B—1) A] 1
b=y 5 [m_ﬁ} Tr
1 A (B=1) 1 (247r)
+§{1+E_B(B+1)](1+r)2’
_ (B=1), |1+Br (B—1) A] 1
M—Maﬂﬁw]fr*{aﬁrﬁ—éh_r
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1. A B-112-7
+§[1+§_B(B+1) (1=
and for B = —1,

1—-Cr\[ A  BA+1@2+7r) 2A+1)(3+3r+12)
(1—Dr) {14—7’ 201+ )2 3(1+7)3 }

, 1+C0r\[ A BA+1)@2-7r) 2A4+1)B-3r+r)]
§|f(z)|§(1+Dr> [1—7"_ 212 3(1—r)° ]
»(1—=Ct A BA+1)(2+t) 2(A+1)(3+3t+1t%)

J <1—Dt> [1+t_ 2(1 +t)2 3(1+1)3 }dt
"(14+Ct A BA+1)(2—1t) 2(A+1)(3-3t+1t?)
§|f<z)|§/o(1+Dt> [1—t_ 2(1—1)? 3(1— 1) }dt'

Estimates are sharp.
Proof. Using Lemma 5 and following the procedure of Theorem 2,
the results of Theorem 4 can be easily established.
Sharpness follows for the function f,, defined in (15).
On putting A =1, B = —1 in Theorem 4, it gives the following result:
Corollary 7 Let f(z) € K|(C, D), then
1-Cr 1 42471) 403+ 3r+1?)
(1—Dr) {1%—7‘ 2(1+1)? 3(1+7r)3 }

<@l < Gig;) {1:« - ;((12::))2 4(?;(_1:?;;2)} |

(1= Ct 1 4(2+t) 4B+ 3t+t?)
Jo (1—Dt) {1+t_2(1+t)2 3(1+1)3 }dt

<t [ (o) [ - s+ 22 D

For A=1,B=—-1,C =1,D = —1, Theorem 4 gives the following
result:
Corollary 8 Let f(z) € K}, then

(1—7)(r*+3)
3(1+r)*

(1+7)(r? +3)
3(1—r)4

<|f'(2) <

and

"(1—t)(t*+3) "(1+t)(t* + 3)
/0 3(1+t)* dt§|f<z)|§/o 30— At
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