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CHARACTERIZATIONS OF COUNTABLY
pZ-COMPACT IDEAL TOPOLOGICAL SPACES

SUMIT MITTAL, B. K. TYAGI

Abstract. The concept of countably pZ-compactness is introduced
and several characterizations of this notion are obtained. It is shown
that an ideal space (X, 7,Z) is countably pZ-compact if and only if
every countable locally finite modulo 7, I € Z, family of non-ideal sets
is finite.

1. INTRODUCTION

The concept of countably compact topological spaces was intro-
duced by Fréchet in 1906. Several characterizations of this notion are
well known now. Newcomb [10] generalized the concept of compact
and countably compact spaces with respect to an ideal in a topological
space and called these spaces compact modulo an ideal or Z-compact
and countably compact modulo an ideal or countably Z-compact re-
spectively. These notions were also further studied by Hamlett, Jan-
covic and Rose [3, 4]. In this paper, we introduced the concept of
countably pZ-compact spaces using open Z-covers which is stronger
than the concept of countably Z-compact spaces. Then we obtain
some characterizations of this notion. Motivated by Bacon [1] we give
a sufficient condition for a countably pZ-compact topological space to
be pZ-compact space.
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This paper is organised as follows. Section 2 contains preliminaries.
In Section 3, the notion of countably pZ-compact spaces is introduced
and some basic properties and characterizations are obtained. The
behavior of these spaces under certain kind of mappings is also in-
vestigated. In Section 4, further characterizations of these spaces are
given.

2. PRELIMINARIES

An ideal on a set X is a nonempty collection Z of subsets of X such
that

(1)if AcZand BeZ, then AUB € Z.
(2)if BeZand AC BC X, then AeZ.

If the collection Z is also closed under countable unions, that is
“countable additive”, then Z is called a o-ideal.

If X is aset and B C X, then the collection P(B) = {AC X : AC
B} is an ideal on X. Some other examples are 7y = {A C X : A is
finite} and Z. = {A C X : A is countable}. We denote a topological
space (X, 7) with an ideal Z defined on X by (X, 7,Z) and call it an
ideal space. If (X, 7) is a topological space then it is clear that the
collections N (1) of nowhere dense subsets of X and M(7) of first
category (meager) subsets of X are both ideals on X.

A subset A of a space (X, 7) is said to be g-closed [9] if A C U
whenever A C U for every U € 7. It is clear that every closed set is
g-closed.

Given an ideal space (X,7,Z) and (Y, /) a topological space, for
any function f : X — Y, the collection 7 = {B CY | f~(B) € I}
is an ideal on Y. Moreover if f is a bijection, then the collection
f(Z)={f(I): 1 €T} is also an ideal on Y. We will use these ideals
later in Section 3.

Recall that a subset A of an ideal space (X, 7,Z) is said to be count-
ably Z-compact [4] if for any countable open cover {V,, }ae, of A, there
exists a finite set wy C w such that A \ Usew,Va € Z. The ideal
space (X, 7,Z) is said to be countably Z-compact if X is countably Z-
compact. Clearly (X, 7) is countably compact if and only if (X, 7, {0})
is countably {(}-compact and that if (X, 7) is countably compact then
(X, 7,Z) is countably Z-compact for Z = {0}.

In an ideal space (X, 7,7), a family U of open subsets of X is said
to be an open Z-cover if X \ UU € Z. Note that every open cover is
an open Z-cover for every ideal Z on X. Nestor [12] introduced the
concept of pZ-compact spaces.
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Definition 1. An ideal space (X, 1,7Z) is said to be pZ-compact if for
any open L-cover {U,}, there exists a finite Z-subcover, that is, a finite
subcollection {Uy,, 11 =1,2,...,m} such that X \ U",U,, € T.

In Section 4, we generalized the notion of Z-paracompact spaces to
characterize the countably pZ-compact spaces.

Definition 2. [5] An ideal space (X, 1,7T) is said to be Z-paracompact
or paracompact with respect to an ideal if every open cover U of X has
a locally finite open refinement V such that X \ UV € T.

If (X,7) is a topological space and A C X, then A will denote the
closure of A in (X, 7).

3. COUNTABLY pZ-COMPACT SPACES

Definition 3. If (X, 7,7) be an ideal space and A C X, then A is said
to be countably pZ-compact if for any countable family {Vy}aew of open
subsets of X such that A\ Uneo, Vo € Z, there exists a finite set wy C w
such that A\ Unew, Ve € I orin other words, if for any countable open
Z-cover, there exists a finite Z-subcover. The ideal space (X,7,7T) is
said to be countably pZ-compact if X is countably pZ-compact.

Clearly (X, 7) is countably compact if and only if (X,7,{0}) is
countably p{0}-compact and that if (X, 7,7) is countably pZ-compact
then (X, 7,Z) is countably Z-compact.

Example 4. If X = [0,400), 7 = {0, X} U {(r,00) | r > 0} and
T = Iy then the ideal space (X, T,T) is countably Z-compact but not
countably pZ-compact as the open T-cover U = {(1/n,00) | n € N}
does not have any finite Z-subcover.

Hamlett [2] introduced the notion of Z-Lindeldf ideal topological
spaces. An ideal space (X,7,7) is said to be Z-Lindelof if for any
open cover of X, there exists a countable Z-subcover. It is known that
a countably compact space is compact if and only if it is Lindelof. We
give a more general result in countably pZ-compact spaces.

Theorem 5. If an ideal space (X, 7,Z) is countably pZ-compact and
Z-Lindeldf, then (X, 1,7T) is an Z-compact space.

Proof. Suppose {V,}acr be any open cover of X, then X being an
Z-Lindeldf space, there exists a countable subcover {V,, }4e. such that
X \ UnewVa € Z and since X is countably pZ-compact, there exists a
finite set wy C w such that X \Uyew, Ve € Z. Hence X is an Z-compact
space. O
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Levine [9] and Jafari [7] defined the concept of g-closed sets and
Zg-closed sets, respectively and it is showed that every g-closed set is
Zg-closed. Nestor [13] introduced the concept of pZg-closed subsets.

Definition 6. [13] A subset A of an ideal space (X, 7,T) is said to be
pZLg-closed set if for every U € 7, A\ U € T implies A\ U € T.

Note that every g-closed set is a pZg-closed set and every pZg-closed
set is Zg-closed set. In [4] it is showed that a closed subspace of a
countably Z-compact space is countably Z-compact. More generally,
we have the following result.

Theorem 7. If an ideal space (X, 7,T) is countably pZ-compact and
A C X s pLg-closed, then A is countably pZ-compact.

Proof. Let {V,}aco be a countable family of open subsets of X such
that A \ UseoVi € Z. Since A is pZg-closed, so by definition A \
UaewVa € Z. Then X\ {(X\ A)U(UaewVa)} = A\ UqseuVa € Z. Given
that X is countably pZ-compact, there exists a finite set wy C w such
that X \ Unew,Va € Z or X \ {(X \ A) U (Unew,Va)} € Z.

In any case A\ Ugcw,Va € Z and since A\ UpewyVa € A\ Uncwo Vas
we have A\ Uyew,Va € Z and thus A is countably pZ-compact. O

Theorem 8. If A and B are countably pZ-compact subsets of an ideal
space (X, 7,T) then AU B is countably pZ-compact.

Proof. Let {V,}ac., be a countable family of open subsets such that
(AU B) \ Upew Vo, € Z. This implies that A \ UpewVa € Z and B\
UaewVa € T and there exists finite sets w; C w and wy C w with
A\ Upew,Va € Z and B\ Upew, Vo € Z. Then A\ Unew,uw, Va € Z and
B\ Usew,uw,s Vo € Z and hence (AU B) \ Upewuw, Va € Z. O

If (X, 7,7) is an ideal space, we denote by 7*(Z), the topology on X
generated by the basis (Z,7) = {U\I : U € 7,1 € Z} [8]. When there
is no ambiguity we will simply write 7* for 7%(Z) and 3 for 5(Z, ).
When 7% = 3, that is when ( is a topology, we say that the topology 7
is simple with respect to Z or just simple when no ambiguity is present
since all the 7*-open sets are of simple form, that is, V' € 7" means
V=U\IforsomeU €7and I €Z. As (Z,7) = B(Z,7*), we have
7 is simple if and only if 7* is simple.

A condition which implies 7 is simple is the following: Given a
space (X, 7,7), Njastad [11] defines the ideal Z to be compatible with
7, denoted Z ~ 7, if A C X and if for every x € A there exists a
U € 7(x) such that UN A € 7 then A € Z. It is known that in any
space (X, 7), the ideals N'(7) and M(7) are compatible.
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Theorem 9. Let (X, 7,Z) be an ideal space.
(1) If (X,7*) is countably pZ-compact, then (X,T) is countably
pL-compact.
(2) If T 1s simple and (X, T) is countably pZ-compact then (X, 7*)
15 countably pZ-compact.

Proof. 1. The result is immediate from the observation that 7 C 7*.

2. Let {V,, : n € w} be a 7"-open Z-cover of X. For every V,, in the
cover, there exists U, € 7 and I,, € Z such that V,, = U, \ I,. Now
{U,, : n € w} will be a 7-open Z-cover and hence there exists a finite
subcollection {U,, : i = 1,2,...,m} such that X \ U,U,, = I € Z.
Now we have X \ U™V, C TU (U™, 1,,) € L. O

Corollary 10. Let (X,7,Z) be a space with T ~ 7. Then (X, T) is
countably pZ-compact if and only if (X, %) is countably pZ-compact.

A collection { A, : @ € A} of subsets of X with an ideal Z on X is said
to have the finite intersection property modulo Z or Z-FIP if for every
finite subcollection {A,, : 1 =1,2,...,m}, we have N*, A,, ¢ Z. The
following theorem contains some useful characterizations of countable
pL-compactness.

Theorem 11. Let (X, 7,Z) be an ideal space. Then the following are
equivalent.

(1) (X, 1) is countably pZ-compact space.

(2) For every countable family {F, : n € w} of closed sets such
that N, F,, € I, there exists a finite subfamily {F,, : i =
1,2,...,m} such that "*\ F,. € T.

(3) For every countable family {F, : n € w} of closed sets with
I-FIP, N, F, ¢ T.

Proof. (1) = (2). Let {F, : n € w} be a countable collection of
closed sets such that N°,F,, € Z. Then {X \ F, : n € w} is a
countable open Z-cover of X, so there exists a finite subcollection
{X\ F,, :i=1,2,...,m} such that X \ U™, (X \ F,,) € Z which
implies N2, F,, € 7.

(2) = (3) These are contrapositive implications.

(3) = (1) Let {U, : n € N} be a countable open Z-cover of X,
that is X \ U2 U, € Z. Then {X \ U, : n € N} is a countable
collection of closed sets such that N7, (X \ U,) € Z. By hypothesis
this family does not have the property Z-FIP and so there exists a
finite subcollection {U,, : i = 1,2,...,m} such that N, X \ U, € Z.
Hence X is countably pZ-compact space. ([l
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Now we study the behavior of countably pZ-compact spaces under
certain types of maps.

Theorem 12. If (X, 7,7) is countably pZ-compact space, f: (X, T) —
(Y, ) be a continuous map and if J ={B CY | f~Y(B) € Z}. Then
(Y, 3,T) is countably pJ -compact.

Proof. Let {V,}aecw be a countable family of open subsets of Y such
that Y\ Use, Vo € J. Since f7HY \UsewVa) = X \Uaewf1(Va) € T,
the countable family {f~!(V,)} is an open Z-cover of X. So there
exists a finite set wy C w such that f7'Y \ UsewVa) = X \
Unewo S 1 (V) € Z which implies that ¥\ UpewVa € T - O

Theorem 13. If (X, 7,Z) is countably pZ-compact, f : (X,7) —
(Y, B) is a continuous bijection, then (Y, B, f(Z)) is countably pf(I)-
compact.

Proof. Let {V,}acw be a countable family of open subsets of Y such
that Y\UaEwVa € f(I) Then f_l(Y\UozEonc) = X\Uawa_l(Va) S 7
so there exists a finite set wy C w such that X \ Upew,f (Vo) €
Z. Thus Y \ UnewoVa C f(X \ Unewo /' (Va)) € f(Z). Hence Y is
countably pf(Z)-compact. O

If f: X — Y is an injective map and J is an ideal on Y, then the
collection f~1(J) ={f"Y(J) | J € J} is an ideal on X.

Theorem 14. If f : (X,7) — (Y, ) is an open bijective map and
(Y, 3,T) is countably pJ -compact space then (X, 7, f~1(J)) is count-
ably pf~(J)-compact.

Proof. Suppose {V, }aecw be a countable family of open subsets of X
such that X \ UaewVo € f71(J). Then there exists J € J with
X\ UaeoVo = f7HI). So Y\ Upeuf(Va) = f(fTH(]) =T €T
and since (Y, 3, J) is countably pJ-compact, there exists a finite set
wo C w with f(X \UacwyVa) = Y \Uacwo f(Va) € J. This implies that
X\ UnewVa € FHT). O

4. CHARACTERIZATION OF COUNTABLY pZ-COMPACT SPACES

Bacon [1] gave a sufficient condition for a countably compact topo-
logical space to be compact space. We generalize this result to char-
acterize the countably pZ-compact spaces. A property L-Z is defined
which is sufficient condition for a countably pZ-compact space to be a
pL-compact space.

In this section, the closure of A will be denoted by A~, for any
subset A C X.
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Definition 15. Let D and &£ be the collections of subsets of a space
X. We say that D is weakly cushioned modulo T in & if there is a
function f : D — &£ such that if G is a countable subcollection of D
and for each G € G, x¢ is a point of G, then {x¢: G € G} "\ f(G) € L
and for any finite subcollection H of G, UH C Uf(H).

Let € be a subcollection of subsets of X, then w(€) denote the
collection of all countable (finite or infinite) unions of members of £.

Definition 16. An ideal space (X,7,Z) is said to have property L-
T if whenever £ is an open I-cover of X, there is a sequence Dy,
Ds ... such that for each n, D, is a collection of subsets of X weakly
cushioned modulo T in w(€) and X \U{U : U € €} C X\ U, D, €Z
and UD,, N I is finite for all I € T.

Theorem 17. Every countably pZ-compact space is pL-compact if it
has the property L-T.

Proof. Suppose X is countably pZ-compact space with property L-Z
and £ is an open Z-cover of X. Let Dy, D, ... be a sequence such that
for each n, D, is a collection of subsets of X such that X \U{U : U €
£} C X\UZ, € Z, where Z,, = U{G : G € D,} with Z, NI being
finite for each I € Z and for each n, D, is weakly cushioned modulo
Z in w(€). For each n, let f, : D,, — w(€) be a function such that if
G is a countable subcollection of D,, and xg € G for each G € G, then
{zg : G € G}~ \Ufn(G) € T and for any finite subcollection H of G,
UH CUfn(H).

Suppose that for some n, Z, is not a subset of any element in w(€).
Let {z1,...,2,} is a subset of Z, and for each i € {1,...,n}, G; is
an element of D,, that contains x;. Define 4, = U, f,(G;). Since
Ay, € w(E), there is a point xy1 in Zn \ Ay. Let Gpyq be an element
of D,, that contains x;1. Since Uf;lGi is a subset Ay, G is not in
{G4,...,Gi}. By induction there exist sequences (z,,), (Gx) and (Ax)
such that for each k, Gy is an element of D,, different from G; where
J#£k, pisin Gp,NZ,, Ay, = U f,.(G)) and 2441 € Z, \ Ag. Define
B = (X\{z1,25...}7)N(UE). As D, is weakly cushioned modulo Z in
w(&), {x1,z2, ...} \ U, fu(Gr) = {x1,22,...}” \ U Ax € Z. Since
X\UE eI, X\ {B,A,,...} €T which implies that {B, A;,...} is a
countable open Z-cover of X and X being a countably pZ-compact
space, there will be some k such that X \ B U A, € Z. Since
ki1, Tkto, ... are infinite number of elements of 7, contained in a
member of Z, we arrive at a contradiction. Hence each Z,, is contained
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in some element of w(€) and {Z;, Z, ...} is a countable Z-cover of X
contained in £. Hence X has a finite Z-subcover of X. 0J

Definition 18. A topological space X is said to be pZ-isocompact if
every closed countably pZ-compact subset of X is pZ-compact.

Theorem 19. If an ideal space (X,7,T), where I is a o-ideal, is the
union of a countable collection of closed pL-isocompact subsets then X
15 pL-isocompact space.

Proof. Suppose X = U, F;, where each F; is closed and pZ-
isocompact. Let M be a closed countably pZ-compact subset of X
and G be an open Z-cover of M, that is M \ UG € Z. For each i,
M N F; is a closed countably pZ-compact subset of F; which implies
that M N F; is pZ-compact. So there exists a finite Z-subcover H;
of M N F; that is M N F; \ UH; € Z. Then U2, H; is a countable
open Z-cover of M and so contains a finite subcollection that covers
M modulo 7. UJ

A subset A of X is said to be a non-ideal set if A ¢ Z. Tt is
known that a space X is countably compact if and only if locally
finite collections of nonempty subsets of X are finite. Here we prove
a theorem which has this known fact as a corollary.

Definition 20. Let (X,7,Z) be a space and I € Z. A family A of
subsets of X is said to be locally finite modulo I if for each v € X \ I,
there exists U € T(x) such that U intersects with at most finite number
of elements in A.

Every locally finite family is locally finite modulo I for every I € 7.

Theorem 21. Let (X, 7,Z) be an ideal space. Then X is countably
pL-compact if and only if for any I € T and any countable locally finite
modulo I family of non-ideal sets in X is finite.

Proof. Let (X, 7,Z) be a countably pZ-compact space and {A, : n €
N} be a countable locally finite family of non-ideal sets modulo I € 7.
For every n € N, define B,, = U° A;. Then B,;; C B, and B, ¢ Z
for every n. Let © € X \ I, then there exists U € 7(z) and j € N such
that U N A; = ) for every i > j. Therefore UN B; = () and x ¢ B;.
This shows that N, B, C I € Z. And by Theorem 11, we have a
finite subcollection such that N, B, € Z. Choosing k € N such that
k > max{ny,...,ny,}, we have

By C ﬂ?lle - m;‘ilgnr
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This implies By € Z which is a contradiction.

Conversely, assume that X is not a countably pZ-compact space.
Then there exists a countable family of open sets {U,, : n € N} such
that X \ U2,U,, € T and for any finite set ' C N, X \ Upe Uy, ¢ Z.
Let A, = X \ Up_Ux. Then A, ¢ Z, A,;1 C A, and N2, A4, =
X\UX Uy, =1¢€Z Let x € X\ I, since each A, is closed, there
exists U € 7(x) and m € N such that U N A, = 0 for every n >
m. From this we conclude that {4, : n € N} is countably infinite
locally finite modulo I € Z family of non-ideal sets which leads to a
contradiction. 0J

For Z = {0}, the Theorem 21 reduces to the following well known
result [6].

Corollary 22. A space X s countably compact if and only if every
locally finite family of nonempty sets in X is finite.

Definition 23. An ideal space (X, ,Z) is said to be paracompact mod-
ulo T if each open I-cover U of X has an open Z-cover V which is
locally finite refinement modulo I = X \ UU € T.

Note that for any space (X, 7,7Z), the following implications hold:
paracompact modulo Z = Z-paracompact < paracompact.

Theorem 24. Let (X, 7,Z) be paracompact modulo T space with T N
7 = {0}. Then X is countably pZ-compact if and only if X is pZ-
compact.

Proof. Assume that (X,7,Z) is a countably pZ-compact and para-
compact modulo Z space. Let U be an open Z-cover of X, then
U has an open Z-cover V which is locally finite refinement modulo
I'=X\UY eZ. Since X is countably pZ-compact and Z N7 = {0},
by Theorem 21, the family V is finite. Hence we can say that X is
pL-compact. 0

A space (X, 7) is a Baire space if and only if M(7)N7 = {0}, where
M (1) denotes the o-ideal of meager (first category) subsets of X.

Corollary 25. Let (X, 7, M (7)) be a Baire paracompact modulo M (T)
space. Then X is countably pM (T)-compact space if and only if X is
pM (T)-compact space.

Acknowledgement. The first author acknowledges the fellowship
grant from Council of Scientific € Industrial Research, India.



150

[1]

2]

[13]

S. MITTAL, B. K. TYAGI

REFERENCES

P. BacoN, The Compactness of Countably Compact Spaces, Pacific
J. Math., 32 (1970), pp. 587-592.

T. R. HAMLETT, Lindel6f With Respect to an Ideal, New Zealand J.
Math., 42 (2012), pp. 115-120.

T. R. HAMLETT AND D. JANKOVIC, Compactness With Respect to an
Ideal, Boll. Un. Mat. Ital. B (7), 4 (1990), pp. 849-861.

T. R. HAMLETT, D. JANKOVIC, AND D. ROSE, Countable Compactness
With Respect to an Ideal, Math. Chronicle, 20(1991), pp. 109-126.

T. R. HAMLETT, D. ROSE, AND D. JANKOVI¢, Paracompactness With
Respect to an Ideal, Internat. J. Math. Math. Sci., 20(1997), pp. 433—442.
R. Engelking, General Topology, PWN, WARSZAWA (1977)

S. JAFARI AND N. RAJESH, Generalized Closed Sets With Respect to
an Ideal, Eur. J. Pure Appl. Math., 4(2011), pp. 147-151.

D. JanNkovi¢ AND T. R. HAMLETT, New Topologies From Old via
Ideals, Amer. Math. Monthly, 97(1990), pp. 295-310.

N. LEVINE, Generalized Closed Sets in Topology, Rend. Circ. Mat.
Palermo (2), 19(1970), pp. 89-96.

R. L. NEwcowmB, JRr, Topologies Which Are Compact Modulo An
Ideal, ProQuest LLC, Ann Arbor, MI, 1968. Thesis (Ph.D.)-University of
California, Santa Barbara.

O. NJjAsTaD, Remarks on Topologies Defined by Local Properties,
Avh. Norske Vid-Akad. Oslo I (N.S.), 8(1966), p. 16.

N. PacH ET AL., New Forms of Strong Compactness in Terms of
Ideals, International Journal of Pure and Applied Mathematics, 106 (2016),
pp. 481-493.

N. R. PAacHON, Between Closed and ig-closed Sets, European Journal
of Pure and Applied Mathematics, 11(2018), pp. 299-314.

SUMIT MITTAL

University of Delhi,

Deparment of Mathematics,

New Delhi, India 110007

e-mail: sumitmittall105@gmail.com

B. K. TYAGI

Atma Ram Sanatan Dharma College,
Department of Mathematics,
University of Delhi,

New Delhi, India 110021

e-mail: brijkishore.tyagi@Qgmail.com



