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A NEW TYPE OF REGULAR SPACE VIA FUZZY
PREOPEN SETS
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Abstract. In this paper we introduce a new closure-like opera-
tor in fuzzy topological spaces, via fuzzy preopen sets. Then mutual
relationships of this operator with several closure operators in fuzzy
topological spaces, studied in [2, 3, 4, 6, 7, 8, 11, 12] are established.
The newly introduced operator is idempotent in fuzzy spaces satisfy-
ing some regularity property with respect to this operator, but it is not
idempotent in general. Some characterizations of the new operator via
nets are given in the last section.

1. INTRODUCTION AND PRELIMINARIES

After the introduction of the notion of fuzzy closure operator by
Chang in 1968 [9], various types of fuzzy closure-like operators have
been introduced and studied. In this context we have to mention
2, 3, 4,6, 7,8, 11, 12, 13]. In this paper, a new type of closure-
like operator is introduced and studied which is not an idempotent
operator.
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pe-convergence of a fuzzy net.

(2010) Mathematics Subject Classification: 54A40, 54D99,
03ET2.

97



98 ANJANA BHATTACHARYYA

This new operator commutes with union but not with intersection.
Throughout the paper, by (X, 7) or simply by X we mean a fuzzy
topological space (fts, for short) in the sense of Chang [9]. A fuzzy set
A is a function from a non-empty set X into a closed interval I = [0, 1],
i.e., A € I’X [15]. The support of a fuzzy set A in X will be denoted by
suppA [15] and is defined by suppA = {x € X : A(z) # 0}. A fuzzy
point [14] with the singleton support € X and the value ¢t (0 <t < 1)
at x will be denoted by x;. 0x and 1x are the constant fuzzy sets taking
values 0 and 1 in X respectively. The complement of a fuzzy set A in
X will be denoted by 1x \ A and is defined by (1x\ A)(z) = 1— A(z),
for all € X [15]. For two fuzzy sets A and B in X, we write A < B
if and only if A(x) < B(xz), for each z € X, and A¢gB means A is
quasi-coincident (qg-coincident, for short) with B if A(x) + B(z) > 1,
for some x € X [14]. The negation of these two statements will be
denoted by A £ B and A¢B respectively. clA and intA of a fuzzy set
A in X respectively stand for the fuzzy closure [9] and fuzzy interior [9]
of Ain X. A fuzzy set A in X is called fuzzy regular open [1] (resp.,
fuzzy semiopen [1], fuzzy preopen [13], fuzzy [-open [10], fuzzy ~-
open [5]) if A =intclA (resp., A < clintA, A <intclA, A < clintclA,
A < (intclA)|J(clintA)). The complement of a fuzzy semiopen (resp.,
fuzzy preopen, fuzzy [-open, y-open) set is called a fuzzy semiclosed
[1] (resp., fuzzy preclosed [13], fuzzy p-closed [10], v-closed [5]) set.
The smallest fuzzy semiclosed (resp., fuzzy preclosed, fuzzy [(-closed,
fuzzy ~-closed) set containing a fuzzy set A is called fuzzy semiclosure
[1] (resp., fuzzy preclosure [13], fuzzy [-closure [10], v-closure [5]) of
A and is denoted by sclA (resp., pclA, pelA, ~velA). The collection
of all fuzzy regular open (resp., fuzzy semiopen, fuzzy preopen, fuzzy
B-open, fuzzy y-open) sets in an fts X is denoted by FRO(X) (resp.,
FSO(X), FPO(X), FBO(X), FyO(X)) and that of fuzzy semiclosed
(resp., fuzzy preclosed, fuzzy [-closed, fuzzy v-closed) sets is denoted
by FSC(X) (resp., FPC(X), FPC(X), FyC(X)).

2. Fuzzy p°~-CLOSURE OPERATOR: SOME PROPERTIES

In this section we introduce fuzzy p°-closure operator using fuzzy
preopen set as a basic tool. It is not an idempotent operator and this
operator is characterized via fuzzy open sets.

Definition 2.1. A fuzzy point z; in an fts (X, 7) is called a
fuzzy p°-cluster point of a fuzzy set A in an fts X if clUqA for every
U € FPO(X) with z:qU.
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The union of all fuzzy p®-cluster points of A is called fuzzy p°-closure
of A, to be denoted by [A]¢. A is called fuzzy p®closed set if A = [A]7.
The complement of a fuzzy p°-closed set in an fts X is called fuzzy
p-open set in X.

Note 2.2. It is clear from definition that for any A € I¥,
pclA < [A]5. But the converse is not necessarily true, as the following
example shows.

Example 2.3. z; € [A]5, but z; & pclA, for any A € I*
Let X = {a,b}, 7 = {0x,1x, A} where A(a) = 0.5, A(b) = 0.4.
Then (X,7) is an fts. Here FPO(X) = {0x,1x,U,V} where
U<AVZ1x\Aand FPO(X) = {0x,1x,1x \ U, 1x \ V} where
Ix\U > 1x\ A, 1x\V 2 A. Now consider the fuzzy set B defined by
B(a) = B(b) = 0.45 and the fuzzy point agg. Here pclB = B # agg.
Now agsqU; € FPO(X) where 0.4 < Uy(a) < 0.5,U;(b) < 0.4 or
apeqVy € FPO(X) where V; £ 1x \ A, 0.4 < Vi(a) < 0.5, V4(b) > 0.6
or apeqVe € FPO(X) where Vi(a) > 0.5,Va(b) > 0. Then
Uy = (1x \ A)gB, clVi = clVa = 1xqB. Then ags € [BIS.

The following theorem shows that under which condition fuzzy
preclosure and fuzzy p°-closure operators coincide on the family of
fuzzy open sets.

Theorem 2.4. For a fuzzy open set A in an fts X, pclA = [A]7.

Proof. By Note 2.2, it suffices to show that [A]5 < pclA for
every fuzzy open set A in X. Let A € 7. Then A € FPO(X).
If possible, let z; & pclA. Then there exists V. € FPO(X),
gV, Vo gA =V < 1x \ A where 1x \ A is fuzzy closed set in X.
Therefore, clV < cl(1x \ A) = 1x \ A = clV A = z; ¢ [A];. Hence
the proof.

The next theorem characterizes fuzzy p°-closure operator of a fuzzy
set in an fts X.

Theorem 2.5. For any fuzzy set A in an fts (X, 7),
[Als = (W[U]; : U is fuzzy open set in X with A < U}.

Proof. Clearly left hand side is < right hand side.
Assume that there exists a fuzzy point z; that belongs to the right
hand side but does not belong to the left hand side. Then there
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exists V € FPO(X) with 2,¢V and clVgA = A < 1x \ V(€ 7). By
hypothesis, z; € [1x \ clV]s. But as clVq(1x \ clV), zy & [1x \ clV];,
a contradiction.

Remark 2.6. From Theorem 2.4 and Theorem 2.5, we conclude
that [A]¢ is fuzzy preclosed set in X for any A € I,

Theorem 2.7. In an fts (X, 7), the following statements are
equivalent :
(a) Ox and 1x are fuzzy p°-closed sets in X,
(b) For any two fuzzy sets A, B in X with A < B we have [A]7 < [B]f,
(c) For any two A, B € I*, [A|J BJS = [A]5 U[BS,
(d) For any two A, B € I*, [AN BJ, < [A]5N[B]S; here the equality
does not hold in general, as follows from the next example,
(e) The union of any two fuzzy p°-closed sets in X is also so,
(f) The intersection of any two fuzzy p°-closed sets in X is also so.

Proof. (a) and (b) are obvious.
(c) By (b), we can write, [A]5 J[B]; < [A BJ;.
To prove the converse, let x; € [A|J BJ5. Then for any U € FPO(X)
with x,qU, clUq(A|JB). Then there exists y € X such that
(clU)(y) + maz{A(y), B(y)} > 1 = either (clU)(y) + A(y) > 1 or
(clU)(y) + B(y) > 1 = either clUqA or clUqB = either z, € [A]5 or
vy € [BlS = x, € [A]°U[B]5.
(d) It follows from (b).
(e) It follows from (c).
(f) From (d), we have [A( Bl5 < [A]f ([B]; for any two fuzzy sets
A BeX.
Conversely, let A, B be two fuzzy p°-closed sets in X. Then
[Als = A, [Bls = B. Let o, € [A;N[Bl; = ANB < [ANB]; =

[AlEN[BlS < [AN B 8

Example 2.8. Let X = {a,b}, 7 = {0x,1lx,A, B} where
A(a) = 0.5, A(b) = 0.6, B(a) = 0.3, B(b) = 0.5. Then (X, 7) is an fts.
Here FPO(X) = {0x,1x,U,V} where 0.3 £U(a)

/<0.7,U(b) = 0.5, V £ 1x \ A. Consider two fuzzy sets C' and D
defined by C(a) = 0.4,C(b) = 0.1, D(a) = 0.1, D(b) = 0.6 and the
fuzzy point agg. We claim that agg € [C]5([D]s, but ags & [C' () DI,
Now agsqT € FPO(X) where 0.2 < T'(a) < 0.5,7(b) > 0.5. Then
clS = 1x \ B or ¢lS = 1x according as S(b) = 0.5 or S(b) > 0.5
and clT = 1x. So clSqC,clSqD, dTqC, clTqD = aps € [Cl5,a0s €
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[DI5 = aos € [C];N[D]5. Let E = C(\D. Then E(a) = E(b) = 0.1.
Then clS 4E where S(a) = 0.3,5(b) = 0.5 = ags & [E]; = [C) DI,

Note 2.9. In fact, intersection of any collection of fuzzy p“-closed
sets in an fts (X, 7) is also fuzzy p°~closed in X. So we can conclude
that fuzzy p°-open sets in an fts (X, 7) form a fuzzy topology 7, (say)
which is coarser than fuzzy topology 7 of (X, 7).

Note 2.10. The next example shows that fuzzy p°-closure operator
is not an idempotent operator.

Example 2.11. Let X = {a,b},

T {0x,1x,A} where
Ala) = 04,A0) = 0.5. Then (X
B
S

T) is an fts.  Here
V£ 1x \ A. Con-
(b) = 0.4 and the fuzzy

laosls, aos € [Bl5, ie.,

FPO(X) = {0x,1x,U,V} where U <
sider the fuzzy set B defined by B(a) =
points ags and ag7;. We claim that agr
[ao7]; € [[aos]pls, but agr & [Bl;,.

Now a0_7qU1 € FPO(X) where 0.3 < U1(CL) < 04, Ul(b) < 0.5.
Then clU; = (1x \ A)gaos. Also aprqVy € FPO(X) where
0.3 < Vi(a) < 0.6,Vi(b) > 0.5 and aprqVa € FPO(X) where
Va(a) > 0.6,V(b) > 0. Then clVi = clVy = 1xqags. So agr € [ags];.
Now agsqV3 € FPO(X) where 0.5 < Vs(a) < 0.6,V3(b) > 0.5,
also apsqVy € FPO(X) where Vi(a) > 0.6,V4(b) > 0. Then
Vs = clVy = 1xqB = aps € [B];. Now ag7qUs; € FPO(X) where
UQ((I) = O31,U2(b) = (0. But CZUQ = (1X \ A) /QB = Qg7 € [B];, i.e.,
01 € laosl; € (B, but aos & [Bl; = (B ¢ (Bl

pip p

Result 2.12. We conclude that z; € [yy[; does not imply y» € [2]5
where x4,y (0 < t,t' < 1) are fuzzy points in X as shown from the

following example.

Example 2.13. Let X = {a,b}, 7 = {0x, 1x, A, B} where A(a) =
0.5, A(b) = 0.4, B(a) = 0.7, B(b) = 0.5. Then (X, 7) is an fts. Here
FPO(X) ={0x,1x,U,V} where 0.3 < U(a) < 0.5,U(b) < 0.4,V £
1x \ A. Now consider two fuzzy points ag; and byg. We claim that
ap1 € [bo‘ﬁl];, but b0_61 g [aghl];. Now ao.lq‘/l S FPO(X) where
Vi(CL) > 09,‘/1(6) > 0. Then clV; = 1qu0.61 = Qp1 € [bO.Gl]; Now
60‘61QU1 € FPO(X) where Ul(a) = Ul(b) = 0.4. But ClUl = (1x\A) /
qag.1 = boer & a0l
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3. MUTUAL RELATIONSHIPS

In this section we establish the mutual relationship of this newly
defined operator with the operators defined in [2, 3, 4, 6, 7, 8, 11, 12].

Definition 3.1. A fuzzy point z; in an fts (X,7) is called

fuzzy O-cluster point [12] (resp., fuzzy J-cluster point [11], fuzzy
s*-cluster point (3], fuzzy p*-cluster point [4], fuzzy [*-cluster point
2], fuzzy ~*-cluster point [6], fuzzy s°-cluster point [7], fuzzy [°-
cluster point [8]) of a fuzzy set A in X if for every U € 7 (resp.,
U € FROX), U € FSOX), U € FPO(X), U € FpO(X),
F~O(X), U € FSO(X), U € FPO(X)) with x:qU, clUqA (resp.,
UqA, sclUqA, pclUqA, BclUqA, vclUqA, clUqgA, clUgA).
The union of all fuzzy 6-cluster (resp., fuzzy d-cluster, fuzzy s*-cluster,
fuzzy p*-cluster, fuzzy [*-cluster, fuzzy ~*-cluster, fuzzy s®-cluster,
fuzzy p-cluster) points of a fuzzy set A is called fuzzy 6-closure [12]
(resp., fuzzy d-closure [11], fuzzy s*-closure [3], fuzzy p*-closure [4],
fuzzy p*-closure [2], fuzzy ~*-closure [6], fuzzy s-closure [7], fuzzy
B-closure [8]) of A, denoted by [A]y (resp., [Als, [Als, [Aly, [A]s, [4]5,
A, [AT9).

Note 3.2. It is clear from definitions that for any fuzzy set A in
an fts (X, 1),

(i) [A], € [A]5 C [Alp, again [A]g, [A]§, [A], C [A];, but the reverse
implications are not necessarily true, as the following examples show,
(ii) [A]s, [A]s, [A]¢ are independent concepts of [A]f.

Example 3.3. z, € [A]7, but z; & [A],, [A],
Consider Example 2.3. Here apg € [B]. Now ageqU; € FPO(X)
where Uy(a) = 0.41,U;(b) = 0. But pclUy = Uy 4B = aps € [B],-
Again ag6qA € FyO(X), but velA = A 4B = aps & [B],.

Example 3.4. z, € [A]5, but z; ¢ [A],, [A]S
Consider Example 2.3 and the fuzzy set D defined by
D(a) = D(b) = 0.3 and the fuzzy point bys. Then by5¢V € FPO(X)
where V(a) > 0.5,V(b) > 0.5 or V(a) < 0.5,V (b) > 0.6. Then
cdV = 1XqD = bys € [D]ZC) Now FSO(X) = {Ox,lx,W}
where A < |74 < 1X \ A and FSC(X) = {Ox,lx,lx \ W}
where A < 1x \ W < 1x \ A. Now bosgWW; € FSO(X) where
Wi(a) = 0.5,0.5 < Wi(b) < 0.6. Then clWW; = 1x \ A, sclW; = W,
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But (1X \ A) /éD and W, /qD = b0.5 ¢ [D]g,bof) ¢ [D]s

Example 3.5. z; € [A]5, but z; & [A]s

Let X = {a,b}, 7 = {0x,1x, A} where A(a) = 0.5, A(b) = 0.4.
Then (X,7) is an fts. Here FPO(X) = {0x,1x,U,V} where
U < A V £ 1x \ A Consider the fuzzy set B defined
by B(a) = B(b) = 0.5 and the fuzzy point ag7;.  Then
a0,7qA S FRO(X), but A /qB = Qg7 ¢ [B]5 But a0,7qU1 and
ap7qVy € FPO(X) where 0.3 < Uj(a) 0.5,U1(b) < 0.4 and
0.3 < Vi(a) < 0.5,V1(b) > 0.6 or Vi(a) > 0.5,Vi(b) > 0. Then
Uy = (1x \ A)gB, clVi = 1xqB = ag7 € [B];.

<
>

Example 3.6. x; € [A]7, but z; € [A[
Consider Example 3.5 and the fuzzy set D defined by
D(a) = D(b) = 0.2 and the fuzzy point by 41. Then by 41¢V; € FPO(X)
where Vi(a) > 0.5,Vi(b) > 0.59 or Vi(a) < 0.5,V4(b) > 0.6. Then
cdVi = 1xqD = by € [D]5. But bps1qgS € FBO(X) where

Example 3.7. x; € [A]7, but z; € [A]s
Consider Example 2.11 and the fuzzy point ags. Here ags € [B];.
Now every fuzzy set in (X, 7) is fuzzy -open as well as fuzzy (-closed.
Now consider the fuzzy set S defined by S(a) = 0.51, 5(b) = 0.5. Then

(10.5(]8 € FﬁO(X), but BCZS =9 /qB = Qg5 g [B]ﬁ

4. Fuzzy p°-REGULAR SPACE : SOME CHARACTERIZATIONS

In this section a new type of fuzzy separation axiom is introduced
and characterized by fuzzy p°-closure operator. Also it is shown that
p°-closure operator is idempotent in every space satisfying the new
separation axiom.

Definition 4.1. An fts (X, 7) is called fuzzy p“-regular space if for
each fuzzy point x; and each fuzzy preopen set U in X with z,qU,
there exists V' € 7 such that x,qV < clV < U.

Theorem 4.2. For an fts (X, 7), the following statements are
equivalent :
(a) X is fuzzy p°-regular space,
(b) for any A € I, pclA = [A]S,

(c) for each fuzzy point z; and each U € FPC(X) with x; € U, there
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exists V € 7 such that z; € clV and U <V,

(d) for each fuzzy point x; and each U € FPC(X) with x; & U, there
exist V., W € 7 such that z,qV, U < W and V gW,

(e) for any A € I and any U € FPC(X) with A £ U, there exist
V. W € 1 such that AgV, U <W and V' 4W,

(f) for any A € I* and any U € FPO(X) with AqU, there exists
V € 7 such that AqV < clV < U.

Proof. (a) = (b) By Note 3.2, it suffices to show that
[A]s C pclA, for any A € I*. Let x; € [A]5 be arbitrary and
V € FPO(X) with z;qV. By (a), there exists U € 7 such that
xqU < elU < V. Since U € 7 = U € FPO(X), by hypothesis,
cAUqA = VqA = x; € pclA = [A]; C pclA.

(b) = (a) Let 4 be a fuzzy point in X and U € FPO(X) with z,qU.
Then U(z)+t > 1= a2, & 1x\U(€ FPC(X)) = pcl(1x\U) = [1x\U;
(by (b)). Then there exists V€ FPO(X) with zqV,
cdV 4(1x \U) = clV < U. Therefore, z,qV < clV < U = X is fuzzy
pe-regular space.

(a) = (c) Let z; be a fuzzy point in X and U € FPC(X) with
xy & U. Then x,q(1x \ U) € FPO(X). By (a), there exists V € 7
such that z,qV < ¢V < 1x \ U. Therefore, U < 1x \ IV (= W,
say). Then W € 7. Now x,qV = intV = xqintV <V < intclV =
rq(intclV) = (intcdV)(x) +t > 1 = 1 — (intdV)(z) < t = x; &
Ix \intcdV =cl(1x \ V) = clW.

(¢c) = (d) Let x; be a fuzzy point in X and U € FPC(X) with
xt ¢ U. By (c), there exists V' € 7 such that U <V and z; & clV =
there exists W € 7 such that z,qW, W 4V. Now V 4(1x \ clV).
Now zq(1x \ V) (= W, say). Then W € 7 and V' 4W. So we get,
VW e 1 with 2, qW, U <V and V' 4W.

(d) = (e) Let A € I* and U € FPC(X) with A £ U. Then there
exists © € X such that A(x) > U(x). Let A(z) =t. Then ;, ¢ U. By
(d), there exist V,W € 7 such that z,qV,;U < W and V' 4W. Again
V)+t>1=V(@)+Alz) >1—t+t=1= AqV.

(e) = (f) Let A € I*¥ and U € FPO(X) with AqU. Then
A L 1x\U € FPC(X). By (e), there exist VW € 7 such that
A< VIix\U<WandV gW =V < 1x\W € 7 = dV <
cd(lxy \W) =1x \ W < U. Therefore, A<V < clV <U.

(f) = (a) Obvious.

Corollary 4.3. An fts (X, 7) is fuzzy p°-regular if and only if every
fuzzy preclosed set in X is fuzzy p°-closed set in X.
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Proof. Let (X, 7) be fuzzy p°-regular space and A € FPC(X).

Then by Theorem 5.2 (a)= (b), A = pclA = [A]; = A is fuzzy
p°-closed set in X.
Conversely, let A = [A]5 for any A € FPC(X). Let B € I*. Then
pclB € FPC(X) and so by hypothesis, pclB = [pclB];. Then
[B]; < [pclBl;, = pclB. By Note 2.2, pclB < [B]5. Combining these
two, we get [B]S = pclB for any B € I*. Then by Theorem 5.2 (b)=
(a), X is fuzzy p°-regular space.

Remark 4.4. In a fuzzy p°-regular space, [[A]s]° = [A]s, for any
Ael*.

5. CHARACTERIZATIONS OF THE p°~-CLOSURE OPERATOR

In this section we first introduce fuzzy p°-cluster point and fuzzy
pe-convergence of a fuzzy net and then fuzzy p®-closure operator of a
fuzzy set is characterized in terms of these concepts.

Definition 5.1. A fuzzy point z; in an fts (X, 7) is called a fuzzy
pC-cluster point of a fuzzy net {S, : n € (D,>)} if for every fuzzy
preopen set U in X with x,qU and for any n € D, there exists m € D
with m > n such that S,,qclU.

Definition 5.2. A fuzzy net {5, : n € (D,>)} in an fts (X, 7) is
said to p“-converge to a fuzzy point xz; if for every fuzzy preopen set
U in X, x,qU, there exists m € D such that S,qclU, for all n > m
(n € D). This is denoted by Sn?ast.

Theorem 5.3. A fuzzy point z; is a fuzzy p°-cluster point of a
fuzzy net {S, : n € (D,>)} in an fts (X, 7) if and only if there exists
a fuzzy subset of {S,, : n € (D, >)} which p°-converges to ;.

Proof. Let z; be a fuzzy p°-cluster point of the fuzzy net
{S, : n € (D,>)}. Let C(Q.,) denote the set of fuzzy closures
of all fuzzy preopen sets of X ¢-coincident with x;. Then for any
A € C(Q,,), there exits n € D such that S,qA. Let E denote
the set of all ordered pairs (n,A) such that n € D, A € C(Qy,)
and S,qA. Then (E,>) is a directed set, where (m,A) > (n,B)
((m,A),(n,B) € E) if and only if m > n in D and A < B. Then
T : (E,>») — (X,7) given by T(m,A) = S,, is clearly a fuzzy
subnet of {S, : n € (D,>)}. We claim that T]?xt. Let V' be any
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fuzzy preopen set in X with x;¢qV. Then there exists n € D such
that (n,clV) € E and so S,qclV. Now for any (m,A) > (n,cV),
T(m,A) = S,qA < clV = T(m, A)qclV. Consequently, T'p‘x;.
Conversely, assume that z; is not a fuzzy p°-cluster point of the
fuzzy net {S,, : n € (D,>)}. Then there exists U € FPO(X) with
x:qU and an n € D such that S,,¢clU, for all m > n. Then clearly no
fuzzy subnet of the net {S, : n € (D, >)} can p°-converge to x;.

Theorem 5.4. Let A be a fuzzy set in an fts (X, 7). A fuzzy
point x; belongs to [A]5 if and only if there exists a fuzzy net
{S, :n € (D,>)} in A, which p°converges to x;.

Proof. Let z; € [A];. Then for any U € FPO(X) with z,qU,
we have clUqgA, i.e., there exists y¥ € suppA and a real number sy
with 0 < sy < A(yY) such that the fuzzy point ygj with support
yY and the value sy belong to A and y¥ qclU. We choose and fix
one such yng for each U. Let D denote the set of all fuzzy preopen
set in X g¢-coincident with z;. Then (D, >) is a directed set under
inclusion relation, i.e., B,C € D, B = C'if and only if B < C. Then
{yng e A : yquclU,U € D} is a fuzzy net in A such that it p°-
converges to ;. Indeed, for any fuzzy preopen set U in X with x,qU,
if VeDand V = U (ie,, V <U) then yx/qclV <cU = yx/qclU.

Conversely, let {S, : n € (D,>)} be a fuzzy net in A such that
Sn]?:vt. Then for any U € FPO(X) with x,qU, there exists m € D
such that n > m = S,qclU = AqclU (since S,, € A). Hence z; € [A]5.

Remark 5.5. It is clear that an improved version of the sufficiency
part of the last theorem can be written as "z, € [A]5 if there exists a
fuzzy net in A with x; as a fuzzy p°-cluster point”.
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