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HYPER CHROMATIC AND AUGMENTED
CHROMATIC ZAGREB INDICES OF WHEEL
RELATED GRAPHS AND CYCLE RELATED GRAPHS

B. BASAVANAGOUD AND GOUTAM VEERAPUR

Abstract. In this paper, we introduce the chromatic variance of
a graph. This notion is a counterpart for the variance of a graph
introduced by F. K. Bell. Here, in the setting of graph coloring, the
role played by the degrees of graph vertices is replaced by the products
between the indices of colors and the cardinality of the corresponding
color class. We compute the chromatic variance, the hyper chromatic
and augmented chromatic Zagreb indices of wheel related graphs and
cycle related graphs.

1. INTRODUCTION

Topological graph indices are the numerical parameters associated
with the structure of molecular compound and play an important role
in determining physico-chemical properties of chemical graphs. Let
G = (V,E) be a simple, undirected graph. Let V(G) be the vertex
set and F(G) be the edge set of G. Let |V(G)| = n and |E(G)| = m,
in which case G is said to be an (n,m) graph. The degree dg(v) of a
vertex v € V(@) is the number of edges incident to it in G. A set S of
vertices in a graph G is called an independent set if no two vertices in
S are adjacent. An independent set S is called a maximal independent
set [5] if any vertex set properly containing S is not independent.

Keywords and phrases: Topological graph index, chromatic num-
ber, chromatic Zagreb indices.
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The independence number [y(G) is the maximum cardinality of max-
imal independent set in G. An independent set S of G such that
|S| = Bo(G) is called a mazimum independent set [5] of G.

F. K. Bell [1], defined the variance of graph G as

2
1 9 1
Var(G) = - Z dé(u) — = Z dg(u)
ueV(G) ueV(@)
In 2013, Shridel et al [10], defined the hyper Zagreb index as
HM(G) = ) (do(w) +da(v))’.
uweE(G)
Fortula et al [3], introduced the augmented Zagreb index as

AZI(G) = Z)( LLORED )

wiBG dg(u) + dg(v) — 2

Graph coloring is a function of the vertices of a graph by taking to a set
of colors C' = {¢1,¢9,¢3,...,¢}. A proper vertex coloring of a graph
G is a coloring in which adjacent vertices of G have different colors.
The minimum number of colors required to apply a proper vertex
coloring to G is called the chromatic number of G and is denoted by
X(G). The set of all vertices of G which have the color ¢; is named
as the color class of that color ¢; in G. The strength of the color
class, denoted by 0(c;) is the cardinality of each color class of color ¢;.
A vertex coloring consisting of the colors having minimum subscripts
may be called a minimum parameter coloring [6]. If we colour the
vertices of GG in such a way that c; is assigned to maximum possible
number of vertices, then ¢, is assigned to maximum possible number
of remaining uncoloured vertices and proceed in this manner until all
vertices are coloured, then such a coloring is called ¢~ coloring of G.
In a similar manner, if ¢; is assigned to maximum possible number
of vertices, then c(_y) is assigned to maximum possible number of
remaining uncoloured vertices and proceed in this manner until all
vertices are coloured, then such a coloring is called ¢ coloring of G [6].
For computational convenience, function ¢ : V(G) — {1,2,3,...,{}
such that ((v;) = s if and only if p(v;) = ¢, ¢s € C. The total number
of edges with end points having colors ¢; and ¢, is denoted by 7,
where t < s, 1 < ¢, s < x(G). Chromatic Zagreb indices has been
proposed by J. Kok et al [6]. Recently, the study of chromatic Zagreb
indices are reported in [6, 7, 8, 9].
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Motivated by previous research on chromatic Zagreb indices, we now
define the chromatic variance of GG, which is defined as

Definition 1. Let G be a graph of order m and let C =
{c1,¢9,¢3,...,c} be a proper coloring of G such that o(v;) = ¢5;1 <
1<n,1 <s<I Then for1 <t <I.

The chromatic variance of G, denoted by C'Var¥ (G) is defined as

l 2
CVar“”(G):%ZQ( i ——(Zﬁcl )

i=1
We defined in [2], the hyper chromatic Zagreb and augmented chro-

matic Zagreb indices. The definitions of hyper and augmented chro-
matic Zagreb indices are as follows:

Definition 2. Let G be a graph and let C = {c1,¢9,¢3,...,¢} be a
proper coloring of G such that o(v;) = ¢5;1 < i <n,1 < s <1 Then
for1 <t <I!.
(i) The hyper chromatic Zagreb mdex of G, denoted by HM{' (G)
is defined as HM{'(G) = >~ ZJ H(C(vi) + C(v)))* v, €
E(G).
(i) The augmented chromatic Zagreb index of G, de-
noted by AZI?(G) is defined as AZI?(QG) =

3
S (i) v € BO)

The minimum and maximum values of the above chromatic topo-
logical indices are denoted by CVar? (G), HM? (G), AZI¢ (G),
CVar? (G), HMf+(G), AZI?"(G), respectively.

2. NEw RESULTS

2.1. The chromatic variance, the hyper chromatic and aug-
mented chromatic Zagreb indices of wheel related graphs. In
this section, we obtain the chromatic variance, the hyper chromatic
and augmented chromatic Zagreb indices of wheel related graphs viz.,
wheel graph, double wheel graph, helm graph, closed helm graph.

Definition 3. [4] A wheel graph W, of order n, sometimes called an
n-wheel, is a graph that contains a cycle C,_1 of order n — 1 and a
vertex adjacent to each vertex of C,_1.

Theorem 4. For a wheel graph W,, = C,,_1 + K1, we have
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5n40 _ (3n48)2 e s
. - _ 2n  4n2 Zf n 15 even,
(i) CVar?e (W,) = {5n+13 _ 9(n+1)? if n is odd.

2n 4n?

- =59 yf n is even
1) HM? (W,) = 2 ’
(i1) 7 (Wa) {59(n—1) if n is odd.

2

_ 8n + 140(” 2 _ 99y s epen,
(i) AZI? (Wy) = 219(n— 1) 1000 .
T if n s odd.

c1

c3 c2
Wy

Ws : c4

e o

FIGURE 1. ¢~ coloring of wheel graph W7 and Wy

Proof. The wheel graph W,, has chromatic number 4 when n is even
and chromatic number 3 when n is odd. Let z,zs,...x, be the ver-
tices of €, on the rim of the wheel and y be the central vertex. In
order to calculate CVar? (G), HM{ and AZI¢" of W,,, we consider
the following cases.

Case 1. Assume that n is even. Then, the vertices on the rim are
colored with ¢; and ¢y, remaining one rim vertex is colored with c3
and central vertex y is colored with cs. So, 8(c1) = () = 52,
O(c3) = O(cy) = 1. Also, ma = n — 3, m3 = 1Moz = Mm34 = 1 and
Ny = Nog = ”T_Q Therefore, the corresponding chromatic variance, the
hyper chromatic and augmented chromatic Zagreb indices are

. 2
CVar? (W,) = %ZQ(CZ ) ——(ZQ ;) )

n 2
B 5n + 40 B (3n+8)2
- 2n 4n?

n—1 n

HME (W) = 30 (C(0i) +¢(v)))*

i=1 j=2
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61(n —2)

= 9(n—3)+90+ 5

79n — 59
5 .

AZIF(W,) = Vll.i ( C$%>‘C@U) )3

C(vi) + ((vy) — 2

91 1728  280(n —2)
I e

140(n —2) 1199
27 1000°

)

= 8n+

Case 2. Assume that n is odd. Then, the vertices on the rim are
colored with ¢; and ¢y and central vertex y is colored with c3. So,

0(c1) = 0(ca)

%17 0(c3) = 1. Also, m3z = 1oz = "Tfl and ny, =n—1.

Therefore, the corresponding chromatic variance, the hyper chromatic
and augmented chromatic Zagreb indices are

CVar? (W)

HMY (W)

AZI? (W)

) SO (Ze@-z’)

n 2 n? 2
Sn+13  9(n +1)°

2n 4n?
n—1 n
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Using minimum parameter coloring, we can also get ¢* coloring of
wheel graph W,. The results obtained are charted below as next
Theorem.

Theorem 5. For a wheel graph W,, = C,,_1 + K, we have

25n—40 _ (Tn—4)” f n is even
i) CVare" (W,) = 2n an’ Z 7
(4) (W) {137;;11 — (52;23)2 if nis odd.
90n—159  r . -
if mis even
i) HMY (W) = 2 ’
() r (W) @ if nis odd.
1728(n—3) | 1241n—7886  ,f ., .
+ if n is even
i) AZI?T(W,) = 125 432 7
(i) (Wn) {219(1%1) if n is odd.

Proof. When n is even, the wheel graph W,, has chromatic number 4.
Then, the vertices on the rim are colored with ¢4 and c3, remaining
one rim vertex is colored with ¢y and central vertex y is colored with
c1. S0, 0(cy) = O(c3) = ”T_z, O(ca) = 0(c1) = 1. Also, 34 = n — 3,
Mo = MNog = Moz = 1 and nyy = M3 = %2 Let n be odd, we have
chromatic number 3. The vertices on the rim are colored with c3 and

n—1

cp and central vertex y is colored with ¢;. So, 0(c3) = 0(cz) = 5=,

O(c1) = 1. Also, 12 = m3 = ”T_l and 793 = n — 1. Remaining part of

the proof follows exactly as mentioned in the proof of Theorem 4. [

Definition 6. [9] Joining all the vertices of two disjoint cycles to an
external vertex will give double wheel graph. A double wheel graph
DW,, is a graph defined by 2C,, + K.

DWs :

FIGURE 2. ¢~ coloring of double wheel graph DWy and DWs.

Theorem 7. For a double wheel graph DW,, = 2C,, + K1, we have
14n2+15n—1

(i) CVar? (DW,) = { n2 if m is even,

2 . .
MntTntd9 if n is odd.
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(i) HME (D)= (20 T een
9n 483  if nis odd.
B 219n if nis even
i) AZI? (DW,) = { % |
(iii) ( ) {16(n —2) 4 2199 | 20D it s odd.,

Proof. The double wheel graph DW,, = 2C,, + K; has chromatic num-
ber 4 when n is odd and chromatic number 3 when n is even. Let
x, x4y ...z be the vertices of inner cycle, z1,xo ... x, be the vertices
of outer cycle and y be the central vertex. When n is even we will get
two maximum independent sets Dy = {xy, 23, ... 2,1, 2}, 2%, ... 2, _}
and Dy = {x9,24,... 2y, x5, 2}, ... 2} are colored with ¢; and ¢y re-
spectively and central vertex y gets the color cs.

Let m be odd, here we will get two maximum indepen-
dent sets Dy = {wzy,23,...2,-1,2),2%,...2,_1} and Dy =
{x9, 24, ... kp o, xh, ), ... 20 ,} are colored with ¢; and ¢y, the ver-
tices !, x,, gets the color ¢3 and central vertex y gets the color ¢4. In
order to calculate CVar? , HMY and AZI?" of DW,, we consider
the following cases.

Case 1. Assume that n is even. Then, 6(c;) = 6(c2) = n and
O(c3) = 1. Also, m1a = 2n, Moz = M3 = n.

! ! 2
_ 1 1
CVar? (DW,) = —% 0(c) i~ — (Z 0(c:) Z)
=1 i=1
n+4dn+9 n+2n+1
2

n n
14n? + 15n — 1
5 )

n
n—1 n

HM{ (DW,) = >3 (C(w:) + ()

i=1 j=2
= 18n +41ln
= 5H9n.

n—1 n

AZIF(DW,) = > > (g(vigvf C(ngjl 2)

i=1 j=2

91
— 160+ —

8
219n
g
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Case 2. Assume that n is odd. Then, 0(c;) = 0(cz) = n — 1,
0(c3) =2 and O(cq) = 1. Also, m12 = 2(n —2), 193 = M13 = 134 = 2 and
Mma =" =mn—1

CVar? (DW,) — %Ze(q) o % (Z 0(c:) - z)

5n + 29 _ 3n+7
n n?
14n? + Tln + 49
5 )

n
n—1 n

HM{ (DW,) = Y > (C(v:) +C(v;))?

i=1 j=2
18n — 36 + 180 + 61n — 61
79n + 83.

ooy - S5
91 1m8)2 280(n — 1)

= 16(n—2)+—+

8 ' 128 27
25199  280(n — 1)
= 16(n—2)+ -+

O

Using minimum parameter coloring, we can also get @' coloring of
double wheel graph DW,,.

Theorem 8. For a double wheel graph DW,, = 2C,, + K1, we have

13n2—34n—1 i ;
L= ER=L if nois even
Z. Ovar¢+ DW — n2 )
(i) ( n) {2%2;# if nis odd.
75n, an 18 even,

i) HM?' (DW,) =
(i) HM{ (DW) {B%f97 if n is odd.

219n if n is even
iii) AZI¢"(DW,) = { 3 |
(i1i) ( ) {3456(n—2) 4 12419127 e o o,

125 216

Proof. When n is even, the double wheel graph DWn
has chromatic number 3. Then, two maximum inde-
pendent sets D = {z1,23,.. .2y, 2, 2%,... 20,1} and
Dy = A{xg,x4,...70,25 2),... 2} are colored with ¢3 and ¢
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respectively. Therefore, central vertex y gets the color ¢.
Also, we get O(c3) = 0(ca) = n, 0(c;) = 1 and m3 = 2n,
M2 = M3 = n. When n is odd, the double wheel graph
DWn has chromatic number 4. Here we will get two maxi-
mum independent sets Dy = {zy,23,...2,-1,2,25%,...2,,_,} and
Dy = {x9, x4, ... Tp_o,25,2),... 2, _,} are colored with ¢4 and c3, the
vertices x),x, gets the color ¢, and central vertex y gets the color
c1. Then, 0(cy) = 0(c3) = n—1, O(c2) = 2 and O(c;) = 1. Also,
Nag = 2(n — 2), Mo = Nog = Moy = 2 and 113 = 714 = n — 1. Remaining
part of the proof follows exactly as mentioned in the proof of Theorem
7. OJ

Definition 9. [9] A helm graph H,, is a graph obtained by attaching
a pendent edge to every vertex of the rim C,, of a wheel graph W,.

Hg :

FIGURE 3. ¢~ coloring of helm graph Hg and H.

Theorem 10. For a helm graph H,, we have

n+2)>2 . .
) CVart (I 1ont2 _ ( Z:z) if n is even,
(1) CVar? (H,) = 150434 (Tnt10)2 op oo o
S — g if n s odd.
50n if n is even,

i) HM? (H,) =
(W) HM{ (o) = 500460 if s odd

155n . .
o I if n is even,
() AZI? (1) {% +8(n—2)+ 3+ 1 if s odd.
Proof. The helm H,, graph has chromatic number 3 when n is even,
chromatic number 4 when n is odd. Let the vertices z1,zs,...x, be
the vertices on the rim of the wheel, 27, 29, ... 2] be the pendent ver-
tices and y be the central vertex. When n is even, the maximum
independent set Dy = {2, x),... 2/ y} gets the color ¢;, the inde-

pendent sets Dy = {xy,x3,...2,, 1}, D3 = {x9,24,...2)} gets the
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colors ¢y and c3 respectively. When n is odd, we color ¢; to the maxi-
mum independent set Dy, the independent sets Dy = {z1,x3,...2,, 5},
D3 = {xq,x4,...2], 1} are colored with ¢, and c3 respectively and ver-
tex x, gets the color ¢;. In order to calculate CVar? , HM{ and

AZI% of H,, we consider the following cases.
Case 1. Assume that n is even. Then, 0(c;) =n+1, 0(cy) = 0(c3) =
%. AISO, Mo = N, N2z = M3 = N.

! ! 2
CVard (H,) — %Ze(c,-) 2= % <Z 0(ci) - 1>
=1

i=1
6n +9n + 2 <(4n+2—|—3n)2)

2n 4n?
~ 1n+2  (Tn+2)?
a on 4n2
n—1 n
HMY (Hy) = > ) (C(vi) +((v)))?
i=1 j=2
= 9n+ 25n + 16n
= 50n.
n—1 n 3
_ B C(vi) - C(vy)
AZIT () = 22 (=)
27
_ 155n
= <

Case 2. Assume that nis odd. Then, 6(c;) = n+1,0(cz) = 0(c3) = §
and , 6(cs) = 1. Also, 123 = n — 2, 2 = m3z = n — 1 and g = 2,
Noa = M3a = 1.

CVar® (H,) — %Ze(@) 2 % (Z 0c;) - @>

i=1
6n+34+9n  (4n+ 3n + 10)?
2n a 4n?
15n +34  (7Tn+ 10)?
on  4n?
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n—1 n
HM{ (Hy) = > (C(vi) +¢(v)))?
i=1 j=2
= 25n — 50+ 25n — 25+ 50 + 85
= 50n + 60.
n—1 n ) 3
AZI¢ (H,) = ZZ( )1_2)
=1 j=2
27 128 1728
= i -1 -9 i Tt
(8+8)(n )+ 8(n )+27+125 +8
91(n —1) 344 1728
= = = — N+ — 4+ —
g T8 =2+ om+ e

O

Using minimum parameter coloring, we can also get @' coloring of
helm graph H,.

Theorem 11. For a helm graph H,, we have

23n+18 _ (9n+6)2 . .
(i) CV@TW(Hn) = 452¢34 (1??7?-2#10)2 Z-f ! Z-S o
S — if nis odd.
50n if nis even,

) M H) =
(i) HM{" (Hn) {110n—60 if n s odd.

155n

(z'z'i) AZIW(Hn) = {27828(n 1)

125

if n s even,
+8(n—2)+ 3% ifnis odd.

Proof. The helm H,, graph has chromatic number 3 when n is even,
chromatic number 4 when n is odd. When n is even, the maximum
independent set Dy = {2}, x),... 2/ y} gets the color c3, the inde-
pendent sets Dy = {xy,23,...2, 1}, D3 = {x9,24,...2)} gets the
colors ¢y and ¢; respectively. Then, 6(c3) =n + 1, 0(c2) = 0(c1) = 5.
Also, m12 = n, M3 = M3 = n. when n is odd, we color ¢4 to the maxi-
mum independent set Dy, the independent sets Dy = {z1,x3,... 2., 5},
D3 = {xq,x4,...2],_,} are colored with ¢3 and ¢, respectively and ver-
tex x, gets the color ¢;. Then, 6(cy) = n + 1, 0(c3) = 0(c2) = § and
; 0(c1) = 1. Also, ma3 = n — 2, m3g = nog = n — 1 and ny = 2,
M2 = M3 = 1. Remaining part of the proof follows exactly as men-
tioned in the proof of Theorem 10. 0

Definition 12. [9] A closed helm graph C'H, is a graph obtained from
the helm graph H,, by joining a pendant vertex v; to the pendant vertex
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Viz1, where 1 <1 < n and v,; = v;. That is, the pendant vertices in
H,, wnduce a cycle in CH,,.

CHsg :

FIGURE 4. ¢~ coloring of closed helm graph C'Hg and C'H7.

Theorem 13. For a closed helm graph CH,,, we have

5n+9 _ (3n+3)?

(i) CVar? (CH,) = { n Py if n is even,

3n+7)2 . .
nt2 _ ( ";; L ifnis odd.

- 2on if n is even
1) HMY (CH,) = 2 ’
(i) v ) {95”—;253 if m 1s odd.

475n : :
_ =on if nis even
i) AZI* (CH,) = 16 ’
(i) ( ) {28n + 27(?64'1) + 12288 if nis odd.

Proof. The closed helm C'H,, graph has chromatic number 3 when n is
even, chromatic number 4 when n is odd. Let the vertices x1,xs,... 12,
on the outer cycle, the vertices z, x5, ... 2!, on the inner cycle and y
be the central vertex.

When n is even there exits two maximum independent sets D; =
{z1, 23, .. w1, 2, &) .. 2l }, Do = {wo, x4, ... xp, 2, 2k .. )|} gets
the color ¢; and ¢y respectively. The vertex y gets the color cs.
When n is odd there exits two maximum independent sets D; =
{x1,23,. .. wp_o,xh, ...l 1}, Dy = {xo,24,...0p_1,2%... 2} gets
the color ¢; and ¢y respectively. The vertices y, x, gets the color cs,
the vertex o gets the color ¢;. In order to calculate CVar? , HM;

and AZI¥ of C'H,, we consider the following cases.
Case 1. Assume that n is even. Then, 0(c;) = 0(c2) = n and
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9(01) =1. AISO, e = 371,, Tl2s = N3 = %

17

! ! 2
CVard (CH,) — %Z@(ci) . % <Z 0(ci) - z>
=1 =1

n+4n+9 (n+2n+3)?
o 2

n n
_ n+9 (3n + 3)2
a n n?
n—1 n

HM{ (CHp) = > ) (C(wi) +((v)))?

i=1 j=2

41
= 2"Tn+ =n

2
95n
5

n

C(v; —}—Cvj)—Q

AZI? (CH,) = 1 n< - 6(v) >3
2

=1 j=

27
= 24n+4n—|——n

16
475n

16

Case 2. Assume that n is odd. Then, 6(c;) = 6(ca)
0(cs) = 2 and 0(cq) = 1. Also, ma = 3(n — 2), mz = 25+,
Ma =2, 134 = 1a = 1.

CVar¥ (CH,)

HM{ (CH,)

= 2n—54+8n+8+

1¢ 1 [ ’
— 529@ % - = (Ze(q) . z>
i=1 =1

2+6+4)>

. on—144n—-4418+416 (n—1+2n—
B n B n?
429 (3n+7)?
N n  n2

n—1 n

= D (i) + ()

i=1 j=2
25(n +3)

135
5 +

95n + 253
—
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g C(v) ’
AZI® (CH,) = Z( J 2)
i=1 j=2 vj) —
27(n+1) 128 1728
= U+ T g1 2 2y
Nt e 124 o — 40
27(n+1) 1728 628
- 2 _ 222
St =16 T 125 o7

O

Using minimum parameter coloring, we can also get @' coloring of
closed helm graph C'H,,.

Theorem 14. For a closed helm graph CH,,, we have
13n+1 _ (5n+1)?2

i) CVar? (CH,) = n o if n is even,
v i) {25”5 16 _ (-2 Gt s odd.

175n

) M CH,) = 5 if n s even,
(it) 0 ) {—355”2_ 32T 4f n is odd.

475n . E
(i1i) AZ]W(CHH) — { 16 if n is even,

8n +%¢g2)+%367 if m is odd.

Proof. The closed helm C' H,, graph has chromatic number 3 when n is
even, chromatic number 4 when n is odd. Let the vertices x1,zs, ...z,
on the outer cycle, the vertices z, x5, ...z, on the inner cycle and y
be the central vertex.

When n is even there exits two maximum independent sets D; =
{z1, 23, .. w1, 2,2y ... 2}, Do = {0, 24,...xp, 2,2 ... 20,1} gets
the color ¢3 and ¢, respectively. The vertex y gets the color ¢;. There-
fore, 0(c3) = 0(co) = n and O(cy) = 1. Also, m3 = 3n, M2 = M3 =
When n is odd there exits two maximum independent sets D,

{1, 23, .. xp_g, a2y .. 2l 1}, Dy = {29, 24,... 091, 2%...2,} gets
the color ¢4 and c3 respectively. The vertices y, x, gets the color co,
the vertex x| gets the color ¢;. Therefore, 0(cy) = 0(c3) = n — 1,

0(c2) =2 and 0(c;) = 1. Also, mug = 3(n — 2), 1oy = 254, 1o3 = "+3,
M4 = 2, N2 = M3 = 1. Remaining part of the proof follows exactly as
mentioned in the proof of Theorem 13. U

ISR

2.2. The chromatic variance, the hyper chromatic and aug-
mented chromatic Zagreb indices of cycle related graphs. In
this section, we obtain the chromatic variance, the hyper chromatic
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and augmented chromatic Zagreb indices of cycle related graphs viz.,
flower graph, sunflower graph, closed sunflower graph, blossom graph.

Definition 15. [8] A flower graph F, is a graph which is obtained by
joining the pendant vertices of a helm graph H, to its central vertex.
A flower graph F, has 2n + 1 vertices and 4n edges.

FIGURE 5. ¢~ coloring of flower graph Fg and Fj

Theorem 16. For a flower graph F,, we have
5n4+9 _ (3n+3)2

| B 2 - if nis even,
(2) CVar? (Fn) = {% _ (4”;2_5)2 if m s odd.
(ii) HME (F) = {0 A
59n 4+ 83  if m is odd.
) 219 if nis even
i) AZI?™ (F) = 458 |
(vii) (£2) {% + 128 20 if s odd.

Proof. A flower graph has chromatic number 3 when n is even,
the chromatic number 4 when n is odd. Let the independent
set of vertices xq,xs,...x, on the outer cycle of the F,. The

vertices 7,25, ...2) on the inner cycle of the F,, and y be the
central vertex of F,. When n is even, the vertex sets V; =
/ / / / / /
{x1,23,. . w22y, ..l }, Vo = {xo, 24, .xp, 2, 2%, .2l 1}
gets the color ¢; and ¢y, the vertex y gets the color c¢3. When n
: B W) / _
is odd, the vertex sets Vi = {x1,23,... 240,25, 2),... 2, 1}, Vo =
{2, T4, ... w1, 2, 2%, ...} _o} gets the color ¢; and ¢y, the central

vertex y gets the color cs, x], gets the color ¢4. In order to calculate
CVar¥ , HM{ and AZI? of F,, we consider the following cases.
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Case 1. Assume that n is even. Then, 6(c;) = 0(c2) = n, 0(c3) = 1.
Also, ma = 2n, 193 =13 = n.

l ! 2
CVard™ (F,) = izg(c,») 2 % (Z 0(cs) z)

i=1
n+4n+9 n+2n+3
2

n B n
5n+9  (3n+3)2

n n?

n—1 n

HM{ (Fo) = 0> (C(w) +((v)))?

i=1 j=2
= 18n+25n+9n
= 59n.

AZI¥ (F,) = nii( C(vi) +g.“ )) )3

=1 j=2
= 16n+8n+%
_ 2
= g

Case 2. Assume that n is odd. Then, 0(¢;) = 2n, 0(c2) = n — 1,
0(c3) = O(ca) = 1. Also, 12 = 2n =3, mz =n, Nz = n — 1, . = 2,
N34 = N24 = 1.

CVar? (F,)

HMY (F,)

AZI¥ (

)

%ZG(Q ) ——(Zecl )

2n+4dn—44+9+16  (2n+2n+-2+3+4)?

n n?
6n+2 (4n+5)°
n n?
33 () + )

18n — 27 + 16n + 256m — 25 4+ 50 + 49 + 36
99n + 83.

5 ()

=1 j=2
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27n 344 1728
= p 2 _gp 22t 2020
nt g TR oty

219n + 1728 520
8 125 27
0J

Using minimum parameter coloring, we can also get ¢ coloring of
flower graph F,.

Theorem 17. For a flower graph F,,, we have
13n+1 _ (5n+1)2
2

(i) CVar?" (F,) = {1ﬁgn4 n

if n1s even,

if mis odd.
75 ; '
(i) HME (F) = {2 if n is even,
1590 — 97 if n is odd.
= if n is even
(i1i) AZT#" (F,) = { 8 Irosons) ] fni 7
16n + 128203 1198 4f s odd.

Proof. A flower graph has chromatic number 3 when n is even, 4 when
n is odd. Let the independent set of vertices x1, x2, . ..z, on the outer
cycle of the F),. the vertices x], 2}, ... x/ on the inner cycle of the F,
and y be the central vertex of F,,. When n is even the vertex sets V; =
{z1,23,. . w22, ..l }, Vo = {xo, w4, xp, 2, 2h, .2}
gets the color c3 and ¢y, the vertex y gets the color ¢;. Therefore,
0(c3) = 0(c2) = n, 0(c1) = 1. Also, 12 = M3 = n, n23 = 2n. When
n is odd, then the vertex sets Vi = {xy,23,...xp0, 2%, 2}, ... 2, _},
Vo = {xg, x4, ... 21,2, 2%, .. 2,5} gets the color ¢4 and c3, the
central vertex y gets the color co, ! gets the color ¢;. Therefore,
O(cs) = 2n, O(c3) = n —1, O(cz) = 0(c1) = 1. Also, 134 = 2n — 3,
Nog =M, Moz =N — 1, Mg = 2, M2 = m3 = 1. Remaining part of the
proof follows exactly as mentioned in the proof of Theorem 16. 0

Definition 18. [8] A sunflower graph SF,, is a graph obtained by re-
placing each edge of the rim of a wheel graph W, by a triangle such
that two triangles share a common vertex if and only if the correspond-
ing edges in W, are adjacent in W,,. Sunflower graph SF,, has 2n + 1
vertices and 4n edges.

Theorem 19. For a sunflower graph SF,, we have
15n+2 _ (Tn+2)?

. - _ 2n 4n? Zf n iS ev6n7
(i) CVar? (SF,) = {157;:47 _ (7n4—;125)2 if mis odd.
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125n ] )
) ~ 125n if nis even
i) HMY (SF,) = ; 7
(1) 7 ( ) {125n2+145 if n is odd.
401n ‘ '
) if n is even
iii) AZI¢ (SF,) = {19 7
(iii) ( ) {281711—6&-289 + % + % if nis odd.

SFs :

FIGURE 6. ¢~ coloring of sunflower graph SFg and SF5

Proof. A sunflower graph has chromatic number 3 when n is even, the
chromatic number 4 when n is odd. Let the vertices xq,xs,...2,
on the outer cycle, the vertices z/,z),...2! on the inner cycle, y
be the central vertex. When n is even, the maximum indepen-
dent set Dy = {z1,x9,...2,,y} receives the color ¢1, the vertex sets
Vi = {a, o, .. 2}, Vo = {ab, 2], ...2)} receives the color ¢,
and c3 respectively. When n is odd, the maximum independent set
Dy = {x1,29,...2,,y} receives the color ¢;, the maximum indepen-
dent sets Vi = {a,a%,... 2, o}, Vo = {ab,2),... 2/ _,} receives the
color ¢y and ¢z respectively and z, gets the color ¢4. In order to cal-
culate CVar? | HM{ and AZI? of SF,, we consider the following

cases.

Case 1. Assume that n is even. Then, 0(c;) =n+1, 6(cz) = 0(c3) =

n _ _ __3n
5. Also, o3 =n, miz = mz = 5.

l l 2
CVar¢ (SF,) — %ZG(Q) L2 - % (Z 0(cs) - 1>
=1

=1

1 In 1 3n\?
= —(In+—+1)|—-=(n+l+n+ —
n 2 n? 2

15n+2 (Tn+2)?
2n an?

n—1 n

HM{ (SF,) = > (Clv) + C(v)))?

i=1 j=2
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AZI? (SF,)

n-2|—1’ 9( )_1

Noa = M3a = 1.

CVar? (SF,)

HM{ (SF,)

AZI#"(SF,)

23

5n
25 —
n + 5

125n

N)

53 (o
27

n +

401n
16

Case 2. Assume that n is odd. Then, 6(c;) =n+1, 0(cy) = 0(c3) =
AISO 7712 = 7713 )

N

3 , Mg = n— 2, my = 3,

% S 0(c) i — % (Z 0(c;) - z)

i=1 =1

1 9(n+1
<n+1+2n+2+%+16>

n
1 3(n+ 1 ?
—— (n—i—l—i—n—l—l—i—w—i—ll)
n

2
150 +47  (Tn+15)°
2n 4n?
n—1 n
DD (G + ¢(wy))?
i=1 j=2
75 1
B0 =D L 95tn—9) + 160
125n + 145
5 .
n—1 n

(i)

=1 j=
273(n — 1) 108 1728
9y 2y 2
TR R R b=
281n + 289 408 1728
16 27 125"
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Using minimum parameter coloring, we can also get ¢* coloring of
sunflower graph SF,,.

Theorem 20. For a sunflower graph SF,,, we have
23n+18 _ (9n+6)?

(i) CVar?" (SF,) = { 2n i if n is even,

13n+15)2 . .
on T _ ( = L ifnis odd.

141n TR
—— SEy— {3 if n is even,
(ii) ( ) {M if n is odd.
401n ) )
401n if nis even
AZI?"(SF,) = { i |
(111) (SE,) {%2—54()592+% if m is odd.

Proof. A sunflower graph has chromatic number 3 when n is even,
4 when n is odd. Let the vertices xy,xs,...x, on the outer cycle,
the vertices x/,z}, ...z} on the inner cycle, y be the central vertex.
When n is even, the maximum independent set Dy = {z1, xo, ...z, y}
receives the color ¢z, the vertex sets V; = {a),z%,...2,_,}, Vo =
{z}, 2y, ... 2]} receives the color ¢y and ¢ respectively. Then, 6(c3) =
n+1, 0(c) = 0(c1) = 2. Also, ma = n, mz = 123 = 3. When n
is odd, the maximum independent set Dy = {1, xs, ... T,,y} receives
the color ¢4, the maximum independent sets Vi, = {,2%,... 2, 5},
Vo = {ah, o), ... 2!} receives the color ¢3 and ¢y respectively and
gets the color ¢;. Then, 0(cs) =n+1, 0(c3) = 0(c2) = 5, 0(cr) = 1.

Also, myy = n3y = 3(n2_1), M3 =mn —2, ma4 =3 and N = m3 = 1.
Remaining part of the proof follows exactly as mentioned in the proof
of Theorem 19. O

Definition 21. [8] A closed sunflower graph C'SF,, is a graph obtained
by joining the independent vertices of a sunflower graph SF,, which
are not adjacent to its central vertex so that these vertices induces a
cycle on n vertice

Theorem 22. For a closed sunflower graph CSF,, we have

—16”2423?”4“64 if n =0 (mod 3),
(i) CVar¢” (CSF,) = { 2t <4n7;9:2 ifn=1 (mod 3),
282:95 — (4n7j;5) if n=—1 (mod 3).
Sn if n =0 (mod 3),
(ii)) HMY (CSF,) = {358 ifn =1 (mod 3),

B3 if p = —1 (mod 3).



CHROMATIC ZAGREB INDICES GRAPHS 25

(e =0 (mdd)
16(4;’1—7) 4 9(4n8—10) ifn=1 (mod 3),
_ 44199(n—1
(iii) AZI? (CSF,) = q + 5 + 1528 + 1558
— 576(n+-1 o
1898064820221 + 1(2; ) if n=—1 (mod 3).
6750 , 125 | 8000
(216 T %6 T 333

CSFs :

CSFy:

FIGURE 7. ¢~ coloring of closed sunflower graphs (a)
CSFg, (b) CSF5 and (¢) CSF;.

Proof. A closed sunflower graph C'SF,, has x(4) when n = 0 (mod 3)
and has x(5) when n = 1 (mod 3) and n = —1 (mod 3). Let
the vertices x1,xo,...x, on the rim of the outer cycle, the vertices
xy, x5, ... x, on the rim of the inner cycle and y be the central vertex.
Assume that n = 0 (mod 3). Then, we will get three color classes with
same cardinality 37” and they will gets the colors ¢y, co, c3 and central
vertex y is colored with ¢,. Refer Fig.7 (a).

Assume that n = 1 (mod 3). Then, we will get three color classes with
the maximum independent sets having the same cardinality @ they
will gets the colors ¢y, ¢g, 5. Also, the vertices z), x, are receives the
color ¢4 and the central vertex y is coloured with c¢;. Refer Fig.7 (c).
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Assume that n = —1 (mod 3). Then, we will get three color classes
with the maximum independent sets having the same cardinality "—1)
they will gets the colors ¢y, co, c3. Remaining two vertices y, x, gets
the colors ¢4 and c; respectively. Refer Fig.7 (b). In order to calculate
CVar¢ , HMY and AZI?" of CSF,, we consider the following cases.
Case 1. Assume that n =0 (mod 3). Then, 0(c;) = 0(cs) = 0(c3) =

2?"> 0(cy) = 1. Also, g = 13 = i3 = 47"7 Tha = T4 = N34 = §.

! ! 2
CVar¥ (CSF,) = %Zﬁ(ci) - % (Z 0(c:) z>
=1 =1

28n +48  (12n + 12)?
n B 9n2
16n% 4 60n + 64
3n '

n—1 n
HM{ (CSF,) = > (Clus) + C(v))?
i=1 j=2
2000, 110n
3 3
310n

3
1 n . 3
AZI? (CSF,) = ZZ( o + e )J) )

=1 j=2
620n  280n  1728n
3 + 81 + 375
155n  81656n
6 + 10125 °

Case 2. Assume that n =1 (mod 3). Then, 0(c;) = 0(ca) = 6(c3) =
@, 0(cs) = 2, 9505) = 1 Also, miz = m23 = %, ms = @7
Ms = Ts = M35 = "5, Ma = N34 = 3, Noa = 2 and ny5 = 1.

! ! 2
CVar? (CSF,) = %Ze(q) 2 - % (Z 0(c:) z)
=1 =1

28n — 28 + 171 (12n — 12 + 39)?
3n B 9In?2
28n + 143 (4n —9)?
3n R
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HM{ (CSF,) = iZ(C(U¢)+C(Uj))2

i=1 j=2
34(4n—7)  16(4n—10)  149(n — 1
_ Mln—7)  160n—10) MM D) | gpg
3 3 3
349n + 578
N

_ . vj 3
AZI® (CSF,) = z; Z ( ) + c(cv(j) )f 2)
16(

Case 3. Assume

0(c3) = 2(n_1)7 0(cs) = 0(cs) = 1. Also, ma = %7 M3 = N3 = =3 ns,
e = 124 = nT_Q, T34 = ol

3

CVar® (CSF,) =

HMY¢ (CSF,) =

AZI® (CSF,) =

6(4n —7) +9(4n710) (637+3375> n—1
3 8 64 ' 216 3
163959 13488
3375 | 343
16(4n — 7) N 9(4n — 10) N 44199(n — 1)

3 8 5184
163968 13488

3375 + 343
that n = —1 (mod 3). Then, 6(c;) = 0(c )

3 M3 = 2, s = as = L.

1« 1 (< ’
i=1 i=1

28n — 28 + 123 (12n + 15)2

3n - On2

28n +95  (4n+5)°

3n nz
n—1 n
DY (Clwi) + Cv)))?
i=1 j=2

274n — 2

120 + 239 + y
310n + 439
—

- Gy )’
X_:Z( Uz +C(U])_2>
8(4n —2) | 91(4n—5)  280(n—2)  576(n+1)

24 81 125
6750 125 8000

216 T 64 | 343
18980n — 20221  576(n+1) 6750 125 N 8000
648 125 216 64 343 °
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Using minimum parameter coloring, we can also get @' coloring of
closed sunflower graph C'SF,,.

Theorem 23. For a closed sunflower graph CSF,, we have

8nt3 _ (6n+1)? if n =0 (mod 3),
(i) CVar? (CSF,) = 100n-73 _ (8";23)2 ifn=1 (mod 3),
100n-85 _ (n57  ifp = —1 (mod 3).
(490n o =
g if n =0 (mod 3),
(ii) HM{ (CSF,) = { 88351827 1 303 ifp =1 (mod 3),
| 20 if n=—1 (mod 3).
(149120 | 29690 if n =0 (mod 3),
8000 |, 1728 4n—7 T
8000 , 1728 ifn=1 (mod 3),
O At e U SRR Ml
(iti) ( n) = Q4+ 648 RETVa
8000(4n—2) | (1728 | 3375\ An—5 .. _
A0 + (555 + 55) P52 ifn =1 (mod 3).
n— 1849 | 125
T3 Ts T

\

Proof. A closed sunflower graph C'SF,, has x(4) when n = 0 (mod 3)
and has x(5) when n = 1 (mod 3) and n = —1 (mod 3). Let
the vertices x1,xo,...x, on the rim of the outer cycle, the vertices
xy, x5, ... x, on the rim of the inner cycle and y be the central vertex.
Assume that n = 0 (mod 3). Then, we will get three color classes

with same cardinality 37" and they will gets the colors ¢y, c3, ¢y and
central vertex y is colored with ¢;. Then, 6(cs) = 0(cs) = 0(c2) = 2,
O(c1) = 1. Also, 123 = 124 = 134 = %n, T2 =3 =4 = 3.

Assume that n = 1 (mod 3). Then, we will get three color classes with
the maximum independent sets having the same cardinality % they
will gets the colors c5, ¢4, c3. Also the vertices z/, x,, are receives the

color ¢, and the central vertex y is coloured with ¢;. Then, 6(c5) =

0(04) _ 91(03) _ 2(”;1)7 0(62) — 217 8(01) =1 ‘AISO7 Nys = N3g = 4”3—77
N3s = P50 M3 = g = s = 255, s = s = 3, 7pa = 2and myp = 1.
Assume that n = —1 (mod 3). Then, we will get three color classes
with the maximum independent sets having the same cardinality Q(”T_l)
they will gets the colors ¢s, ¢4, c3. Remaining two vertices y, x/, gets

the colors ¢y and ¢; respectively. 6(c5) = 6(cy) = 0(c3) = @,
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0(ca) = 0(c1) = 1. Also, my5 = 4"7727 N34 = 135 = 4n—;;57 M25 = 124 = %27

= ”TH, Ms = 2, M2 = N4 = M5 = 1. Remaining part of the proo
follows exactly as mentioned in the proof of Theorem 22. U

Definition 24. [8] A blossom graph BL, is the graph obtained by
joining all vertices of the outer cycle of a closed sunflower graph C'SF,
to its central vertex. It is clear that Bl, has 2n + 1 vertices, 5n edges.

It 1s clear that Bl,, has 2n+1 vertices, dn edges and chromatic number
5.

BlLg : 2 BL7:

FIGURE 8. ¢~ coloring of blossom graph BLg and BL;.

Theorem 25. For a blossom graph BL,, we have

5(6n°+10n%+8n+5) ¢
| ) if n s even
i) CVar? (BL,) = " ’
(i) ( ) {157;?8 _ (5”;227)2 if m is odd.
224n if n is even,

(i) HMY (BLy) = {2(112n—95) if n is odd.

( 2728n + (4616 + 1661 + 8000) n
64

2 2 if nis even,

125 216 343 ) 2
(iii) AZI#™(BL,) = { 2904367 4 178(n-3) if n is odd.

280 | 8000 n—3

+ ( 27 T 313 ) 2
637 | 3375\ n+l

(+ ( 61 T 216 ) 2

Proof. A blossom graph BL, has chromatic number 5. Let the ver-
tices xq, 9, ...z, on the outer cycle, the vertices x|, 2}, ...z on the
inner cycle, y be the central vertex. When n is even. Then, the vertex
sets Vi = {@g, x4, ... xp}, Vo = {1, 23, ... 21}, V3 = {2}, 2),... 2}
and Vy = {2, 2}, ... 2/, _|} receives the colors ¢i, ¢, ¢3 and ¢4 re-
spectively. Also central vertex gets the color ¢5. When n is odd, the
vertex sets Vi = {xy,23,... 04 9,2, 1}, Vo = {zo,24,... 2, 1,2},
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Vy = {a,2},.. .2, _5,x1} and Vj = {ah,x),... 2,3} receives the col-
ors 1, Cg, C3 and cy respectively. Also, the central vertex gets the

color ¢5. In order to calculate CVar? , HM{ and AZI¢ of BL,,
we consider the following cases.
Case 1. Assume that n is even. Then, 0(c;) = 0(c2) = 0(c3) =

9(04) = %> 9(05) =1 AISO, M2 = N34 = N, N3 = Tha = s = 123 =

M24 = T2s = 135 = N4 = 3
1 (< i
.2 .
0(ci) - i — o (;Zl 0(ci) - z)

— =4 —+2
gttt 5>
n 3n 2
- 42
<2+n+ 5 + n—|—5>
5(5n3 + 10n2 + 8n + 5)

- :

CVar? (BL,) =

S 3=
|3
W
S
Nl
S
—
=2
S

e SR IM-

n—1 n

HM{ (BL,) = > (C(vi) +¢(v))?

=1 j=2

2
:58+33?n

= 224n.

n—1 n 3
AZI? (BL,) = ZZ( e +< )J) )
=1 j=2 v
<8+ 1728) (1241 L 1661 3375 8000) n
125 216 64 = 216 = 343 ) 2
_2728n (4616 1661 8000>

125 216 + 64 + 343

Case 2. Assume that n is odd. Then, 6(c;) = 6(cz :
0(04) - 23, 6( ) = 1. AlSO e = n + ]_ 23 = n—5’ N3 = n_—|—37
N34 =N — 3, My = a5 = M35 = 277714—7724—7745—73.

! ! 2
CVar¥ (BL,) = %Z@(q) i — % <Z 0(c;) - 2)

30n— 34450 (100 — 6 + 60)?
2n 4n?
15n+8  (5n —27)°

n n?

| N
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HME (BL) = 303 (¢ + C(1y))?

i=1 j=2
= 13Tn+ mzﬂ — 327
= 2(112n — 95).
n—1 n C ) 3
AZI? (BL,) = Y ( b 2)
=1 j=2 >_
27(n 3) 1728(n — 3)
= 1)+ ——=+4 _
8(n+1)+ 16 +4(n+5) + 195
@4_8000 n—3 637+3375 n+1
27 343 2 64 216 2

219n + 367 n 1728(n — 3) 280 n 8000\ n — 3
16 125 27 343 2
(637 3375> n+1

1 T 216 2
O

Using minimum parameter coloring, we can also get ¢ coloring of
blossom graph BL,.

Theorem 26. For a blossom graph BL,, we have
54n+1 _ (Tn+1)?

| if nis even

i) CVar? (BL,) = " " ’

(1) ( ) {2771;—20 _ (7“;:;4)2 if n s odd.
2481, if m 1s even,

(i) HM{" (BL,) = o
248n 4122 if n 1s odd.

10744 44 114 172
07 n+(63 + 9+ 78)%

343 216 125 if nis even,

(m) AZI?" (BLn) = 8000(n+1)

864(n+3)—"7500 . .
) —){— (n 123) if m is odd.
3375(n+3 125 | 1241 ntl
+5 0+ (6 + ) 5 20
Proof. A blossom graph BL, has chromatic number 5. Let the ver-
tices w1, 9, ...z, on the outer cycle, the vertices x},z), ...z, on the
inner cycle, y be the central vertex. When n is even, the vertex sets
Vi =A{xa,my,. . xp}, Vo = {21, 23,. .. 21}, V3 = {xQ,x4,...x§L} and
Vi = {a),a%,...2l,_,} receives the colors c¢;, c4, c3 and ¢y respec-
tively. Also central vertex gets the color ¢;. Therefore, 6(c;) = 1,
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0(ca) = 0(c3) = 0(ca) = O(cs5) = % and 745 = M3 = N, N5 = T =

s =134 = 724 = T4 = 113 = 712 %

When n is odd, the vertex sets Vi = {xy,23,...2, 9,2, },
Vo = {xo, 24, xpq, 2}, Vs = {2, 24, 20 5,21} and V) =
{zh, 2y, ... xl,_4} receives the colors c;, ¢4, c¢3 and ¢; respectively.
Also, the central vertex gets the color ¢;. Therefore, 0(c;) = 1,
0(cs) = 0(ca) = O(c3) = " 0(ce) = %52 and s = n + 1,
Maa = "2, m3s = 22 g = n—3, ms = nu = My = %7 and
Nos = Nog = Mo = "7’3 Remaining part of the proof follows exactly as
mentioned in the proof of Theorem 25. 0
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