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Abstract. In this paper we prove among others that, if A and B
are positive definite matrices, then

og/o1 [det (1— ) A+ ¢B)] " dt — [det (A;B)}_l

< % E ([det (A)] " + [det (B)] ") — {det (A er B)} :
< % ([det (A)] ™ + [det (B)] ) — /1 det (1— ) A+ ¢B)] " dt
< % E (det (A)]™* + [det (B)] ") — [det (‘4 : B)} )
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1. INTRODUCTION
We call Heinz means, the mean defined by
1
H, (a’ b) = 5 (al—l/bl/ + aubl—u)

We call Heron means, the means defined by

b
F, (a,b) := (l—oz)\/%—i-oza; ,

where a, b > 0 and a € [0, 1].
In [2], Bhatia obtained the following interesting inequality between
the Heinz and Heron means

(1.1) H, (a,b) < Fy,_y)2 (a,b)

where a, b > 0 and « € [0,1].
This inequality can be written as

b
(1.2) (0 <) H, (a,b) — Vab < (2v — 1) (a; —@),
where a, b > 0 and « € [0,1].
Kittaneh and Manasrah [3], [4] provided a refinement and an addi-
tive reverse for Young inequality as follows:

(1.3) 7“<\/_—\/1;>2§(1—V)a+yb—a1_”b”§R<\/——\/5>2

where a,b > 0, v € [0,1], r =min {1 — v,v} and R = max {1l — v, v}.
If we replace in (1.3) v with 1 —v, add the obtained inequalities and
divide by 2, then we get

(1.4) r(x/_—\/l_))zga;b—H,,(mb)gR(\/_—\/l_))

2
)

where a,b > 0, v € [0, 1].

A real square matrix A = (a;5) , ¢, j = 1, ..., n is symmetric provided
a;; = aj; for all 4, j = 1,...,n. A real symmetric matrix is said to be
positive definite provided the quadratic form @ (x) = Z? =1 Qi TiT 8
positive for all x = (zy,...,2,) € R"\ {0}. It is well known that a
necessary and sufficient condition for the symmetric matrix A to be

positive definite, and we write A > 0, is that all determinants
det(A;) =det(ay), 4, j=1,....k k=1,...,n

are positive.
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It is know that the following integral representation is valid, see [1,
pp. 61-62] or [11, pp. 211-212]

(1.5)
I (A) == /Rn exp(— (Az, z))dx ::/_ /_ exp(— (Az, z))dx
/2
et (47

where A is a positive definite matrix of order n and (-, -) is the usual
inner product on R".

By utilizing the representation (1.5) and Holder’s integral inequality
for multiple integrals one can prove the logarithmic concavity of the
determinant that is due to Ky Fan ([1, p. 63] or [11, p. 212]), namely

(1.6) det (1 — A) A+ AB) > [det (4)]'* [det (B)]*

for any positive definite matrices A, B and \ € [0, 1].
By mathematical induction we can get a generalization of (1.6)
which was obtained by L. Mirsky in [10], see also [11, p. 212]

(1.7) det (ij AjAj> > ﬁ [det (A)]Y, m > 2,

where \; >0, j =1,...,m with 7"/ A\; =1 and A4; >0, j=1,..,m
If we write (1.7) for A; = Bj_1 we get

m m m -1
det (Z >\ij1> I [det ( (H [det (B ) ,
Jj=1 Jj=1 j=1

which also gives

m m -1
(1.8) I (det (A% > det (Z )\jAj_1> ,
j=1 j=1

where \; >0, j =1,...,m with 72 | A\; =1 and 4; >0, j=1,..,m
Using the representation (1.5) one can also prove the result, see [11,
p. 212],

(1.9)  det (A) = det (A1) < det (Arg) det (Agsiyn), k=1,...,n
where the determinant det (A,) is defined by
det (A,5) = det (a;;) i, j=r,...,5.
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In particular,
(1.10) det (A) < ajrags...any.
We recall also the Minkowski’s type inequality,
(1.11) [det (A + B)]Y/™ > [det (A4)]"™ + [det (B)]"/"

for A, B positive definite matrices of order n. For other determinant
inequalities see Chapter VIII of the classic book [11]. For some recent
results see [5]-]9].

Motivated by the above results, in this paper we prove among others
that, if A and B are positive definite matrices, then

OS/Ol[det((l—t)A+tB)]1dt_ [det (Agg)}l

([det (A)] " + [det (B)] ") — [det (A JQF B):|—1

IN

1
DN | —

(A" + [det (B)] ) — /01 [det (1 —t) A+tB)] " dt

VAN VAN
Wk NI—= W=
~
[=¥)
@
-

([det (A)] ™" + [det (B)] ") — [det (A + B)] -1

1
N | —

2. MAIN RESULTS

Our first main result is as follows:
Theorem 1. For any positive definite matrices A, B and t € [0, 1],
(2.1)

0< [[det((l — ) A+ tB)] 2 4 [det (tA + (1 — 1) B)]’”Q}

f (32

; <[det (A)]72 4 [det (B)]*1/2> B [det <A;B>}—1/2]

(2t — 1)?
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and
(2.2)
o= [% (1o () 4 faen () )  faer (257 ”2]

< 2 (et (A)% + et (B)] )
_% [[det (1= t) A+ tB)] "% + [det (tA + (1 — 1) B)]‘W}
<R % ([det (A7 + [det (B)]_I/Q) B [det (A;Bﬂ_m] |

where r = min {1 — t,t} and R = max{1 —t,t}.

Proof. From (1.2) we get for a = exp (— (Az,z)), b = exp (— (Bz, x))
with € R" that

(2.3)
0< % (exp(—{((1=t)A+tB)z,z)) +exp(— ((tA+ (1 —t) B) x,z)))

({152

< (2t —1)°

« (% (exp (— (A2, 2)) + exp (— (Bz, 2))) — exp (— <A ' Bx,x>>> |

By taking the integral on R" in (2.3), then we get

0

IN

%(/Rnexp(—«(l—t)A—l—tB):v,:r;})d:c

—I—/Rnexp(— ((tA+(1—t)B)a:,x>)dx> —/Rnexp (—<A;Bx,x>) dz

< (2t — 1) (% (/R exp (— (Az, z)) dx + /R exp (— (Bz, z)) dm)

(- (457.2)
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and by (1.5) we obtain

0< L
-2

[Jn((l—t)A+tB)+Jn(tA+(1—t)B)]—Jn( 5

%(Jn (A) + o (B)) = (A;BH

A+B)

§(2t—1)2{

which by (1.5), we derive (2.1).
From (1.4) we have

. (% (exp (— (A2, 2)) + exp (— (Ba,2))) — exp <— <A 5 Bx’x>))

2

< % (exp (— <A£C, £L'>) + exp (_ <BSL‘,$>))

- % (exp (= (((1 —=t)A+1tB)x,x)) +exp(—((tA+ (1 —1t) B) x,z)))

< (3 (e (- (ar0)) + o (- (Bo)) —enp (— (A2 E0) ) ),

for x € R".
By taking the integral on R™ we deduce the desired result (2.2). 1

Corollary 1. For any positive definite matrices A, B we have

(2.4)

0< /01 [det ((1 —t)A+tB)]_1/2 di — [det (A_|2_B>]—1/2
1
3

E (1@ ()2 ¢ e ()7 = [aen (257 /]

<

and

—~
Do

W | —
1 Ut
N | = —

—

~

N

<[det (A)]* + [det (B)]—1/2> B [det (A JQF B)]—m]
([det AT (B)]_1/2> N /1 [det (1 —t) A+tB)] " dt

E (1o ()7 4 faen () 7)  fae (257 - ] |

IN

IN
Wik N

2
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Proof. Taking the integral over ¢ in (2.1), we get
(2.6)

U [det (1 —t) A+tB)]” 1/2dt+/1 [det(tA+(1—t)B)]‘1/2dt]

0

Observe that

/1 [det (1~ 1) A+ tB)] ™/ dt = /1 det (tA + (1 — 1) B)] /2 dt

! 1
/ (2t —1)*dt = =,
0 3

then by (2.6) we obtain (2.4).
From (2.2) we get

and

s E (ldet (4772 + [det (B)) %) - [det (A > B)} 1/2]

1
></ min {1 —¢,t} dt
0

< 5 (Idet (A + fder ()] 2)
-~ % Uol [det (1 —t) A+tB)] " dt + /01 [det (tA + (1 —t) B)]/? dt]
< E ([det (A)] 72 + [det (B)]_1/2> - {det (‘4 ; b )} _1/2]

1
X / max {1 — ¢,t} dt.
0
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Since

1 1 1
/ min {1 —¢,t} dt = 3 and / max {1 —t,t}dt = —
0 0
hence by (2.7) we get (2.5). 1

If we take the square in the representation (1.5), then we get

(/ exp(— (x,Ax))d:v>2 _ desz).

Since

([ et amanar) = [ [ oot a0y ey
= [ [ el tar.a) ~ Ay o,

hence

ﬂ.n

(2.8) K, (A):= /n /n exp(— (Az,z) — (Ay,y)))dzdy = det (A

)

for A a positive definite matrix of order n and (-, -) is the usual inner
product on R".

Theorem 2. For any positive definite matrices A, B and t € [0, 1],
(2.9)

1

5 [[det (1 =) A+¢B)] " +[det (LA + (1 —t) B)] ']
{ ()

; ([det (A)] " + [det (B)] ") — [det (A _g B)} 1

< (2t — 1)
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and

(210) 0<r E ([det (A)] " + [det (B)] ™) — {de‘ﬁ (A > B)} _1

< = ([det (A)] ™" + [det (B)] ")

N — o —

[[det (1 — ) A+ tB)] ™" + [det (tA + (1 — ) B)] ]

% ([det (A)] " + [det (B)] ") — [det (AJ;B)]—1 |

<R

where r = min {1 —¢,t} and R = max {1 —¢,t}.

Proof. From (1.2) we get for a = exp(— (Az,z) — (Ay,y)), b =
exp (— (Bx,z) — (Bx,x)) with x,y € R™ that

(2.11)
0< 5 lexp(~ (1= 1) A+ tB),2) — (1~ 1) A+ B)y,0))
+exp (— ((tA+ (1 — ) B) z,2) — ((tA+ (1 — ) B) y,9))]

oo ((A52) {2500

< (2t -1
‘ E (exp (— (Az, z) — {Ay,y)) + exp (~ (Bz,z) — (By.u)))

(- (£52e) - (2550))]
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If we take the double integral on R™ x R", the we get
2 12)

2 Uﬂ/nexp (1 =t)A+tB)z,x) — (1 - t) A+tB)y,y)) dzdy

+ /n/nexp(—<(tA+(1—t)B)x,a:>—<(tA+(1—t)B)y,y>)dmdy

Lo (25 (250

< (2t —1)°

g E (/n/n exp (— (Az, z) — (Ay, y)) dzdy
+/R / exp (— (Bx, x) — (By,y)) d:vdy)
/n/neXp< <A+B :,;> _ <A—|2_By,:l:y>) dxdy] |

By utilising the representation (2.8) we get

Og%[Kn((l—t)A+tB)+Kn(tA+(1—t)B)]—Kn (A;B)
< (2 -1y (%[Kn(A)JrKn(B)]—Kn(A;B)),

which is equivalent to (2.9).
The inequality (2.10) follows in a similar way from (1.4). n

Corollary 2. For any positive definite matrices A, B we have

(2.13)
0< /01 [det (1 —t)A+tB)] " dt — {det (A;B)]—l

< % [% ([det (A)] " + [det (B)] ") — {det (A ;r B)} :
< % ([det (A)] " + [det (B)] ") — /1 [det (1 —t) A+tB)] " dt
< % E ([det (A)] ™" + [det (B)] ) — {det (A ; B )} :
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3. THE CASE OF HERMITIAN MATRICES

A complex square matrix H = (h;;),4,j = 1,...,n is said to be Her-
mitian provided h;; = h_JZ for all 4, j = 1,...,n. A Hermitian matrix is
said to be positive definite if the Hermitian form P (2) = >0, a;;2i%;
is positive for all z = (zq, ..., z,) € C"\ {0} .

It is known that, see for instance [11, p. 215], for a positive definite
Hermitian matrix H, we have

(3.1) K, (H) = /n /n exp (— (z,Hz)) dzdy = #ZH),

where z = x + iy and dx and dy denote integration over real n-
dimensional space R"™. Here the inner product (x,y) is understood
in the real sense, i.e. (x,y) =D 1_, TkYk-

On making use of a similar argument to the one in Theorem 2 for
the representation K, (-) we can state the following result as well:

Theorem 3. For any positive definite Hrmitian matrices H, K and
t € [0,1],

(3.2)
0 3400~ KO+ e+ (1) 10

{ (5

(21— 1)7 |3 (et (H)]™ + [det (K] ") - {det (H . K)] ]
and

(33) 0<r [% ([det (H)] ™ + [det (K)] ") — {det (H ; K)] _1]

< 5 (1det (] + [det (K)] )
et (RO e e (- 0]
<R % (Idet (E)]™" + [det (K)] ") — {det (H;KH _ ] |

where r = min {1 — ¢,t} and R = max {1 —t,t}.
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Also

(3.4)

0< / [det (1 —#) H + ¢K)]™" di - {det (Hg—K”

< % ([det (H)]™ + [det (K)] ™)) — [det (#)] :
[ (H)]_1+[det(K)]_1)—/O (det (1= £) H + tK)]" dt

([det (H)] ™" + [det (K)] 1) — {det (#)] i

IA
Wik NI—= Wl
1 fam— 1
o
@
-+
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