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A MEAN ERGODIC THEOREM IN A SUBALGEBRA
OF GENERALIZED WEIGHTED GRAND LEBESGUE

SPACES

İLKER ERYILMAZ

Abstract. The paper introduces a new type of grand Lebesgue
space, for which special cases are weighted grand Lebesgue spaces in-
troduced by Fiorenza, Gupta and Jain (2008) and a generalization of
grand Lebesgue spaces introduced by Greco, Iwaniec and Sbordone
(1997). The main result is a mean ergodic theorem, in the Von Neu-
mann sense, for some operator acting on the closure of the set of
compactly supported in the newly introduced grand Lebesgue space.

1. Introduction

Iwaniec and Sbordone in [12], extrapolated the concept of Lebesgue
spaces and presented a new space of measurable, almost everywhere
equal integrable function classes, which they called grand Lebesgue
spaces. Let Y be locally compact Hausdorff space and (Y,Σ, µ) be
a finite measure space. According to [12], grand Lebesgue spaces are
the space of equivalence classes that are obtained according to equality
almost everywhere of all measurable functions defined on (Y,Σ, µ) and
denoted by Lr) for 1 < r <∞ . A measurable function u on Y belongs
to Lr) if the functional
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‖u‖r) = sup
0<ε<r−1

ε
1
r−ε

∫
Y

|u (x)|r−εdµ (x)

 1
r−ε

is finite. The above functional is a Banach function norm on Lr)

and the Banach function space Lr) is rearrangement invariant. Also
Lr ⊂ Lr) ⊂ Lr−ε if 0 < ε ≤ r − 1. New results on grand Lebesgue
spaces can be observed in current studies [3, 6, 8, 11, 17, 18] and [19].
Presented in terms of the Jacobian integrability problem, these works
have proven useful in assorted applications of P.D.E’s and related ap-
plied mathematics’ problems, where they are utilized in the study of
extrapolation theory, maximum functions, etc. The harmonic analy-
sis of grand Lebesgue spaces, and the related associate spaces, small
Lebesgue spaces, has been advanced intensively in recent years and
goes on to invite the researchers to study on itself because of their
various applications.

Let 1 < r < ∞ and w be a weight function. This means that w is
real valued, measurable, integrable and locally bounded function on
Y which also has absolute minimum value 1 on Y . Weighted grand

Lebesgue spaces denoted by L
r)
w are the space of equivalence classes of

measurable functions defined on (Y,Σ, µ) such that

‖u‖r),w = sup
0<ε<r−1

ε∫
Y

|u (x)|r−εw (x) dµ (x)

 1
r−ε

is finite for any u ∈ L
r)
w . These spaces were defined in [7] and the

boundedness property of the Hardy-Littlewood maximal operator on

L
r)
w are examined in the same paper. “In [15], it is proved that the

Hilbert transform in a certain framework is bounded in the weighted
grand Lebesgue space if and only if the weight belongs to the corre-
sponding Muckenhoupt class. For more on weighted grand Lebesgue
spaces and its fundamental properties, we can refer to [13, 14, 15].

In the generalization of grand Lebesgue spaces given by Greco,
Iwaniec and Sbordone in [10], the definition of that notion says: For
1 < p < ∞ and 0 ≤ θ < ∞ the generalized grand Lebesgue space
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Lr),θ (Y ) consists of the functions u ∈
⋂

0<ε<r−1

Lr−ε such that

‖u‖r),θ = sup
0<ε<r−1

ε
θ
r−ε

∫
Y

|u (x)|r−εdµ

 1
r−ε

= sup
0<ε<r−1

ε
θ
r−ε‖u‖r−ε

is finite. According to [1, Proposition 2.1] and [10], Lr),θ (Y ) is
a rearrangement-invariant Banach function space with this norm.
Lr),θ (Y ) reduces to classical Lebesgue spaces Lr (Y ) when θ = 0 and
brings down to grand Lebesgue spaces Lr) (Y ) when θ = 1 [3, 10].
Also we have Lr (Y ) ⊂ Lr),θ (Y ) ⊂ Lr−ε (Y ) for 0 < ε ≤ r − 1 and
Lr (Y ) ⊂ Lr),θ1 (Y ) ⊂ Lr),θ2 (Y ) for 0 ≤ θ1 < θ2 [1, 10]. It is important
to recall that the subspace of test functions C∞0 (Y ) is not dense in
Lr),θ (Y ). If we denote the closure of C∞0 (Y ) in Lr),θ (Y ) by Er),θ (Y ),
then

Er),θ (Y ) =

{
u ∈ Lr),θ (Y ) : lim

ε→0+
ε

θ
r−ε‖u‖r−ε = 0

}
and Lr),θ1 (Y ) ⊂ Er),θ2 (Y ) for 0 ≤ θ1 < θ2 [10].

2. Mean Ergodic Theorem

For the rest of the paper, letX = (X,Σ, µ) be a finite measure space,
M denote the collection of all extended scalar-valued (real or complex)
µ−measurable functions on X, M0 stand for the class of functions in
M that are finite µ−a.e and χA be the characteristic function of a set
A. For any two non-negative functions or functionals, say M and N ,
this symbol M ≺ N means that M ≤ cN , for some positive constant
c independent from the variables in M and N . If both M ≺ N and
N ≺ M are satisfied, then we will write M ≈ N and say that M and
N are equivalent.

Definition 1. Let X be locally compact Hausdorff space, (X,Σ, µ)
be a finite measure space, w be a weight function and 1 < p ≤ ∞.

The weighted grand Lebesgue space denoted by L
p),θ
w (X) is the space of

measurable functions defined on (X,Σ, µ) such that

‖u‖wp),θ = sup
0<ε<p−1

ε
θ
p−ε

∫
X

|u (x)|p−εw (x) dµ

 1
p−ε

is finite for any u ∈ Lp),θw (X).
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It is easy to see from the previously mentioned that L
p),θ
w (X) ⊂⋂

1≤q<p
L
q),θ
w (X) and L

p),θ
w (X) is a Banach function space with this norm

for p > 1 and θ ≥ 0 and not a rearrangement-invariant space. Also

L
p),θ
w (X) reduces to classical weighted Lebesgue spaces Lpw (X) when

θ = 0 and to weighted grand Lebesgue spaces L
p)
w (X) when θ = 1

[3, 10]. Besides Lpw (X) ⊂ L
p),θ
w (X) ⊂ Lp−εw (X) for 0 < ε ≤ p− 1 and

Lpw (X) ⊂ L
p),θ1
w (X) ⊂ L

p),θ2
w (X) for 0 ≤ θ1 < θ2 [1, 10].

The weighted Marcinkiewicz class, denoted by weak−Lpw (X) or
Lp,∞w (X), consists of all µ−measurable functions u : X → C such
that

sup
λ>0

λpDu,w (λ) <∞

where

Du,w (λ) = w ({x ∈ X : |u (x)| > λ}) =

∫
{x∈X: |u(x)|>λ}

w (x) dµ (x) , λ ≥ 0

is the distribution function of u. Then Lp,∞w (X) ⊂ L
p),θ
w (X). Since

w (x) ≥ 1 for all x ∈ X, it is easy to see that L
p),θ
w (X) ⊂ Lp),θ (X)

and ‖u‖p),θ ≺ ‖u‖
w
p),θ for any u ∈ L

p),θ
w (X). Moreover the relation

w1 ≺ w2 implies that L
p),θ
w2 (X) ⊂ L

p),θ
w1 (X). Since the test func-

tions C∞0 (X) is not dense in L
p),θ
w (X), we can define the closure of

C∞0 (X) as a subclass of L
p),θ
w (X) consisting of all functions such that

lim
ε→0+

ε
θ
p−ε‖u‖wp−ε = 0. If we denote this subclass by E

p),θ
w (X), i.e.

Ep),θ
w (X) = [C∞0 (X)]wp),θ =

{
u ∈ Lp),θw (X) : lim

ε→0+
ε

θ
p−ε‖u‖wp−ε = 0

}
,

then it is easy to prove that E
p),θ
w (X) is a closed subspace of L

p),θ
w (X)

and so a Banach space when p > 1. By using [9, Lemma 3.4], we
can conclude that the set of simple functions S and the set of smooth

functions with compact support C∞0 (X) are dense subsets of E
p),θ
w (X).

The research on Ergodic theory began in the 1930s, initiated by
Birkhoff in [2] and Neumann in [20], and originated from applied
physics and statistical mechanics. The fundamental problem in Er-
godic theory is to study and find the necessary conditions for when

the sequences of Cesàro averages
n∑
j=1

T n (·) are convergent where T was



A MEAN ERGODIC THEOREM... 79

a mapping defined on a suitable space. The theorem of mean ergod-
icity was extended for bounded linear operators on Banach spaces by
Yosida and implemented to Markoff processes by Yosida and Kakutani
in [21] and [22], respectively. Moreover, Dudley studied and published
a paper on Lorentz-invariant Markoff processes in relativistic phase
space in [4]. Thenceforward, ergodic theory and its applications have
certainly evolved in various mathematical and statistical problems and
has been studied by many researchers. For a systematic preparation
and development of ergodic theorems, we can refer to the classic book
[16], which contains rich literature in this area. In [5, Section VIII.5],
the averages of iterates of a linear operator T is examined and dis-
cussed and then tried to throw some light upon the problems which
are occured in probability and statistical mechanics. The conditions
of an operator T in an arbitrary complex Banach space Y were given
which are necessary and sufficient for the convergence in Y of the
averages

A (n) =
1

n

n−1∑
j=0

T j

of the iterates of T . These general conditions have been interpreted
for operators in Lebesgue spaces which occur in statistical mechanics
and probability.

The main aim of this paper is to prove the mean ergodic theorem

which can be written for averages of iterates of T on E
p),θ
w (X) where

1 < p <∞, w is a weight function and θ ≥ 0.

Lemma 2. Let (X,Σ, µ) be a finite positive measure space, ℵ 6= 0 be a
complex Banach space and ϕ be a map of X into itself which satisfies
the following conditions:

(i) ϕ−1 (E) ∈ Σ for all E ∈ Σ(1)

(ii) If µ (E) = 0 then µ
(
ϕ−1 (E)

)
= 0.

Then for every function u from X to ℵ the following operator T defined
as

(2) T (u) (·) = u (ϕ (·))
maps measurable functions into measurable functions and µ-equivalent
functions into µ-equivalent functions. Furthermore T is a continuous
linear map of the space of all ℵ-valued µ−measurable functions into
itself.

Proof. See [5, VIII.5.6, Lemma 6]
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Lemma 3. Let (X,Σ, µ) be a finite positive measure space, Y 6= 0
be a complex Banach space. Assume that ϕ is a map of X into itself
which satisfies (1). Then for any p > 1, the linear operator T defined
in the complex linear space Y X of all functions on X into Y by

(3) Tu (x) = u (ϕ (x)) , x ∈ X, u ∈ Y X

maps E
p),θ
w (X) into itself if and only if

(4) sup
E∈Σ

w (ϕ−1 (E))

w (E)
=: M <∞.

Furthermore, when this condition is satisfied T is a continuous linear

map on E
p),θ
w (X) and ‖T‖ = M .

Proof. If w (E) = 0, then
w(ϕ−1(E))

w(E)
will be taken zero. Now assume

that w (E) > 0. If u is a measurable function and ϕ is defined as in
(1), then is easy to see that Tu is measurable by (3). Firstly suppose

that T maps E
p),θ
w (X) into itself. It will be shown that T is closed

and hence continuous. Since T is defined on E
p),θ
w (X), then it maps

µ-equivalent functions into µ-equivalent functions and also measurable
functions into measurable functions. Now let α 6= 0 be a fixed vector
in Y and let E be a µ-null set in Σ. Then µ (E) = 0, χE = 0 (a.e.)
and

T (αχE) = αχϕ−1(E)

by the definition of T . Also, linearity of T implies that µ (ϕ−1 (E)) = 0.
This means that ϕ is a measure-preserving map of X into itself and

satisfies (1). Since S = E
p),θ
w (X), for any u ∈ Ep),θ

w (X) a sequence of
simple functions (un) ⊂ S can be formed such that ‖un − u‖ wp),θ → 0.
This convergence implies convergence in measure and so the graph of

T is closed. Therefore T is bounded and continuous on E
p),θ
w (X) by

Closed graph theorem. On the other hand, for any 0 6= α ∈ Y and E
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∈ Σ, we have

‖T (αχE)‖wp),θ = sup
0<ε<p−1

ε
θ
p−ε

∫
X

|T (αχE) (x)|p−εw (x) dµ

 1
p−ε

= sup
0<ε<p−1

ε
θ
p−ε

∫
X

∣∣αχϕ−1(E) (x)
∣∣p−εw (x) dµ

 1
p−ε

= |α| sup
0<ε<p−1

ε
θ
p−ε

 ∫
ϕ−1(E)

w (x)dµ


1
p−ε

(5)

= |α| sup
0<ε<p−1

ε
θ
p−εw

(
ϕ−1 (E)

) 1
p−ε

= |α| (p− 1)θ w
(
ϕ−1 (E)

)
.

Therefore, one can get that

|α| (p− 1)θ w
(
ϕ−1 (E)

)
= ‖T (αχE)‖wp),θ ≤ |a| ‖T‖ ‖χE‖

w
p),θ

= |a| ‖T‖ (p− 1)θ w (E)

which means M ≤ ‖T‖.
Conversely, let s be a µ-integrable simple function having val-

ues β1, β2, . . . , βk on the disjoint sets E1, E2, . . . , Ek of positive
measure. Then Ts has the values β1, β2, . . . , βk on the sets
ϕ−1 (E1) , ϕ−1 (E2) , . . . , ϕ−1 (Ek). Since the family {E1, E2, . . . , Ek}
is a decomposition of X, property (1) of ϕ implies that the fam-
ily {ϕ−1 (E1) , ϕ−1 (E2) , . . . , ϕ−1 (Ek)} is also a decomposition of X.

Therefore, if we use the notation
k∑
i=1

βiχEi for s, then

Ts (x) = s (ϕ (x)) =
k∑
i=1

βiχEi (ϕ (x)) =
k∑
i=1

βiχϕ−1(Ei) (x)
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and

‖Ts‖wp),θ = sup
0<ε<p−1

ε
θ
p−ε

∫
X

|Ts (x)|p−εw (x) dµ

 1
p−ε

= sup
0<ε<p−1

ε
θ
p−ε

∫
X

|s (ϕ (x))|p−εw (x) dµ

 1
p−ε

= sup
0<ε<p−1

ε
θ
p−ε

∫
X

∣∣∣∣∣
k∑
i=1

βiχϕ−1(Ei)

∣∣∣∣∣
p−ε

w (x) dµ

 1
p−ε

≤ sup
0<ε<p−1

ε
θ
p−ε

∫
X

k∑
i=1

∣∣βiχϕ−1(Ei)

∣∣p−εw (x) dµ

 1
p−ε

can be written. Since the elements of the family
{ϕ−1 (E1) , ϕ−1 (E2) , . . . , ϕ−1 (Ek)} are disjoint,

‖Ts‖wp),θ ≤ sup
0<ε<p−1

ε
θ
p−ε

 ∫
∪ki=1ϕ

−1(Ei)

k∑
i=1

∣∣βiχϕ−1(Ei)

∣∣p−εw (x) dµ


1
p−ε

= sup
0<ε<p−1

ε
θ
p−ε

 k∑
i=1

∫
ϕ−1(Ei)

|βi|p−εw (x) dµ


1
p−ε

= sup
0<ε<p−1

ε
θ
p−ε |βi|

(
k∑
i=1

w
(
ϕ−1 (Ei)

)) 1
p−ε

≤ sup
0<ε<p−1

ε
θ
p−εM

1
p−ε

(
k∑
i=1

|βi|p−εw (Ei)

) 1
p−ε

= M‖s‖wp),θ

is found.
Since the µ-integrable simple functions S are dense in E

p),θ
w (X) and

T is a continuous operator acting on a dense subset of E
p),θ
w (X), we

can say that T possesses a unique bounded, continuous extension T̃

defined on all of E
p),θ
w (X) with norm

∥∥∥T̃∥∥∥ ≤M . Furthermore, by the
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definition of M ,

M = sup
E∈Σ

w (ϕ−1 (E))

w (E)
= sup

E∈Σ

(p− 1)θw (ϕ−1 (E))

w (E) (p− 1)θ

= sup
E∈Σ

∥∥χϕ−1(E)

∥∥w
p),θ

‖χE‖wp),θ
= sup

E∈Σ

‖TχE‖wp),θ
‖χE‖wp),θ

≤ ‖T‖

can be found. Therefore ‖T‖ = M .

Proposition 4. Assume that (X,Σ, µ) be a finite positive measure
space and let ϕ be a mapping of X into itself with ϕ−1 (Σ) ⊂ Σ. Also,
suppose that there is a constant M for which

(6)
1

n

n−1∑
j=0

w
(
ϕ−j (E)

)
≤Mw (E)

for all n ∈ N and E ∈ Σ. Then, for every p ∈ (1,∞), the operator T

defined in (3) maps E
p),θ
w (X) into itself. Also the averages A (n) as

operators acting on E
p),θ
w (X) are uniformly bounded.

Proof. If we write n = 2 in (6), then we get w (ϕ−1 (E)) ≤
(2M − 1)w (E) for any E ∈ Σ. Therefore T is bounded by (4). This
inequality also shows that w (ϕ−1 (E)) = 0 whenever w (E) = 0. Now
let E ∈ Σ be any set, n ∈ N and j = 1, 2, . . . , n− 1. Since

T j (χE) (·) = T j−1 (T (χE)) (·) = T j−1 (χE (ϕ)) (·) = T j−1
(
χϕ−1(E)

)
(·)

= T j−2
(
T
(
χϕ−1(E)

))
(·) = T j−2

(
χϕ−2(E)

)
(·) = · · ·(7)

we can conclude that T j (χE) (·) =
(
χϕ−j(E)

)
(·). For any simple func-

tion s (·) =
k∑
i=1

βiχEi (·), we have

A (n) (s) (·) =
1

n

n−1∑
j=0

T j (s) (·) =
1

n

n−1∑
j=0

T j

(
k∑
i=1

βiχEi

)
(·)

=
k∑
i=1

βi

(
1

n

n−1∑
j=0

T jχEi

)
(·) =

k∑
i=1

βi

(
1

n

n−1∑
j=0

χϕ−j(Ei)

)
(·)
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by (7). Thus

‖A (n) (s)‖wp),θ =

∥∥∥∥∥
k∑
i=1

βi

(
1

n

n−1∑
j=0

χϕ−j(Ei)

)∥∥∥∥∥
w

p),θ

≤
k∑
i=1

|βi|

∥∥∥∥∥ 1

n

n−1∑
j=0

χϕ−j(Ei)

∥∥∥∥∥
w

p),θ

=
k∑
i=1

|βi|

 1

n

∥∥∥∥∥
n−1∑
j=0

χϕ−j(Ei)

∥∥∥∥∥
w

p),θ


≤

k∑
i=1

|βi|

(
1

n

n−1∑
j=0

∥∥χϕ−j(Ei)

∥∥w
p),θ

)

=
k∑
i=1

|βi|

(
1

n

n−1∑
j=0

w
(
ϕ−j (Ei)

))

≤
k∑
i=1

|βi|Mw (Ei) = M‖s‖wp),θ

for all s ∈ S. By using the density of S in E
p),θ
w (X) and Tietze ex-

tension theorem, ‖A (n)‖ ≤M for any n ∈ N. The averages of it-
erates, namely A (n), are uniformly bounded as operators acting on

E
p),θ
w (X).

Theorem 5. (Mean Ergodic Theorem) Assume that (X,Σ, µ) is a
finite positive measure space and ϕ is a mapping of X into itself which
satisfies ϕ−1 (Σ) ⊂ Σ. If the inequality

(8)
1

n

n−1∑
j=0

w
(
ϕ−j (E)

)
≤Mw (E)

is satisfied for all n ∈ N and E ∈ Σ, then for every p ∈ (1,∞), the
operator T defined by the equation (2) is a continuous linear map on

E
p),θ
w (X) and the sequence of averages A (n), as operators acting on

E
p),θ
w (X), is strongly convergent. Here M is independent of E, n and

ϕ0 (E) = E.

Proof. With (8), it can be written that
w(ϕ−1(E))

w(E)
≤ (2M − 1) for any

E ∈ Σ. Therefore the linear operator T defined by the equation (2)

is a bounded and continuous map on E
p),θ
w (X) by Lemma 3. If we

denote the space of all linear and continuous operators on E
p),θ
w (X)

by B
(
E
p),θ
w (X)

)
, then it can be easily seen that A (n), the averages
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are in this complete space. Since the averages A (n) are uniformly

bounded while operating on E
p),θ
w (X), we can write that the sequence

{A (n) f} ⊂ E
p),θ
w (X) converges for all f ∈ Ep),θ

w (X) by Riesz–Thorin
convexity theorem. By the way, when the averages A (n) are operating

on E
p),θ
w (X), we obtained that A (n) f ∈ Ep),θ

w (X) for all n ∈ N and

for each f ∈ Ep),θ
w (X). It is known that the characteristic functions

of elements of Σ form a fundamental set for E
p),θ
w (X). Then, for any

E ∈ Σ and x ∈ X, since we have |χE| ≤ 1 and∣∣∣∣T n (χE) (x)

n

∣∣∣∣ =

∣∣∣∣χE (ϕn) (x)

n

∣∣∣∣ ≤ 1

n
→ 0,

we can say that the sequence {A (n)} converges in strongly operator
topology by [5, VIII.5.1].

Remark 6. It should be noted that the weighted measure preserving
transformation (i.e. one for which w (ϕ−1 (E)) = w (E) for every
E ∈ Σ) satisfies the assumptions of Theorem 5. It has already been
known that precisely this type of transformation occurs when studying
conservative mechanical systems.
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