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SOME GROWTH PROPERTIES OF COMPOSITE
ENTIRE FUNCTIONS RELATING TO («,f,v7)-ORDER
AND («,3,7)-TYPE

TANMAY BISWAS, CHINMAY BISWAS, SARMILA BHATTACHARYYA

Abstract. In this paper, we establish some growth properties of
composite entire functions on the basis of their («, 3, v)-order and

(v, B,77)-type.
1. INTRODUCTION

We denote by C the set of all finite complex numbers. Let f =
+o00
> a,z™ be an entire function defined on C. The maximum modulus

n=0
function My () of f on |z| = r is defined as M; = Hax |f (2)]. We use

the standard notations and definitions of the theory of entire functions
which are available in [7, 8] and therefore we do not explain those in
details.

First of all, let L be a class of continuous non-negative on
(—00, +00) functions « such that a(x) = a(xy) > 0 for z < xy with
a(x) 1T 400 as g < v — +oo. We say that o € Ly, if & € L and
ala+b) < ala) + a(db) + ¢ for all a,b > Ry and fixed ¢ € (0, 400).
Further we say that a € Lo, if « € L and a(z+O(1)) = (1+0(1))a(x)
as * — +o0. Finally, a € L3, if @ € L and a(a+b) < a(a) + a(b) for
all a,b > Ry, i.e., « is subadditive. Clearly L3 C L.
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Particularly, when a € L3, then one can easily verify that
a(mr) < ma(r), m (> 2) is an integer. Up to a normalization, subad-
ditivity is implied by concavity. Indeed, if a(r) is concave on [0, +00)
and satisfies «(0) > 0, then for ¢ € [0, 1],

alte) = atz+(1—1)-0)
> ta(z) + (1 —t)a(0) > ta(x),
so that by choosing ¢ = % or ¢ = aib,
ala+b) = La(a—{—b) + b ala+b)
 a+b a+b

< a(aib(a+b)) +a<aib(a+b))

= a(a) +a(b), a,b>0.

As a non-decreasing, subadditive and unbounded function, «(r) sat-
isfies

a(r) < alr+ Ry) < a(r) + a(Ry)
for any Ry > 0. This yields that a(r) ~ a(r + Ry) as r — +o0.
Throughout the present paper we take a,aq, s, a3 € Ly, f € Lo,
Y € L3.

Heittokangas et al. [3] have introduced a new concept of p-order
of entire function considering ¢ as subadditive function. For details
one may see [3]. Later on Belaidi et al. [1] have extended the idea and
have introduced the definitions of («, 3, v)-order and («, 3, v)-lower
order of an entire function f, which are as follows:

Definition 1. [1] The («,f,7)-order denoted by ppsnlf] and
(a0, B,7)-lower order denoted by Ap~)|f] of an entire function f are
defined as:

a(log® (M(r, f)))

Plaplf] = msup—g7" =05
2r
and Napnlf] = lim inf > a(log™ (M (hf)))

r>+o0o 3 (log(y(r)))

Remark 2. Let a(r) = logPr, (p > 0), B(r) = log!?r, (¢ > 0) and
v(r) = r, where log® = log(log®* Y z) (k > 1), with convention that
log” 2 = 2. Ifp=0and ¢ =0, i.e., a(r) = B(r) = r, Definition 1



SOME GROWTH PROPERTIES OF COMPOSITE ENTIRE FUNCTIONS 23

coincides with the usual order and lower order, when o(r) = log? Y,

(p > 1), B(r) =r, we obtain the iterated p-order and iterated lower p-
order (see [6]), moreover when a(r) = log?Yr and B(r) = loglt=Vr,
(p > q>1), we get the (p, q)-order and lower (p, q)-order (see [4, 5]).

Belaidi et al. [2] have also introduced the definition of another
growth indicator, called (o, ,7)-type of an entire function f in the
following way:

Definition 3. [2| The («a, 3,v)-type denoted by o(a,5)[f], of an entire

function f having finite positive (c, B,7)-order (O < Plaslfl < +oo)
is defined as:

rtasylf] = limsup—2LW0e M (D) _
(287 f] H+00p (exp (B (log(y(r))))) s (/]

In this line, further one may introduce the definition of («, B,7)-lower
type of an entire function f which is as follows:

The (v, B,7)-lower type denoted by T f] of an entire function f
having finite positive (o, 3,y)-order (0 < Plasmlfl < +oo) is defined
as:

S lf] = liminf—PL (log™ (M (r, 1))))

r=too (exp (8 (log(v(r))))) sl
It is obvious that 0 < T(a,p)|f] < 00,8 f] < +o0.

Analogously, to determine the relative growth of two entire
functions having same non-zero finite («a, 3, v)-lower order, one can in-
troduce the definitions of («, 3, v)-weak type and (a, 3, v)-upper weak
type of an entire function f of finite positive («, /3, v)-lower order which
are as follows:

Definition 4. The («,f,7)-weak type denoted by T p)[f] and
(a0, B,y)-upper weak type denoted by Tz~ [f] of an entire function
f having finite positive («, [3,v)-lower order (O < MagmLf] < —i—oo)
are defined as:

] = el (M (. 1))
onlfl = T 6 <log< (r))))) sl
2l (

and Tia, .~ = liminf exp(a(log™ (M (r, f))))
sl = D (8 ey <r>>>>>k<wv>m
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In this paper we study some growth properties relating to the
composition of two entire functions on the basis of (a, 3,)-order,
(e, B,7)-type and (a, 3, 7)-weak type as compared to the growth of
their corresponding left and right factors.

2. MAIN RESULTS

In this section, the main results of the paper are presented.

Theorem 5. Let f and g be two entire functions such that 0 <

Ner syl F@D] < plawpnlf(@)] < +oo and 0 < Aapsylf] <
Plas,f] < +oo. Then

Nawonlf(@)] _ o (108”01 9))
p(azﬁv)[f] o oo Qs (log[Z](M(r f)))

< min { N ) LF (D] Plor s [f(9)] }

Aaz,sm ] ’ Plaz,p) ]
< e { M2l 0], piseli )]}
B Aaz,sf] , P(az,B,y) [f]
< lim supoz1 <10g[ W a1.57) [f(g)]
C oot (log[ }(M(r, f))) A(az,fm) /]

Proof. From the definitions of A, 5 [f(9)]; Ptar,8)F(9)]s Naz,81)f]
and p(a,,3,)[f], we have for arbitrary positive ¢ and for all sufficiently

large values of r that

1) <10g[2](M(r, f(g)))> > (Mawsmf(9)] =€) Blog(v(r))),

@) o1 (1og? (M £(9))) < (parsnlF(9)] +2) Bllog(y(r))),

WV

3) a2 (1052 1)) > Nawslf] — €) Bllog(r(r)

(4)  and az (18P (M, 1)) < (prazsmlf] + ) Bllog(1(1))).

Again for a sequence of values of r tending to infinity,

(5) (g (M(r, £(9)) < (A sl F(@)] +2) Bllog(y(r))),
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©) a1 (1og?(M(r, 1(9)) > (plars [ (9)] — 2) Bllog(y(r))),
(M) a2 (1082 (1, 1)) < Naaslf] + ) Bllog(r(r)

(8)  and az (1og™ (M (1, 1)) > (prazsmlf] — ) Bllog(1(1))).

Now from (1) and (4) it follows for all sufficiently large values of r
that

o (10" £9) Ay [ 10)] ~
Q9 (108;[2](M<7"7 f))) ~ Plas,pfl+E
As € (> 0) is arbitrary, we obtain that

9) liminf (log M, flg )>>) > 57)[f(9)].
=y (logP(M(r, ) Peasnlf]

Combining (3) and (5) , we have for a sequence of values of  tending
to infinity that

a (log[z](M (r, f (g)))) - Aol f(g)]
as (10 (M(r, 1))~ Measnlf] -
Since € (> 0) is arbitrary it follows that

o e (O OIOTD) i)
rotoo <log[2](M(r,f))> - )‘(‘”B L/}

Again from (1) and (7), for a sequence of values of r tending to
infinity, we get

ay <log[2](M(7“, f(g)))> - Aar s [ f(9)] —
o <log[2](M(7", f))) T sl e

As e (> 0) is arbitrary, we get from above that

o (lo 2lpr T,
SRV <gi - IO)) | Awslf o)
v (logP(M(r, f))) — Measolf]
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It follows from (2) and (3), for all sufficiently large values of r that
o (log (M0 10)) pewsolf)]
Qs <log[2](M(r, f))) T Aaeslf] -
Since € (> 0) is arbitrary, we obtain that

ag (lo r,
(12)  limsup (o 01 <f<m)§pT@Mﬂmy
RN e?) <10g (M (r, f))> (az,8m Lf]

Now from (2) and (8), it follows for a sequence of values of r tending
to infinity that

o (1og™ (M0, £9))) _ p, Lo +
s (log® (M (1)) sl

As e (> 0) is arbitrary, we obtain that

(13) lim infal (log[2](M(r, f(g)))> < Pla1,8,7) [f(g)]
0y (log®(M(r, 1) T Peasal]

Combining (4) and (6) , we get for a sequence of values of r tending
to infinity that

a1 (108" S@) _ piay ol (0)] — 2
o <log[2}(M(7", f))) - Ploasmlfl+€
Since € (> 0) is arbitrary, it follows that
) I (log (M(r, f(g ))))  Plarslf(9)]
Tt <log (M (r, f))> Plozp f]
Thus the theorem follows from (9), (10), (11), (12), (13) and (14) . &

Remark 6. If we take “0 < Aay,8:)09] < Plas,py)lg] < +00” instead
of “0 < ANasgnlf] < Plas,pyf] < +00” and other conditions remain
same, the conclusion of Theorem & remains true with “Na,p.+)[9]7,

“Plas,lg]” and “ag (logm(M(T, g))) 7 in replace of “Nasg[f]7

“Plas,s [ f]7 and “o (log[Z](M(r, f))) ” respectively in the denomina-
tors.
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Theorem 7. Let f and g be two non-constant entire functions such
that 0 < Na,s)[f] < plasylf]l < +00 and Ao g f(g)] = +00. Then

alog? (v, £()
r—-+00 a(logm(M(Taf)))

= +00

Proof. If possible, let the conclusion of the theorem does not hold.
Then we can find a constant A > 0 such that for a sequence of values
of r tending to infinity

(15) a(log®(M(r, f(9))) < A - a(log® (M(r, f))).

Again from the definition of p.g-)[f], it follows for all sufficiently
large values of r that

(16) a(log®l(M(r, £))) < (p(ap[f] + €)B(log(v(r)))-

From (15) and (16), for a sequence of values of r tending to +oo, we
have

a(logP (M(r, £(9)))) < Alpasmlf] + €)Blog(y(r))),

~ a(logP(M(r, f(9))))
i.e., 5oe(1(1) < A(papmlfl+6),

e allogP (M, /()
T Blog(1(n)

e Magmlf(g)] < +oo.

This is a contradiction.
Thus the theorem follows. &

< +00,

Remark 8. If we take “0 < Mapgylg] < papsmlgl < +oo” in-
stead of “ 0 < Aapnlf] < plasylfl < +o00” and other condi-
tions remain same, the conclusion of Theorem 7 remains true with
“a(log®(M(r,g)))” in replace of “a(log® (M(r, f)))” in the denomi-

nators.

Remark 9. Theorem 7 and Remark § are also valid with “limit su-
perior” instead of “limit” if “Nap)[f(g)] = +o00” is replaced by
“Plasyf(g)] = +00” and the other conditions remain the same.

Theorem 10. Let f and g be two entire functions such that 0 <
(o (9)] < T smlf(9)] < +00, 0 < Tlas ) [f] < T(az,smf]
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< 400 and P(e1,8.7) [f(g)] = P(az,8,) [f] Then

Tl lf0)] g0l log® 040 0)))
Tlazplf]  ~ Tobee exp(az(log[ (M(r, 1))
min J Tl (9] ot s f(9)]
= { E(OQB’Y ’ azﬁ’?)f] }
max _(Ot1 B, ’Y)[ O(a1,8,7) (g
= { _(04257) 7 O(a2,8,7) f] }
P st  Sasli0)]
rtoo exp(ag(log®™ (M(r, f)))) T (az,69) L]

Proof. From the definition of (4, g+ [f], T (02,6.7) (1], O(1.67) [f(g)] and
T (a1,8)f(9)], we have for arbitrary (> 0) and for all sufficiently large
values of r that

(17) exp(an (log® (M(r, f(9)))))
< (a8 (9)] + ) (exp(Bog(y(r))))) ter s @],

(18) exp(an(log® (M(r, f(9)))))
> (T(ar s f(9)] — ) (exp(Blog(y(r)))))Persm I @),
(19)
exp(OQ(lOg[?} (M(r, f)))) < (O'(O%Bﬁ) [f] + 5) (exp(B(log(v(r)))))Peasmlf],
(20)

exp(as(log? (M(r, )))) 2 (Fas, 3 1f] = ) (exp(Bllog(y(r))))) o2,

Again for a sequence of values of r tending to infinity, we get that

(21) exp(as (log®? (M(r, f(9)))))
> (0(arp[f(9)] — ) (exp(Blog(y(r))))) sl @]

@) explonlon ((r. £(5))
< (G s F(9)] + €) (exp(Bllog(y(r)))))Pter s V),
(23)
exp(as(log® (M (r, 1)) < (Glaspplf] + €) (exp(B(log(y(r))))) ez sl
(24)

exp(as(log? (M(r, 1)))) > (0(as.51f] = £) (exp(B(log(y(r))))) eV,
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Now from (18), (19) and the condition p(, 5, [f(9)] = Pz, f]:
it follows for all sufficiently large values of r that
exp(an (log (M(r, f(9))) _ Tlarplf(9)] =
exp(as(log? (M(r, )))) Oz g fl +
As e (> 0) is arbitrary, we obtain from above that

(25)  limin fexpml(log[gl (M(r, FG))) ., TersnlHo)]
e explag(log® (M(r, £))) ~ Flea sl

Combining (20) and (22) and the condition p,g,)[f(9)] =
Plas, | f], we get for a sequence of values of r tending to infinity

that
exp(a; (log®” (M(Ta F@)) o Tapmlf(9) +e
exp(az(log? (M(r, 1))~ Tlaapmlfl ¢
Since € (> 0) is arbitrary, it follows from above that
log!? (@
29 i SP0E? I00) _ Tonsonl/(0)
i explas(log® (M(r, /)))) (a6 ]
Again from (18), (23) and the condition p(a, s [f(9)] = Pas,8) [ f];
we obtain for a sequence of values of r tending to infinity that
exp(o(log? (M (r, f(9))))) _ Fersmlf(9)] —
exp(az(log® (M(r, )~ Tepmlfl+e
As e (> 0) is arbitrary, we get from above that

- expla (1o® (M (1, £(6)) _ T 5 (0)
BT p(aaog® (M(r. 1)) © Famsmlf]

In view of the condition pi, 8. [f(9)] = P(as,8.)[f], it follows from
(17) and (20) for all sufficiently large values of r that

exp(an (log™ (M(r, f(9))) _ O(ar.5:)f(9)] te
exp(ag(log? (M(r, 1))~ Tlaspmlf] =
Since € (> 0) is arbitrary, we obtain that

28 e R(@008” (M0 10)) _ el (9)]
rtoo  exp(ag(log® (M(r, f)))) T (s8]
From (17), (24) and the condition p, s+)[f(9)] = Plas,8mlf]; it
follows for a sequence of values of r tending to infinity that
exp(as (log™ (M(r, f(9))) _ Ot s f(9)] +
exp(as(log? (M(r, f)))  ~ Osylfl—¢
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As e (> 0) is arbitrary, we obtain that

29)  limint@R@1098" M F0))  Sepall (9]
e explaa(log® (M( )~ Otewslf]

Combining (19) and (21) and in view of the condition p(a, g~)[f(9)]
= Plas,3y) ], We get for a sequence of values of r tending to infinity
that

exp(as (log? (M(r, f(9))))) S, Tl f9)l — €
exp(az(log? (M(r, f)))) Tz s f]+ €
Since € (> 0) is arbitrary, it follows that

o (1o (M 1(9) Tl (9)
(30) 17’—>+00p exp(ag(logm (M(r, )))) z O(azpf]
Thus the theorem follows from (25), (26), (27), (28),(29) and (30) . 1

Remark 11. If we take “0 < G(ay 89 < O(as,8)[9] < +00"and

Par s (D] = Plassylgl” instead of “ 0 < Taypylf] <
Olas,pf] < +007 and “pia, s )f(9)] = plassmf]” and other con-
ditions remain same, the results of Theorem 10 remain true with
Clagpn9]”s Flassmlo]” and ‘exp(as(log® (M(r,g))))” instead of

“Clan s f]7s Claspnlf]” and “exp(ag(log[2] (M(r, f))))” respectively
in the denominators.

Remark 12. If we take “0 < T,)[f] < Tlawpylf] < +007
and “pla, s [f(9)] = Naapylf]” instead of “ 0 < T(appylf] <
O’(O‘Q):B:’Y) [f] < +OO i and “p(alug77) [f(g)] = ,O(C!27B,’y) [f] 7 and Other
conditions remain same, the results of Theorem 10 remain true

with  “T(ay5)f]7 and ey ) [f]7 in place of Oy p,[f]” and
“C(as,8) [f] “ respectively in the denominators.

Remark 13. If we take “ 0 < Tayp:)[9] < Tlassylgl < +o0”

and “pla, s (9)] = Maspylgl” instead of 0 < Tiaypylf] <
O(ag,) L f] < 4007 and “pia, s [f(9)] = Plas,sylf]” and other con-
ditions remain same, the results of Theorem 10 remain true with
Tasamlo)” Tiassmlo)” and “explas(iog® (M(r,g))))” in place of

Tlass)lf]”s Clansmlf]” and “exp(az(log® (M(r, f))))” respectively
in the denominators.

Now in the line of Theorem 10 , one can easily prove the fol-
lowing theorem using the notions of («, 3, v)-weak type and («a, 3, )-
upper weak type and so the proof is omitted.
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Theorem 14. Let f and g be two entire functions such that 0 <

T ) (9] < T(ar [ f(9)] < 400, 0 < Ty 5 [f] < Ta2,8)[f]
< 400 and Ao, g f(9)] = Naw,gylfl- Then

T(on,8:) 1 (9)] < limin feXp(Oél(log[ (M(r, f(9)))))
Tlaz i [f] 7 =+ exp(as(log? (M(r, £))))
min T(a1,8,7) [f(g)] T(01,8,7) [f(g>]
: { Tas )] Tanpylf] }
T(a1,8,7) [f(g>] T(al B,Y) [ (Q)]
: max{ Tersm ] Tansolf] }

 explaa(log® (M(r, /(9))
< lim sup ) Teasml/]

)
D) _ Tensnlf@)]
00 eXp(Oé2<lOg[ (M(r, f))

Remark 15. If we take “ 0 < Ty 5109 < Tlaspmnlgl < +00”
and Aoy s ) [f(9)] = Naspmlg]” instead of * 0 < 7, p[f] <

T(az8f] < +00” and “Na, s f(9)] = Naa,sf]” and other con-
ditions remain same, the results of Theorem 14 remain true with
Tanpnl9)”s “Flansmlg]” and “eXp(as(log[ H(M(r,9))))” in place of

Tlanp) )7 Tlazgm[f]” and ‘exp(an(log® (M(r, f))))” respectively
in the denominators.

Remark 16. If we take “ 0 < Tay s [f] < Olanpnlf] < +00”

and N, s (9)] = Plas,pylf]” instead of “ 0 < Tapylf] <
Tlaz8lf] < 400”7 and “Na, s [f(9)] = Aawpylf]” and other
conditions remain same, the results of Theorem 14 remain true

with  “G(ay s f]7 and ‘o, s [f]7 in place of “Taypn[f]” and
“Tlaz,8yf]7 respectively in the denominators.

Remark 17. If we take “0 < Ty p)[9] < Oaspylg] < +007

and “Na, s [f(9)] = plas,smlg]” instead of 0 < Tayp[f] <
T(az,8)f] < 4007 and “Na, g f(9)] = Nas,sn[f]7 and other con-
ditions remain same, the results of Theorem 14 remain true with
Class 9] Olazpmlg)” and “exp(as(log® (M(r,g))))” in place of

Tlanp )7 Flasgm ] and ‘exp(an(log? (M(r, f))))” respectively
in the denominators.

Acknowledgement

The authors are very much thankful to the reviewer for his/her
valuable suggestions to bring the paper in its present form.



32

[1]

8]

T. BISWAS, C. BISWAS, S. BHATTACHARYYA

REFERENCES

B. Belaidi and T. Biswas, Study of complex oscillation of solutions
of a second order linear differential equation with entire coeffi-
cients of («,f,7)-order, WSEAS Trans. Math., 21 (2022), 361-370, doi:
10.37394/23206.2022.21.43.

B. Belaidi and T. Biswas, Growth of («, 3, v)-order solutions of linear dif-
ferential equations with entire coeficients, arXiv:2308.04208v1 [math.CV]
8 Aug 2023, 1-21.

J. Heittokangas, J. Wang, Z. T. Wen and H. Yu, Meromorphic functions
of finite p-order and linear g-difference equations, J. Difference Equ.
Appl., 27(9) (2021), 1280-1309, doi: 10.1080/10236198.2021.1982919.

O. P. Juneja, G. P. Kapoor and S. K. Bajpai, On the (p, ¢)-order and lower
(p, q)-order of an entire function, J. Reine Angew. Math., 282 (1976), 53—
67.

O. P. Juneja, G. P. Kapoor and S. K. Bajpai, On the (p, ¢)-type and lower
(p, q)-type of an entire function, J. Reine Angew. Math., 290 (1977), 180-
190.

D. Sato, On the rate of growth of entire functions of fast growth, Bull.
Amer. Math. Soc., 69, (1963), 411-414.

G. Valiron, Lectures on the general theory of integral functions, Chelsea
Publishing Company, New York, USA, 1949.

L. Yang, Value distribution theory, Springer-Verlag, Berlin, 1993.

Tanmay Biswas

Rajbari, Rabindrapally, R. N. Tagore Road
P.O.-Krishnagar, P.S.-Kotwali, Dist-Nadia,
PIN- 741101, West Bengal, India.

e-mail: tanmaybiswas_math@rediffmail.com

Chinmay Biswas

Department of Mathematics, Nabadwip Vidyasagar College,
P.O.-Nabadwip, P.S.-Nabadwip, Dist.- Nadia,

PIN-741302, West Bengal, India.

e-mail: chinmay.shib@gmail.com

Sarmila Bhattacharyya

Department of Mathematics, Netaji Mahavidyalaya,
P.O.- Arambagh, P.S.- Arambagh, Dist.-Hooghly,
PIN-712601, West Bengal, India.

e-mail: sarmilabhattacharyyal982@gmail.com



