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Abstract. The object of the present study is to determine effect of
space-matter tensor in several types of curvature restrictions on Rie-
mannian manifolds like Einstein manifold, quasi Einstein manifold,
generalized quasi Einstein manifold and pseudo generalized quasi Ein-
stein manifold.

1. INTRODUCTION

A. Z. Petrov [12] in 1949 introduced a tensor B of type (0,4) sat-
isfying the equation all the algebraic properties of the Riemannian
curvature tensor. It is defined by

(1) ‘IB-%G/\T—RJraG:O,
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where R is the Riemann curvature tensor of type (0, 4), T is the
energy-momentum tensor of type (0, 2), k is a cosmological constant,
o is the energy density (scalar), G is a tensor of type (0,4) given by

G(U1, Uy, U3, Uy) = G(Uy, Us)G(Us, Us) — G(Uy, Us)G(Uy, Uy)

for all Uy, Uy, Us, Uy € x(M), x(M) being the Lie algebra of smooth
vector fields on M and the Kulkarni-Nomizu product uAv of two (0, 2)
tensors v and v is defined by

(U/\U)(Ul,UQ,U3,U4) = U(U17U4)?)(U2,U3)+U(U2,U3)U(U1,U4)
— U(U17U3>U<U2,U4)—U(UQ,U4>U<U1,U3),

Uie x(M),i=1, 2,3, 4. The tensor ‘P is known as the space-matter
tensor of type (0, 4) of the manifold M. The most important char-
acteristic of space matter tensor is that it satisfies all the algebraic
properties of the Riemannian curvature tensor. The first part of the
tensor represents the curvature of the space and the second part rep-
resents the distribution and motion of the matter.

A tensor field B of type (0,4) is said to be generalized space matter
tensor if it satisfies the following equation

k
(2) PB—mR— SH2 GAT — psG=0,

where g1, po, p3 are non-zero scalars. If we take puy = 1, uo = 1 and
3 = —o then generalized space matter tensor becomes simply a space
maftter tensor.

Einstein’s field equation with cosmological constant is given by

R
(3) szS%—(A—E)G,
where A\ is a cosmological constant, R is the scalar curvature and S is

the Ricci tensor of type (0, 2). By virtue of (3), (2

R
(4) m:ulRJr%G/\S#—(ung,ug)\—%)G.

Some interesting properties of generalized space-matter tensor 3 sat-
isfying certain curvature conditions have discussed in section 2.

2. PRELIMINARIES

In this section we deal with some fundamental properties of ¥ under
certain curvature conditions. The Ricci tensor S of type (0, 2) and



A STUDY ON GENERALIZED SPACE-MATTER TENSOR 35

the scalar curvature R can be obtained from the curvature tensor by
the following relations

S(X,Y) =G(QX,Y) = i Rle;, X, Y, e;)

i=1
and
R = Z S(ei,ei) = Z G(Qey, €5),
1=1 1=1

where {e; : i = 1,2, ...,n} be an orthonormal basis of the tangent space
at any point of the manifold and @) is the symmetric endomorphism
corresponding to the Ricci tensor S.

Differentiating (2) covariantly and then taking cyclic sum with re-
spect to X, Y, Z; we obtain by the view of Bianchi identity that

(VmeYa Zv U7 V) + (VYm)(Zv X7 U? V) + (qu:;)(X, Y, U: V)
k

= Swl(VXT)(Z,U) = (V,T)(X, UG, V) + {(TyT)(X,U)

—(VxT)(Y,U)}G(Z,V) +{(VT)(Y,U) = (VyT)(Z,U)}G(X, V)
+{(VXT) (Yv V) - (VyT)(X, V)}G(Z7 U) + {(VZT) (X’ V)
—(VxT)(Z, V)}GY. U) +{(VyT)(Z,V) = (VZT)(Y,V)}G(X,U)]

k
5 dua(X) G AT(Y, Z.UV) + dua(Y) G AT(Z, XU, V)

(
Fdps(Z2) G AT(X,Y, U, V)} + dus(X){G(Z,U)G(Y, V) — G(Z,V)G(Y,U)}
s (V){G(Z,V)G(X,U) — G(Z,U)G(X,V)}
+dps(Z2){G(Y, U)G(X,V) = GX, U)G(Y,V)}.

We now list few major results (for proof refer [21]) which will be
fundamental in the entire work.

Consider a Riemannian manifold (M™, g) (n > 3), in which the gen-
eralized space-matter tensor of type (0,4) vanishes identically. Then
equation (4) takes the form

(5) aR+gg/\S+<c—|—b)\—%r)G:O.
Contractions of (5) yields
(6) uS +[2(n — 1)(c +bA) — (n — 2)br]g = 0,

(7) vr +2n(n — 1)(c + bA) = 0,
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where where u = 2a + (n — 2)b, v = 2a — (n — 1)(n — 2)b.
Next in a Riemannian manifold (M™, ¢g) (n > 3) with
(8) (VxP)(Y,Z,U V) =0.
we have
9)  2a(VxR)(Y,Z,U, V) +b[(VxS)(Y,V)g(Z,U)
+(VxS)(Z,U)g(Y, V) = (VxS)(Y,U)g(Z,V)
(VXS)( V)g(Y,U)] 4 2[de(X) + Adb(X)
—§{bdr( )+ rdb(X)HG(Y, Z, U, V) +2da(X)R(Y, Z, U, V)
+db(X)[S(Y,V)g(Z,U)+ S(Z,U)g(Y,V)
—S(Y,U)g(Z,V) = S5(2,V)g(Y,U)] = 0
whose contraction gives
w(VxS)(Z,U) + du(X)S(Z,U)+ [2(n — 1){de(X) + Adb(X)}
— (n—=2){bdr(X) 4+ rdb(X)}g(Z,U) = 0.
Further contraction and then letting u = 0 gives

(10) de(X) = —Adb(X).

(11)2a — (n — 2)b]dr(Z) + 2du(QZ) + 4(n—1)[dc(Z) + A\db(Z)]
= 2(n—2)rdb(Z2).

(12) (n —2)udr(Z) + 2ndu(QZ) = 2du(Z)r.

If r is constant then from the above relation we get that either u is
also constant or

r
J1(QX) = ﬁjl(X)a
which gives
r
S(Xa 7—1) = ;g(Xa 7-1)7

where g(X, ) = J1(X) = du(X) for all vector fields X. Let us
consider that a, b are constants and u is non-zero. Then we have

(13) dr(X) =0 for all X € x(M).

(14) de(X) =0 forall X € x(M).

(15) (VxS)(Z,U)=0 forall X, Z, U e x(M).
(16) VR =0.

(VxP)(Y,Z,U V) =de(X)G(Y, Z,U,V).
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Again if in a Riemannian manifold (M", g) (n > 3) admitting Ein-
stein’s field equation, the generalized space-matter tensor P of type
(0,4) is recurrent then we have

(17) (VxP)(Y,Z,UV)=LX)P(Y,ZUV),

where L is the non-zero 1-form of recurrence such that L(X) = g(X, p)
for all vector fields X and p be the unit vector field associated with
L. By the virtue of the above relation we obtain

(18) S(Z.p) = 5r9(Z.)

where 79 = 2(n — 1)(n — 2)(c + Ab) + {2a — (n — 2)(n — 3)b}r and
9(Z,p) = L(Z) for all vector fields Z. Now in the view of (17), (4)
converts into

(19) w(VxS)(Z,U)+ du(X)S(Z,U) + [2(n — 1){de(X)
+Adb(X)} — (n — 2){bdr(X) + rdb(X)}]g(Z,U)
= L(X)[uS(Z,U)+{2(n—1)(c+ \b) — (n — 2)br}g(Z,U)].
Taking contraction we get
(20)  wdr(X)+dv(X)r + 2n(n—1)[dc(X) + Adb(X)]
= [vr+2n(n—1)(c+ Ab)]L(X).
which reduces to
(21) vdr(p) +dv(p)r + 2n(n—1)[de(p) + Adb(p)]
= [vr+2n(n—1)(c+ \b)]L(p).

by substituting X = p.
Again v = 0 gives

de(X) + Adb(X)

(22) LX) =—w
Further if v £ 0 and r, a, b, ¢ are constants gives
(23) r=—2n(n— 1)<C+T)\b),
Also
(24) [2a — (n — 2)bldr(Z) 4+ 2du(QZ) + 4(n — 1)[de(Z)

+Adb(Z)] — 2(n — 2)rdb(Z)
= 2uL(QZ)+2]2(n—1)(c+ A\b) — (n — 2)br]L(Z).
By the virtue of (20) and (24) it follows that
(25) (n—2)udr(Z) + 2nldu(QZ) — uL(QZ)] = 2r[du(Z) — uL(Z)].
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If r is constant then the last relation yields
r
(26> JQ(QZ) = Ejz(Z%
which gives
r
S<ZJ 7—2) = 59(27 7—2>7

where ¢(Z, 1) = Jo(Z) = du(Z) — ul(Z) for all vector fields Z. Let
us consider r, a, b be constants. Then we have from (25)

(27) L(QZ) = ~L(2),

which yields
T
S(Z,p) = EQ(Z, p)-

At last in a Riemannian manifold (M™, g) (n > 3) admitting Ein-
stein’s field equation, we take the generalized space-matter tensor P
of type (0, 4) satisfying

(28VxP)(Y,Z, U, V) = AX)P(Y,Z,UV)+ B(Y)
B(Z)P(Y,X,U,V)+ E(U)
E(V)P(Y, Z,U,X),

P(X,Z,UYV)
P(Y,Z,X,V)

+
+

where A, B and E are 1-forms (not simultaneously zero) such that
A(X) = g(X,p1), B(X) = g(X, p2), E(X) = g(X, p3) for all vector
fields X and p1, p2, p3 be the unit vector fields associated with A, B,
E respectively. In the view of (28), the equation (?77) takes the form

(29) B(QX) = 22 Jy(X)

where g(X, 3) = J5(X) for all vector fields X.
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Now in the view of (28), we obtain

BV xS)(Z,U) 4+ du(X)S(Z,U) + [2(n — 1){dc(X) + Adb(X) }
—(n —2){bdr(X) +rdb(X)}|g(Z,U)
= AX)[uS(Z,U)+ {2(n — 1)(c+ Ab)
—(n—=2)br}g(Z,U)] + [2aR(X, Z,U, p2) + b{B(QX)g(Z,U)
+B(X)S(Z,U) — B(Z)S(X,U) — B(QZ)g(X,U)} +2(c + \b
br

5)G<X, Z.U, p2)] + B(Z)[2aS(X,U) + b{rg(X,U)

+(n—2)S(X,U)} +2(n—1)(c+ b — bQ—r)g(X, U)]

+E(U)[2a5(X,Z) + b{rg(X,Z) + (n —2)S(X, Z)} +2(n — 1)(c+ \b
br

~5)9(X, 2)] + [2aR(ps, 2,U, X) + b{E(QX)g(Z.U)

+E(X)S(Z,U) - E(U)S(X,Z) — E(QU)g(X,Z)}
+2(c+ Ab — %T)G(ps, Z,U, X)].

Setting Z = U = ¢; in (?77) and taking summation over i, 1 <1i < n,
we find

(31) wdr(X) + rdv(X)+2n(n—1)[de(X
= [vr+2n(n—1)(c+ \b)]

~—

+ Adb(X)]
X) 4 2[uJy (QX)

)} (X)),

= o~

+ {br+2(n—1)(c+ \b—

| S

where J4(X) = B(X)+ E(X) for all vector fields X. Contracting (?7?)
with respect to X and U, we have

(2)  5la—(n—2dr(2) + du(Q2)
12(n — D)[de(Z) + AdB(Z)] — (n — 2)rdb(Z)
= uwAQZ)+ [2(n —1)(c+ A\b) — (n —2)br]A(Z)
br

+[{2a + (2n — 3)b}r +2(n — 1)*(c + b — 5)]3(2)

—uJ5(QZ) + [br +2(n — 1)(c+ \b— %T)]E(Z),
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where J5(Z) = B(Z)—E(Z) for all vector fields Z. Finally contracting
(??) with respect to X, Z and replacing U by Z, we get

(33) %[2@ — (0= 2Hdr(Z) + du(QZ)
12(n — D)[de(Z) + Mb(Z)] — (n — 2)rdb(Z)

= wA(QZ)+ [2(n — 1)(c+ A\b) — (n —2)br]A(Z)

Fuds(QZ) + [br +2(n — 1)(c+ b — %)]B(Z)

+[{2a + (2n — 3)b}r +2(n — 1)*(c + \b — %T)]E(Z).

Now (32) and (33) yield

(34) J5(QX) = ~[{a+ (n=2b}r+(n—1)(n—2){e—(r—22) L} (),
provided that u is non-zero. Which gives

S(X,15) = %[{ohL (n=2)b}r+(n—1)(n—2){c—(r— QA)g}]g(X, T5),

where g(X,75) = J5(X) = B(X) — E(X) for all vector fields X. And

if uw = 0, then we can obtain

2(n —1)(c+ Ab)
(n—2)b

(35) either r =

Again we have
(36) [2a — (n —2)bldr(Z) + 2du(QZ)
+4(n —1)[dc(Z) + Adb(Z)] — 2(n — 2)rdb(Z)
= 2uA(QZ) +2[2(n — 1)(c+ Ab) — (n — 2)br|A(Z)

+2[{a+ (n —1)b}r +n(n —1)(c+ \b — l;—r)}J4(Z),

(37) (n—2)udr(Z) 2ndu(QZ) — 2du(Z)r

2unA(QZ) —rA(Z) — 2J4(QZ))

4[{2na — (n — 2)(n* —n — 4)b}r

2(n+2)(n—1)(n —2)(c+ Ab)|J4(2).

Suppose u = 0. Then from the above relation we get

2(n —1)(c+ \b)
(n—2)b

+ I+

_I_

(38) either r =

or B(X)=—-E(X).
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Hence from (35) and (38) we have, if u = 0 then the only possible case
is r = W Now by the virtue of (31) and (36), we have
(39) [2da(Z) — (n —2)(n — 3)db(Z)]|r

+2(n — 1)(n — 3)[dc(Z) + A\db(Z)]

—(n — 2)%bdr(2) — [2ar — (n — 2)

{(n—=3)br —2(n—1)(c+ \b)}]Js(Z2)

= 2du(QZ) —2uJs(QZ),

where Js(Z) = A(Z)— B(Z)— E(Z) for all vector fields Z. If r, a, b, ¢

are constants and u is non-zero then the above relation becomes
Js(QZ) = %[{Qa —(n=3)(n—2)b}r+2(n—2)(n—1)(c+ Ab)]Js(2),
which implies

S(Z,716) = %[{2a— (n—3)(n—2)b}r+2(n—2)(n—1)(c+b)]g(Z, 76),

where g(Z,76) = Js(Z) = A(Z) — B(Z) — E(Z) for all vector fields Z.
Further using (31) and (36), we can obtain
(40) [4a — n(n — 2)bldr(Z) + 2du(QZ)

+[2da(Z) — (n+ 1)(n — 2)db(Z)|r

+2(n+2)(n — 1)[de(Z) + Adb(Z)]

= 2uJ7(QZ)+ [2ar — (n+1)(n — 2)br

+2(n+2)(n — 1)(c+ A\b)|J7(Z),

where J7(Z) = A(Z) + B(Z) + E(Z) for all vector fields Z.

3. EINSTEIN MANIFOLD WITH GENERALIZED SPACE-MATTER
TENSOR

In the present section we study about some interesting properties
of Einstein manifold admitting generalized space-matter tensor. If a
Riemannian manifold is Einstein manifold then its Ricci tensor satisfies
the following condition

(41) sx.v) = ZEax v

n

from which it follows that

(42) (V2S)(X,Y)=0and dR(X) =0 forall X, Y, Z € x(M).
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By the virtue of (41), we find from (18) and also from (23) that

) (/1’3 + )‘/JJ2)

(43) R=—-2n(n-1 ”

Y

which leads to the following:

Theorem 1. In an FEinstein manifold (M™, G) (n > 3) admitting
Einstein’s field equation and recurrent generalized space-matter tensor,
if o, ps are constants then the scalar curvature is given by the relation
(43), provided that either y, is also constant or the energy-momentum
tensor is of Codazzi type.

Let us assume that py, po, ps be constants then by the virtue of
(41), (42) and (34) it follows that

)(M3 + >\M2)‘

(44) R=—-2n(n-1 ”

Hence we can state the following:

Theorem 2. In an Einstein manifold (M™, G) (n > 3) admitting
Finstein’s field equation and with weakly symmetric generalized space-
matter tensor if py, po, W3 are constants, then always py, pe are
connected by the relation 2y + (n —2)ue = 0 and the scalar curvature
R is given by the relation (44).

4. QUASI—EINSTEIN MANIFOLD WITH GENERALIZED
SPACE-MATTER TENSOR

This section is concerned about Quasi-Einstein manifold ad-
mitting generalized space-matter tensor. A Riemannian manifold
(M"™, G) (n > 3) is said to be quasi-Einstein ([2], [4], [5], [6], [7], [8])
if its Ricci tensor S is not identically zero and satisfies the following
relation

(45) S = OélG + o ® T,

where aq, an(# 0) are associated scalars and 7 is a non-zero 1-form
which is defined by G(X,¢) = 7(X) for any vector field X; ¢ being a
unit vector field, called the generator of the manifold. Such type of
manifold is denoted by (QF), (n > 3). The relation (45) implies

(46) S(s,s)=ar+as and R =na+ as.
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Differentiating covariantly the equation (45) with respect to X, we
obtain

(A7) (VxS)(Y,Z) = day(X)G(Y,Z) + doo(X)m(Y)7(Z)
+ a[(Vx)r(Y)n(Z) + (Vx)r(Z2)m(Y)]
Replacing X and Y by ¢ in (6) and using (46), we can obtain

(48) vy + 200 + 2(n — 1) (ps + peA) = 0.
Again by (46) and (7), we have
(49) v(nag + ag) + 2n(n — 1)(ug + p2A) = 0.

So from (48) and (49), we obtain uay = 0. Since ay is non-zero,
therefore u = 0 i.e. 21 + (n — 2)pug = 0. Therefore from (49) we have

(n = 2)pa(nay + az) = 2(n — 1)(ps + p2A).
Hence we can state the following:
Theorem 3. In a (QE), (n > 3) admitting Finstein’s field equation
and with vanishing generalized space-matter tensor; oy, o, [, {3

are connected by the relation (n—2)ps(nag +ag) = 2(n— 1) (g + 2 N)
whenever iy, o are connected by the relation 2u; + (n — 2)pus = 0.

Let us consider nay + as be constant. Then by the virtue of (46)
and (12) it follows that either u is also constant or

(50) H(Qx) = "
which gives S(X, ) = 24292G(X, 7). This leads to the following:

Theorem 4. If in a (QF), (n > 3) admitting Einstein’s field equa-
tion and with symmetric generalized space-matter tensor; nay + ag s
constant then either u is also constant or % 15 an eigen value
of the Ricci tensor S corresponding to the eigen vector T, defined by

G(X,mn) = (X)=du(X) for all X € x(M).

nay + Qo

(X)),

Again if py, po are constants and u # 0 then also by the virtue of
(46), (12) reduces to nday(X) + das(X) = 0 and consequently from
(15) it can be shown that doy(X) + das(X) = 0. Therefore we get the
following equation

(51) do(X) =0 and day(X)=0.
Now in the view of (15) and (51), (47) takes the form
(52) (Vx)r(Y)7m(Z) + (Vx)m(Z)m(Y) = 0.
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Putting Z = ¢ in the above relation we obtain
(53) (Vx)m(Y) = 0.
Hence we can state the following:
Theorem 5. If in a (QF), (n > 3) admitting Einstein’s field equa-
tion and with symmetric generalized space-matter tensor; py, o are
constants and u is non-zero then i, as and the 1-form mw all are
constants.

Applying (45) in (18), we have

Ry

LQX) = JAL(X),

which implies
Ry
S(X,p) = —G(X
( Y p) 2u ( Y p)’

where Ry = 2(n—1)(n—2)(ps+Ap2) +{2p11 —(n—2) (n—3) 2 } (non +aw).
This leads to the following:

Theorem 6. Ifin a (QE), (n > 3) admitting Einstein’s field equation
with recurrent generalized space-matter tensor, the energy-momentum

tensor is of Codazzi type then % is the eigenvalue of the Ricci tensor

S corresponding to the eigenvector p, defined by G(X,p) = L(X) for
all X € x(M), whenever us, ps are constants.
Now setting X = p in (20) and using (46), we get
olndan(p) + das(p)] + du(p)(na +az) + 2n(n — 1){dps(p) + Mpalp)]
= v(nay + as) + 2n(n — 1)(ug + Au2) L(p).
Therefore we gate the following:
Theorem 7. In a (QF), (n > 3) admitting Einstein’s field equation

and with recurrent generalized space-matter tensor, the generator of
recurrence p is given by the relation (77).

Suppose naj + as is constant. Then by the virtue of (46), (20) we
get that
(54) v(nan + as) +2n(n — 1)(ss + Aia) = 0,

provided that g, ua, ps are constants and again by the virtue of (46)
and (25), we also get that

(55) B(Qx) = 1T

JQ(X)>
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which gives S(X, 7,) = 2952 G(X, 75) and

noy + Qo

(56) L(QX) = L(X),
which implies S(X, p) = 24122 G(X, p), provided that p1, p, are con-
stants. Thus we can state the following:

Theorem 8. In a (QE), (n > 3) admitting Finstein’s field equation
and recurrent generalized space-matter tensor, if nay + g is constant
then,

(i) ”‘“Tm s an eigen value of the Ricci tensor S corresponding to the
eigen vector Ty, defined by G(X, 19) = Jo(X) = du(X) —uL(X) for all
X € x(M);

(1) ”6”;0‘2 is an eigen value of the Ricci tensor S corresponding to
the eigen vector p, defined by L(X) = G(X,p) for all X € x(M),
whenever y, o are constants.

(1i) o, ag, p, p2, pg are connected by the relation (54), whenever
U1, W2, Hs are constants.

Again applying (45) in (29), we find
Ry

(57) JHQX) = 31 (X),
which implies

Ry
(58) S(X,Tg) == %G(X,Tg,).

Hence we have the following:

Theorem 9. If in a (QE),, (n > 3) admitting Einstein’s field
equation with weakly symmetric generalized space-matter tensor, the

energy-momentum tensor is of Codazzi type then % 15 the eigenvalue

of the Ricci tensor S corresponding to the eigenvector 73, defined by
G(X,13) = J5(X) = ui(X) — 2ua(X) for all X € x(M), whenever
L2, W3 are constants.

Now (46), (32) and (33) yield

JHQX) = ~{(noy +a0) (s + (0~ 2}

(59) +(n—1)(n — 2){us — (nau + as — 2)\)%}]J5(X),



46 S.K.JANA,K.BAISHYA,B.DAS
provided that u is non-zero, which in turn gives
S(GT) = l(nos +a)m + (0 — 2}
(60) +(n = 1)(n = 2){ps — (na + ay = 20) 2} G (X, 7).
And if u = 0, then

(n = 2)(nou + az)pe = 2(n — 1)(ps + Apz).

If nag + o, 1, p2, ps are constants then by the virtue of (46), (?77?)
and (40); we obtain

Jo(QX) = i[(noﬂ + a2){2m
(61) —(n=3)(n = 2)p2} + 2(n — 2)(n — 1) (us + Auz)]Js(X),

which implies

S(X,16) = %
(o + @2){2u — (n = 3)(n — 2)p2}
(62) +2(n = 2)(n — 1) (s + Au2)|G(X, 76)
and
JHQX) = Jl(nas + ax) {2 — (04 1) 2}
(63) +2(n + 2)(n — 1)(us + Ap2)]J7(X),
which implies
1
S(X, T7) = —%
[(non +a2) {2 — (n+1)(n — 2)pa}
(64) +2(n +2)(n = 1)(us + Au2)|G(X, 77)
where Jo(X) = p1(X) — p2(X) — E(X)

and

J7(X) = pa(X) + po(X) + E(X)

provided that u is non-zero unless it follows that

(65) (n— 2)(n + as)pis = 2(n — 1) (113 + M),

This leads to the following:

Theorem 10. In a (QF), (n > 3) admitting Einstein’s field equation

and with weakly symmetric generalized space-matter tensor if u is zero
then the scalars oy, g, po, ps are connected by the relation (n —
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2)(nay + ag)ps = 2(n — 1) (s + Apz) otherwise,

(i) yl(nar+ag){p +(n=2)pa} +(n—1)(n—=2) {3 — (R +an—2)) 5 }]
1s an eigen value of the Ricci tensor S corresponding to the eigen vector
75, defined by G(X,715) = J5(X) = ua(X) — E(X) for all X € x(M);
(ii) 55 [(nar+a2) {20 — (n=3)(n—2)pa} +2(n—2) (n—1) (i3 + Ai2)] and
SEl(nay 4+ a2){2p1 — (n+1)(n—2)pe} +2(n+2)(n — 1) (s + Aug)] are
eigen values of the Ricci tensor S corresponding to the eigen vector
76, defined by G(X,75) = Jo(X) = (X)) — pa(X) — E(X) for all
X € x(M) and the eigen vector 77, defined by G(X, ) = J7(X) =
w1 (X)) 4+ pe(X)+ E(X) for all X € x(M) respectively, whenever nay +
Qo, 1, M2, W3 are constants.

5. GENERALIZED QUASI-EINSTEIN MANIFOLD(U. C. DE) WITH
GENERALIZED SPACE-MATTER TENSOR

This section deals with the study of generalized quasi-Einstein man-
ifold admitting generalized space-matter tensor. A Riemannian mani-
fold (M™, G) (n > 3) is said to be generalized quasi-Einstein manifold
[] if its Ricci tensor is not identically zero and satisfies the following
relation

(66) S(X,Y) =BiG(X,Y) + Bop(X)p(Y) 4 Bsp(X)p(Y).

where 1, B2(# 0), B3(3£ 0) are nonzero scalars and p, ¢ are non-zero
1-forms such that pu(X) = G(X,¢), p(X) = G(X, ) for all vector
fields X and ¢, ¢o are the unit vector fields. This type of manifold of
dimension n is denoted by G(QE),.

From (66) we have

(67)

S(s1,61) = Pi+P2, S(s2,52) = Bi+Bs, S(s1,%) = 0; R=npfi+Pa+p5s.

By the virtue of (66), (5) becomes to the following equation

(68) 2uiR = [paR — 2(Ag + p3 + 1)]G — pa(BoG A pi + B3G A '),

where ¢(//(X,Y) = p(X)u(Y) and ¢'(X,Y) = p(X)p(Y). The con-

traction of (68) gives

2mS(Z,U) = [(n=1D{paR = 2Nz + ps + 1)} — pa(B2 + B3)|G(Z,U)
(n = 2pa[Bop(Z,U) + B3¢ (2, U).

Setting Z = U = ¢ in, we get

(69)

2015(s1,61) = (=) {2 R—2(Apo+ps+01) } —pa(Ba+53) — (n—2) o Ba.
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Further setting Z = U = ¢; we have
(70)
2015(2,62) = (n—=1){ o R—2(Apo+ps+01) } —pa(Ba+53) — (n—2) o fBs.
In the view of (67), (69) and (70) it follows that

(71) S(s1,61) = P1+ B2 = S(s2,s2), provided that u # 0
This gives the following:

Theorem 11. In a G(QE), (n > 3) manifold admitting Finstein’s
field equation and with vanishing generalized space matter tensor, the
scalar B1 + Bo is the Ricci curvature in the directions of both the gen-
erators ¢1 and sy, whenever u # 0.

Differentiating covariantly the equation (66) with respect to X, we
obtain

(72) (VxS)(Y,2) = dBi(X)G(Y, Z) + dBa(X)u(Y)u(Z)
+ dBs(X)p(Y)e(2)
+ Bl(Vx)u(Y)u(Z) + (Vx)u(Z)u(Y)]
+ Bl(Vx)e(Y)e(2) + (Vx)e(2)p(Y)].
By the virtue of (67), (7) takes the form

(73) v(nBy + Po + B3) + 2n(n — 1)(ug + peA) = 0.

Hence we have the following:

Theorem 12. In a G(QE), (n > 3) admitting Finstein’s
field equation and with vanishing generalized space-matter tensor;
b1, Po, B3, p1, p2, i3 are connected by the relation (73).

Suppose nf; + 2 + P53 is constant. Then using the equations (67)
and (12), we find that either u is also constant or

Jl(QX) _ nﬁl +/62 +/83

which gives S(X, 1) = WLMG(X ,71). This leads to the following:

Theorem 13. Ifin a G(QFE), (n > 3) admitting Einstein’s field equa-
tion and with symmetric generalized space-matter tensor, the scalar
curvature nfy + Po + B3 is constant then either u is also constant or
M 1s an eigen value of the Ricci tensor S corresponding to the
eigen vector 1y, defined by G(X, 1) = J1(X) = du(X) for all vector
fields X.

(X)),
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Applying (67) in (18), we have
Ry

LQX) = S2L(X).

which implies
Ry
X,p)=—GX
S(X,p) = 5 G(X,p),

where Ry = 2(n—1)(n—2)(ug + Ap2) + {201 — (n—2)(n—3) 2 } (nf +
B2 + B3). Thus we can state the following:

Theorem 14. If in a G(QFE), (n > 3) admitting Einstein’s field
equation with recurrent generalized space-matter tensor, the energy-

momentum tensor is of Codazzi type then % 1s the eigenvalue of

the Ricci tensor S corresponding to the eigenvector p, defined by
G(X,p) = L(X) for all vector fields X, whenever o, ps are con-
stants.

Now setting X = p in (20) and using (67), (72); we have

(74)  wvndBi(p) + dB2(p) + dBs(p)] + 2n(n — 1)[dus(p) + Adpua(p)]
= {v—dv(p)}(nB1+ B2 + Bs) +2n(n — 1)(us + Auz).

Hence we have the following:

Theorem 15. In a G(QFE), (n > 3) admitting Einstein’s field equa-
tion and with recurrent generalized space-matter tensor, the generator
of recurrence p is given by the relation (74).

Let us consider nf; + B2 + 3 be constant. Then by the virtue of
(67), (20) reduces to

(75) v(nBr + B2+ B3) + 2n(n — 1)(us + Aue) =0,

provided that g1, pe, pg are constants and by the virtue of (67), (25)
it also reduces to

J2(QX) = 2(X)7
which gives S(X, 1) = MG(X, 73) and
nbi + P2 + 53L

n61+52—|—53J
n

L(QX) =

which implies S(X, p) = MG(X, p), provided that gy, po are
constants. Thus we can state the following:

(X>’
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Theorem 16. In a G(QFE), (n > 3) admitting Finstein’s field equa-
tion and recurrent generalized space-matter tensor, if nf1 + Po + B3 is
constant then,
(i) w is an eigen value of the Ricci tensor S corresponding to
the eigen vector 1o, defined by G(X, 1) = Jo(X) = du(X) — ul(X)
for all X € x(M);
(i1) w 15 an eigen value of the Ricci tensor S corresponding
to the eigen vector p, defined by L(X) = G(X, p) for all X € x(M),
whenever py, o are constants;
(iii) By, B2, B3, p1, pe, ps are connected by the relation (75), when-
ever [y, Mo, 3 are constants.

Again applying (67) in (29), we get

Ry
T(@X) = S2H(X),

which implies

R
S(X,m3) = Q—;G(X7 T3).
This gives the following:

Theorem 17. If in a G(QE), (n > 3) admitting Finstein’s field
equation with weakly symmetric generalized space-matter tensor, the
Ry

energy-momentum tensor is of Codazzi type then 52 is the eigenvalue

of the Ricci tensor S corresponding to the eigenvector 73, defined by
G(X,13) = J5(X) = 1 (X) — 2ue(X) for all X € x(M), whenever
L2, W3 are constants.

Now in the view of (67), (32) and (33) it follows that

J5(QX) = %[(nﬁl + Ba + B3) {11 + (n —2)pa}

+(n = 1)(n = 2){pts = (1 + B2+ s — 20215 (),

which gives

S(Xm) = i+ B+ B + (0 = 2)ps}
= 1)(n = 2) s — (0B + o+ B — 20 2)]G(X, 7).

provided that u is non-zero. And if v = 0, then we can obtain

(n —2)(nBy + P2 + Bs)pe = 2(n — 1) (s + Apa).
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If 51, Ba, Ps, m1, pe2, i3 are constants then by the virtue of (67), (?77?)
and (40); we have

Jo(QX) = 5-[(0By+ B+ ) (2 — (n = 3)(n — 2)pr}
(76) +2(n = 2)(n — 1)(u + A2)] Js(X),
which implies
1
S(X,16) = %
[(np1 + B2 + Bs)
{21 — (n = 3)(n — 2)ua}
(77) +2(n = 2)(n — 1)(us + Ma2)]G(X, 76)
and
H@X) = SrlnBy + 2t B5) (2 — (n 1) — D)
(78) +2(n + 2)(n — 1) (s + Aa2) ] J2(X),
which implies
~1
S(X,m) = oM
(B + Bo+ B3) {21 — (n+ 1)(n — 2) 2}
(79) fr+2(n+2)(n = 1)(us + Au2)]G(X, 7).

And if v = 0, then we have
(n—2)(nB1 + B2 + B3) 2 = 2(n — 1) (3 + Apz).

Thus we have the following:

Theorem 18. In a G(QFE), (n > 3) admitting Einstein’s field equa-
tion and with weakly symmetric generalized space-matter tensor if
u is zero then Bi, [Ba, [3, o, i3 are connected by the relation
(n—2)(nB1 + P2 + B3)puz = 2(n — 1) (s + Apz) otherwise,

(i) [(nBr+ Ba + Ba) {1 + (n = 2) 2} + (n— 1) (n = 2) {3 — (1 + B2+
B3 — 2X)E2}] is an eigen value of the Ricci tensor S corresponding to
the eigen vector 75, defined by G(X,75) = J5(X) = p2(X) — E(X) for
all X € x(M);

(i1) o5 (01 -+ Ba-+ B5) {2401 — (n—3) (n—2) 12} +2(n—2) (n—1) 113 + Aiz)]
and 5 {(0s-+ 627 B5) (24— (n+1) (1 =2) e} +2(+2) (1) s+ M )
are eigen values of the Ricci tensor S corresponding to the eigen vec-
tor 7, defined by G(X,76) = Jo(X) = p1(X) — po(X) — E(X) for all
X € x(M) and the eigen vector 77, defined by G(X, ) = J7(X) =
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w1 (X) 4+ pa(X) + E(X) for all X € x(M) respectively, whenever
npBy + Po + B3, p1, W2, p3 are constants.

6. GENERALIZED QUASI-EINSTEIN MANIFOLD(M. C. CHAKI) WITH
GENERALIZED SPACE-MATTER TENSOR

In this section we study about generalized quasi-Einstein manifold,
which is introduced by M. C. Chaki [3], admitting generalized space-
matter tensor. A Riemannian manifold (M", G) (n > 3) is said to be
generalized quasi-Einstein manifold if its Ricci tensor is not identically
zero and satisfies the following condition
(80)

S(X,Y) = nG(X,Y) +70(X)I(Y) + s[0(X)v(Y) + 9(Y)r(X)],
where 1, v2(# 0), 73 are nonzero scalars and 1, v are non-zero 1-forms
such that 9(X) = G(X, ), v(X) = G(X, ) for all vector fields X
and g3, ¢4 are the unit vector fields. This type of manifold of dimension
n is denoted by G(QE),.

Now (80) gives

(81) S(ss,63) =7 472, Sla ) =71, S(ss,60) =73 BR=nn+7%.

By the equation (80), (5) takes the form

(82) 2R = [paR — 2(Auz + piz + )]G — pa(2G AV + 3G A V'),

where ¢'(X,Y) = 9(X)J(Y) and V' (X,Y) = I X)v(Y) + (Y )v(X).

Contracting (82), we obtain

2mS(Z,U) = [(n—D{pueR = 2(M\u2 + ps + 1)} — p2(r2 + 13)]G(Z,U)
(n— a2 (Z,U) + 30/ (Z,U).

Replacing Z and U by ¢3, we have
(83)
2118(s3,53) = (n—=1) {2 R—2(Apa+p3+71) } —pa(va+73) — (n—2) pay2.

Again replacing Z and U by ¢, , we have

(84) 2p15(sa;a) = (n— D{paR — 2(Ap2 + 13 + 1)} — pra(y2 +73)-
Now using (81) in (83) and (84), we find that u = 0 ie. 2u =
—(n — 2) g, since 3 # 0. Thus we can state the following:

Theorem 19. In a G(QE), (n > 3) manifold admitting Finstein’s
field equation and with vanishing generalized space matter tensor;
W1, Ho are always connected by the relation 2u; = —(n — 2) ua.
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Further we obtain by covariant differentiation of the equation (80)
with respect to X

(85)  (VxS)(Y, Z)

A (X)G(Y, Z) + dy(X)I(Y)I(Z
ds(X)v(Y)v(Z)
2[(Vx)I(Y)I(Z) + (Vx)I(2)0(Y)]
(V)Y )v(Z) + (Vx) )
(Vx)v(Y)H(Z) + (Vx)v(Z)9(
In the view of (81), (7) takes the form
(86) v(nyr + %) + 2n(n — 1) (uz + ) = 0.
Hence we have the following:

Theorem 20. In a G(QE), (n > 3) admitting Finstein’s
field equation and with vanishing generalized space-matter tensor;
Y1, Y2, M1, Mo, ps are connected by the relation (86).

+ + + +

<<
— =

Suppose ny; + 2 is constant. Then in the view of (81) and (12) it
follows that either u is also constant or

ny, +
J(QX) = %

which gives S(X, ) = "L22G(X, 77). This leads to the following:

Theorem 21. Ifin a G(QE), (n > 3) admitting Einstein’s field equa-
tion and with symmetric generalized space-matter tensor; ny, + 7y s
constant then either u s also constant or "—“%7—2 15 an eigen value
of the Ricci tensor S corresponding to the eigen vector Ty defined by

G(X,n) = J(X)=du(X) for all X € x(M).
By the virtue of (81), (18) reduces to the following relation

LX) =12

Ji(X),

L(X),
which implies
R3
X,p)=—GX
S(X,p) = 5 G(X,p),

where R3 = 2(n—1)(n—2) (us+Ap2) +{2p1 — (n—2) (n—3) 2 } (ny1+72).
This gives the following:

Theorem 22. If in a G(QFE), (n > 3) admitting Einstein’s field
equation with recurrent generalized space-matter tensor, the energy-
momentum tensor is of Codazzi type then % is the eigenvalue of
the Ricci tensor S corresponding to the eigenvector p, defined by

G(X,p) = L(X) for all X € x(M), whenever py, ps are constants.
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Again setting X = p in (20) and using (81), (85); we have
(87) v[ndyi(p) + d2(p)] + 2n(n — 1)[dus(p) + Adpa(p)]
= {v—dv(p)}(nn +12) + 2n(n — 1)(uz + Au2),
which leads to the following:

Theorem 23. In a G(QE), (n > 3) admitting Finstein’s field equa-
tion and with recurrent generalized space-matter tensor, the generator
of recurrence p is given by the relation (87).

Now let ny; + 72 be constant. Then by the application of (81), (20)
we have

(88) v(nyr +72) + 2n(n — 1) (u3 + Auz) = 0,

provided that py, po, ps are constants and again by the application
of (81), (25) we also have

ny; +
B(QX) = L Jy(X),
which gives S(X, ) = "L2G(X, 1) and
L(Qx) = "2 ),

which gives S(X,p) = %ﬂG(X ,p), provided that p;, po are con-
stants. Thus we can state the following:

Theorem 24. In a G(QFE), (n > 3) admitting Finstein’s field equa-
tion and recurrent generalized space-matter tensor, if ny; + 2 is con-
stant then,

(i) rme is an eigen value of the Ricci tensor S corresponding to the
eigen vector T, defined by G(X, 1) = Jo(X) = du(X) —uL(X) for all
X € x(M);

(i1) ””Tm 1s an eigen value of the Ricci tensor S corresponding to the
eigen vector p, defined by L(X) = G(X, p) for all X € x(M), when-
ever [y, Mo are constants;

(1) V1, Y2, p1, fo, M3 are connected by the relation (88), whenever
U1, W2, Ma are constants.

In the view of (81), (29) yields

T(@X) = L2 H(X),

which implies
R
S(X,13) = 2—5G(X, 73).
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Hence we have the following:

Theorem 25. If in a G(QE), (n > 3) admitting Finstein’s field
equation with weakly symmetric generalized space-matter tensor, the
energy-momentum tensor is of Codazzi type then % 15 the eigenvalue
of the Ricci tensor S corresponding to the eigenvector T3, defined by
G(X,13) = J5(X) = ui(X) — 2ua(X) for all X € x(M), whenever

L2, W3 are constants.

By the relations (81), (32) and (33); we get

HQX) = ~[(nn + ) m + (0~ 2))

(89) +(n = 1)(n = 2){ps = (1 + 72 — 20 21 5(X),
which implies

S(X,7) = lm + ) + (0~ D))
(90) +(n = 1)(n = 2){s — (n +72 = 20 ZHE(X, 7).

provided that u is non-zero, otherwise

(n = 2)(ny1 4+ y2)pe = 2(n — 1) (s + Ape).

Again if ny, + v, w1, o, i3 are constants and u is non-zero then
using (81) we also obtain

Jo(QX) = o-l(mn + )2 — (0= 3)(n — 2}
(o1) 2= 2)(n — 1)(s + Ma) (X))

which implies
1
S(X,716) = o
nm +7){2m — (n = 3)(n = 2)pa} + 2(n - 2)(n — 1)
(92)  (us+ M2)]G(X, 76)

and

HQX) = Sl + ) 2m — (04 D(n— 2}

(93) +2(n +2)(n — 1)(us + Aup)]J7(X),
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which implies

S(X, 1) = ;—i
[y +72){20 — (n+1)(n — 2)pa}
(94) +2(n 4 2)(n — 1)(us + Mi2)|G(X, 77).

And if u = 0, then we get

2(n —1)(n — 2)(ps + Apa) _ 2(n — 1)(ps + Apo)
(n—2)(n—3)p2 — 2 (n—2ps

Hence we have the following:

Theorem 26. In a G(QE), (n > 3) admitting Finstein’s field
equation and with weakly symmetric generalized space-matter ten-
sor if u s zero then i, 7o, o, p3 are connected by the relation
(n = 2)(ny1 4+ y2)pe = 2(n — 1)(us + Apz) otherwise,

(i) L](n91-+92) {1+ (n—2)paz}-+ (n— 1) (n—2){p13— (n1 72— 20)£2}] s
an eigen value of the Ricci tensor S corresponding to the eigen vector
75, defined by G(X,15) = J5(X) = pe(X) — E(X) for all X € x(M);
(ii) 5, [(n71+72){20 — (n = 3)(n = 2)p2} +2(n — 2)(n — 1) (13 + Apia)]
and 3 [(n71 +72){20 — (n+1)(n = 2)pa} +2(n+2)(n — 1) (113 + Maz)]
are eigen values of the Ricci tensor S corresponding to the eigen vec-
tor 76, defined by G(X,75) = Jo(X) = p1(X) — po(X) — E(X) for all
X € x(M) and the eigen vector T, defined by G(X,17) = J:(X) =
(X)) + pa(X) + E(X) for all X € x(M) respectively, whenever
nyy + vz, M1, M2, W3 are constants.

ny+ 2 =

7. PSEUDO GENERALIZED QUASI-EINSTEIN MANIFOLD WITH
GENERALIZED SPACE-MATTER TENSOR

This section concerned about the study of pseudo generalized quasi-
Einstein manifold admitting generalized space-matter tensor. A Rie-
mannian manifold (M", G) (n > 3) is said to be pseudo generalized
quasi-Einstein manifold [14] if its Ricci tensor is not identically zero
and satisfies the following relation
(95)

S(X,Y)=0G(X,)Y)+0H(X)H(Y)+ BF(X)F(Y)+d,D(X,Y),

where 01, 02, 03, 04 are nonzero scalars and H, F are non-zero 1-
forms such that H(X) = G(X,¢5), F(X) = G(X, ) for all vector
fields X and ¢, ¢ are the unit vector fields; D is a symmetric (0, 2)
tensor, with zero trace, which satisfies the condition D(X,¢5) = 0 for
all vector fields X. This type of manifold is denoted by PB(GQE),.
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Some types of recurrence can also be found in [17], [18], [19] and [20].
Now we get from (95)

(96) S(S5,65) = 01+ 62, S(S6,56) = 01 + 63 + D(ss, ),
S(%agﬁ) =0; R= nd1 + 0o + 3.

In the view of (95), (5) reduces to the following equation

(97)

2i R = [paR—2(A g+ p13 +01)|G — 12 (0oG AN H' + 035G AN F' +64G A D),

where H'(X,Y) = H(X)H(Y) and F'(X,Y) = F(X)F(Y). Taking

contraction we have

21S(Z,U) = [(n—D{p2R = 2(Ap2 + pz + 01)} — p2(d2 + 63)|G(Z, U)
(n —2)po[0oH'(Z,U) 4+ 03F'(Z,U) 4+ dD(Z,U)).

Let us set Z = U = ¢5 to get

(98)

21115(s5,55) = (n=1){paR—2(Ap2+p3+01) } — p2 (02 +05) — (n—2) p1205.

Further setting Z = U = ¢ we also get
(99)
2115(s6,56) = (n—1){pp2a R—=2(Apug+p13+01) } — o (d2+63) — (n—2) p2[d3+0 D (<6, S6)] -
By the virtue of (96), (98) and (99); we have
S(s5,65) = 01 + 92 = S(s6, %), provided that u # 0
This leads to the following:
Theorem 27. In a *PB(GQE), (n > 3) manifold admitting Einstein’s
field equation and with vanishing space matter tensor, the scalar 1+ o

is the Ricci curvature in the directions of both the generators ¢; and
6, whenever u # 0.

Taking covariant differentiation of the equation (95) with respect to
X, we obtain
(100) (Vi S)(Y,Z) = doy(X)G(Y, Z) + dby(X)H(Y)H(Z)
dos(X)F(Y)F(Z) 4+ dé4D(Y, Z)
SV H(Y)H(Z) + (Vx) H(Z)H(Y)]
3[(Vx)F(Y)F(Z) + (Vx)F(Z)F(Y)]
61(Vx)D(Y, 2).
In the view of (96), (7) yields
(101) v(ndy + 0z + 03) + 2n(n — 1)(u3 + paA) = 0.

Hence we have the following:

+ + + +
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Theorem 28. In a P(GQE), (n > 3) admitting Finstein’s
field equation and with vanishing generalized space-matter tensor;
01, 09, 03, 1, M2, fg are connected by the relation (101).

Suppose ndy + 03 + 03 is constant. Then in the view of (96) and (12)
it follows that either w is also constant or

Jl(QX):n51+gg+53

which gives S(X, 1) = MG(X, 71). This leads to the following:

Theorem 29. If in a P(GQE), (n > 3) admitting Finstein’s field
equation and with symmetric generalized space-matter tensor; nd; +
09 + 03 is constant then either uw is also constant or M 8 an

eigen value of the Ricci tensor S corresponding to the eigen vector T,
define by G(X, 1) = Ji(X) = du(X) for all X € x(M).

Using (96) in (18), we have

Jl(X)7

L(QX) = T2 L(X),

which implies
Ry
S(X,p) = —GX
(X, p) = 5 G(X,p),

where Ry = 2(n—1)(n—2)(us + Auz) + {211 — (n —2)(n — 3) pia } (ndy +
do + 03). Therefore we have the following:

Theorem 30. If in a Riemannian manifold (M", G) (n > 3) admit-

ting Einstein’s field equation with recurrent generalized space-matter
tensor, the energy-momentum tensor is of Codazzi type then % is the
eigenvalue of the Ricci tensor S corresponding to the eigenvector p,
defined by G(X,p) = L(X) for all vector fields X, whenever us, ps

are constants.
Now setting X = p in (20) and by the relations (96), (100); we have
(102)  wlnddi(p) + dda(p) + doz(p)] + 2n(n — 1)[dus(p) + Adpa(p)]
= {v—dv(p)}(ndy + b2 + d3) + 2n(n — 1)(us + Au2).
Hence we get the following:

Theorem 31. In a B(GQE),, (n > 3) admitting Einstein’s field equa-
tion and with recurrent generalized space-matter tensor, the generator
of recurrence p is given by the relation (102).
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Let us consider nd; 4 05 + d3 as constant. Then in the view of (96),
(20) takes the form

(103) v(ndy + 8y + 83) + 2n(n — 1) (us + Miz) = 0,

provided that p, pe, us are constants and in the view of (96), (25)
also takes the form

J2(QX):7”L51+22+53

which gives S(X, 1) = MJF—WG(X, 73) and
n51 —+ (52 -+ 53L
n

J2(X),

L(QX) =

which implies S(X,p) = WG(X, p), provided that puy, us are
constants. Thus we can state the following:

Theorem 32. In a P(GQE), (n > 3) admitting Einstein’s field equa-
tion and recurrent generalized space-matter tensor, if ndy + 0o + 03 is
constant then,

(i) W 1s an eigen value of the Ricci tensor S corresponding to
the eigen vector 1o, defined by G(X, 1) = Jo(X) = du(X) — ul(X)
for all X € x(M);

(i1) M 18 an eigen value of the Ricci tensor S corresponding to
the eigen vector p, defined by L(X) = G(X,p) for all X € x(M),
whenever py, e are constants;

(7i) &1, 02, O3, p11, pa, ps are connected by the relation (103), when-
ever [y, o, 3 are constants.

Using (96) in (29), we obtain

(X),

Ry
T(QX) = S 1 (X),

which implies

R
S(X,m3) = 9 G(X,73).

-
U
Thus we can state the following:
Theorem 33. If in a P(GQE), (n > 3) admitting Finstein’s field
equation with weakly symmetric generalized space-matter tensor, the
energy-momentum tensor is of Codazzi type then % 15 the eigenvalue
of the Ricci tensor S corresponding to the eigenvector 73, defined by
G(X,13) = J5(X) = 1 (X) — 2u2(X) for all X € x(M), whenever

o, W3 are constants.
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Again if u is non-zero then by the virtue of (96), we find

T@X) = Ll + 8+ B} s + (0= D)
(104) +(n = 1)(n = 2){13 — (081 + J + & — 20) £} (X)),

which gives

S(X,75) = L [(nd1 + 02 + 93) {1 + (n = 2)ua} + (n — 1)(n — 2){ps —
(7151 + 52 + (53 — 2)\)%}]G<X, 7'5).

And if u = 0, then we have

(n —2)(ndy + 62 + d3) 2 = 2(n — 1) (3 + Apa).

Further if 61, 02, 03, p1, p2, ps3 are constants and u is non-zero then
by the virtue of (96) and (40); we get

Je(QX) = % [(n61402+03){ 21— (n—=3) (n—2) p2 }+2(n—2) (n—1) (3 +Ap2)] J6 (X),

which implies

S(X,16) = 5=[(nd1 + 02 + 03){2p11 — (n — 3)(n — 2)pa} +2(n — 2)(n —
1) (ks + Ao )| G (X, 76)

and

T(QX) = 5 [(n6y-+8+05) (21— (041) (= 2) o} 2(n-+2) (1) (s )] (X),

which implies S(X,77) = 52[(nd; + 02 + 03){2u1 — (n+ 1) (n — 2) o} +
2(n+2)(n —1)(us + Au2)]G(X, 77). And if u = 0, then it follows that

(n — 2)(ndy + g + 03) 2 = 2(n — 1) (3 + Aua).
This leads to the following:

Theorem 34. In a P(GQE), (n > 3) admitting Finstein’s field
equation and with weakly symmetric generalized space-matter tensor
if u is zero then 01, 0o, 03, o, p3 are connected by the relation
(n —2)(ndy + 62 + 03) 2 = 2(n — 1) (s + M) otherwise,

(Z) %[(nél + (52 + 53){/111 + (Tl — 2)/1@} + (TL — 1)(n — 2){,[1,3 — (n51 + 52 +
03 — 2X)E2}] ds an eigen value of the Ricci tensor S corresponding to
the eigen vector 75, defined by G(X,75) = J5(X) = p2(X) — E(X) for
all X € x(M);

(i1) L (6 + 83+ 05) {2411 — (n—3) (n—2) 12} +2(n—2) (n—1) (13 + M)
and 3, [(nd1+02+05) {2111 — (n+1)(n—2) 2} +2(n+2) (n—1) (13 + Apea)]
are eigen values of the Ricci tensor S corresponding to the eigen vec-
tor 1, defined by G(X,75) = Jo(X) = p1(X) — po(X) — E(X) for all
X € x(M)and the eigen vector 17, defined by G(X, ) = J;(X) =
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w1 (X) 4+ pa(X) + E(X) for all X € x(M) respectively, whenever
ndy + 0o + 03, 1, f2, f3 are constants.
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