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1. INTRODUCTION 

 

The problem of the deficiency of a consistent probability interpretation for Klein-Gordon fields is nearly as old 

as quantum mechanics theory. In a previous approach [2] some problems of Dirac equation were presented. For a 
general problem of Klein-Gordon field interacting with Maxwell electromagnetic one in presence of gravity, 

difficulties are analytically, exactly solvable models for boson with large self interaction [12] and for boson-

fermion systems have been worked out only in low-dimensional gravity. In four dimensions, the bosonic or the 

mixed fermion - bosonic fields interacting via gravity have been investigated mainly by numerical calculations 

[3-9,11,13].  

 
 

2. THEORY 

 
Let us consider a spherically symmetric configuration, expressed in Schwarzchild coordinates  

 

              ( ) ( ) ( )222222222 sin ϕθθ ddrdredteds fh +−−=   (1) 

 

 where f and h are functions of r and t. We introduce the pseudo-orthonormal tetradic frame { } 4,1aae = , with the 

corresponding dual orthonormal base  

 

dteh=1ω  dre f=2ω  

θω rd=3  ϕθω dr sin4 =  

The Lagrangean density in a )1()1,3( USO ×  gauge invariance interaction of charged boson of mass 0m  with 

electromagnetic field, is  
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where 

 

Φ−Φ=Φ aaa ieA|,  

 

and 

 

                                             Φ+Φ=Φ aaa ieA|,  (3) 

 

The 
abη  tensor is the minkowskian kind, defined as 
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The Maxwell tensor  

 

baabab AAF :: −=  

 

is expressed in the terms of the Levi-Civita covariant derivative of the four-potential { } 4,1aaA = , i.e. 

 

ab
c

cbaba AAA Γ−= |;  

 

where the Christoffel symbols are computed as 
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By varying with respect to different fields, it can be computed the Klein - Gordon equation as 

 

                                                    Φ+Φ=Φ−Φ c
c

c
c AAeieAm 2

|
2
0 2�      and its h.c.  (4) 

 

and Maxwell equations 

 

                          ( ) ( )[ ]ΦΦ−Φ−Φ−ΦΦ−= bbbb
ab

c
ab ieAieAieF ||: η  (5) 

 

Building up the energy-momentum tensor 

 

                           LFFT ab
c
bacaaaaab η−+ΦΦ+ΦΦ= :::: . (6) 

 



 

 

MOCM 13 – Volume 3 – ROMANIAN TECHNICAL SCIENCES ACADEMY - 2007               81 

 
 
 
it can be derived the Einstein equation 

                                                        abab kTG = ,  (7) 

 

where the tensor abG  have the explicit form expressed using the Ricci tensor abR  

 

                                                 RgRG ababab
2

1
−=  (8) 

 

Working in the minimally symmetric ansatz ),(11 trAA = , ),(44 trAA = , ),( trΦ=Φ , the Klein-Gordon-

Maxwell equations system (7), (8) turn into 
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and its h.c, and respectively 
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and 
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where ( )⋅  stands for usual derivative. 
Using the Lorentz condition (13) and the Maxwell equation (11) and (12), we read 
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The Einstein equation explicitly become 
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respectively 
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For solving we start with the physically reasonable assumptions that the charged scalar field is the main source 

of both the electromagnetic and gravitational fields. Neglecting the feedback of gravity in a first order 

approximation, can write the equation for potential Φ  (imposing 0hf == ): 
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with the solutions 
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Using the same conditions, from Maxwell equations it can be read, from (11) and (12) 
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with the Lorentz condition 

 

                                               0AA
r

2
A t,41r,1 =−+  (20) 

 

Considering the particular solutions 
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form Maxwell equations can be found that 

 

                                 t
r

N
ek2

a

r
logNe2A

2
2

k4 +






ω=  (22) 

 

where a is a constant value. 
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This solution for the 4A  potential may include an arbitrary function of time ( )tF . 

Introducing this first order perturbative solution in the Einstein equation, can be read, in the hypothesis 

( )rff =  and ( )rhh = : 
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and 
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respectively 
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 The analytically solutions of this system equation, can be read as: 
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and,  
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with 
 

2222
0

22 kN2mN2 κ−κ−=χ  

 

and 1W , 2W  are two integration constant. 

Defining 
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These solutions can be written as those from [16]. 
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In the particular case of a constant potential  
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thus, following the same steps, it can be read ( )rh  and ( )rf  function as 
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3. RESULTS AND DISCUSSION 

 

This results are obtained with a computational symbolic script which is developed in roder to succeed in solving 

this kind of differential system equations. The script is build in an independent space-time metric structure . It 

was tested on several space-times cases and will be a subject for a future paper. 
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