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THEORETICAL STUDY ABOUT THE DETERMINATION OF THE
ANGULAR SPEED FOR A RTRTR ROBOT USING THE
QUATERNION METHOD
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Abstract: This present paper studies the determination of the rotational speed for an RTRTR
robot using the quaternion method.
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1. INTRODUCTION

It is knowing [3] that the rotational speed is shows by the equation: @, =-2q,, *q . (k=123........ ,n),
where ®,, is the quaternion of the rotational speed for the Ty frame given by the T, frame and the projection of

the M, , given by the Ty frame.

2. THE CALCULUS FOR THE ANGULAR SPEED

Figure 1 shows the RTRTR robot, that it has in view
to determinate the angular speed using the quaternion
method.

Firstly, it is establishing a general equation [2], [3] for
the right member of the equation (1); it knows
rotational quaternion Q:

Q=0Que, +Qe, +Q,e, +Qse, M
Using differentiation method by the time, equation (1)
became:

Q=Qe,+Qe, +Q,e, +Qse;, )
and the reverse will be:
-1
Q" =Qe, —Qe, —Q,e, —Qse, 3)

It is calculated Q* Q™" using a matrix, rank 4x4:

Fig.1. The constructive design for the RTRTR robot
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Qo _Ql _Qz _Q3 QO ) ) 0 ) ) €
Q %Q7 = Ql Qo _Q3 Qz —-Q _ _Qle +QIQO _QzQs + Q3Q2 = “4)
Qz Qs Qo _Q1 -Q, _QOQZ + QlQ% +(_22Q0 - QSQI 53
Q3 _Qz Ql Qo -Q; —QyQ; —QQ, +Q,Q, +Q;Q, |fe;
The inner product diagram will be [4]:
QO =expresie e | e | e
Q1 = expresie -Qi | -Qy | Qs
Q *Q' = Q | Q| -Q (5)
(?2 =exp resi.e NEOSE
Q, =expresie Q| -Q | Q

Observation: The equation (5) is a linear combination from four components Q,Q,,Q,,Q,. and for

understanding the problem we give same paradigms.

Example 1°
It is consideration that:

Q() =C1, Ql =Q2 =0, Q3 :—Sl (6)
Using differentiation method by the time, equation (6) became:
Qoz_?lsl; Q =Q,=0; Q3=_71C1 o

In this way it is demonstrated the truth. The (6) equation is inner product with (7) equation, using the (5)
diagram. It shows that the e, and e, coefficients are zero and the component from e; is:

(O ®
~ 2 stre =~ e,

Example 2°.
Q=q;, =Pye, —P;e, —Pye, —Pye, ®)
where:
P, =CC, P, =SS, )
P, =CS, P, =S,C,
Results

Q =Py, Q=-P, Q,=-P,, Q, =-Py, (10)
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Qo :P30 :_%SICS _%C183 :_%Pﬁ _%Pﬂ :%Qs +%Q1 .
-Qi

. . , (O) Q) . , .

Q =-P, :_(_715153+73C1C3):71P32 _73P30:_71Q2 _73Qo (11 Qo

. . Q) . , (0) (O) . _Q3

Q,=-P, :_(jcl& +7351C3) =—( 71P31 +73P33) :?lQl +jQ% Q,

. . Q) (O) , (O) , ®

Q,=-P, :_(jclcz _738183) == 71P30 +73P32 :_?lQo _73Q2

With equation (11) and (5) it is evaluate the coefficients for quaternion unit’s €,,€,,€,, arrangement the terms

by @, and ®;,:

e = H-QQ, ~QQ: +QQ: ~ Q)+ QT ~Q; ~ Q) ~Q)) =

¢, = %(_2Q2Q3 +2Q,Q,) +%(_Q1Q2 -Q,Q; +Q,Q; +Q,Q,) = —%sin ot (12)

e; = %(_Qg + Qi + Qf - Q?) ) +%(_Q1Q3 + Qon + Q1Q3 - Qon) = _%COS ,t
From (4), (8), (12) results:

s * 30 :—&el—%sin(;)3t-ez—%cosoo\;t-e3 (13)
From (13) results:
O, Oy =205, ¥q3 = Os€, + O, SIN O, - te,, + ©, Cos O, - te, (14)
Example 3°
Q= Q50 = Nsoeo - NSlel - stez - N53e3 (15)
where [4]:
N,, =P, C, —P,S, N,, =P,C, +P,S, 16)
N,, =P, C, -P,,S; N,, =P,,C, +P,S;
P,,.P;,,P,,,P;; are made in equation (9). From (15) results the Q components:
Q, =Ny, Q =-N;;, Q, ==Ny,,Q; =—Ng, a7

It is calculated Nso using (16) and (11):

. (Q) (Q) . . (Q) (O] (O)) [0) (Q))
Nso = _75P3055 _75P32C5 + P30C5 - Pszss = _75N52 + (_711)33 _731)31)(:5 + (_?lpzl _731333 )Ss
. [0 o, () - . , ()
Nso = _75N52 _?l(Psscs + P3ISS) _73(P31C5 + P33SS) = Nso = _75N52 _?les _73(P31C5 + Pssss) (18)

The last expression ( P;,C, +P,,S. ) don’t work with anyone ( N, N, Ny,, Ny, ) shows in equation (16).
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It is summated member with member:
N,,C,+N,S, =P,C: —P,S.C, +P,C.S, +P,S: =P, (19)
N..C,=N,S,=P,C:+P,S,C,—P,CS, +P,S: =P, (20)
Using P3; from (19) and P55 from (20) will be defining the expression P;,C +P,,S. :
P,,C, +P,;S, =(N,,C, + N,S;)-C; + (N,,C, —N,,S,)-S, =
=N,,(C: =SI)+ N, - 2S.C, = N, cos it + N, sin w,t @b
With (21) it is writing equation (18):
N, = —% N, —%(NS1 cos @, + N, sin 1) —%NSZ (22)

It is observing that the equation (22) contains in right member a linear combination with variable coefficients, by

the Ns,,N,,Ng; components. The N, derivation it is linear made with three components of the gso

quaternion. If it is made similarly for N, N52 , N53 results:

: . , (@)
Ny: Ny, = __5N53 —— N, +—=+(P,,C; +P,,C;) (23)
2 2 2
N, =—2N N N DN 24
5= 5 + 2 (N, cos @t + N, sin o,t) — 5 (24)
2 2 2
N, =2N, + 2N, +2 (PnC -P,S;) (25)
2 2
\ 1 ; s
N, = > —N;, + & (N53 cos st — Ny, sin @;t) +7N50 (26)
. € € €
N, =N, + 2N, -2 @.C.-P,S,) @7 ! 2 s
2 2 2 R Nsi | Ns2 | Ns3
® ® o - NS() N53 - N52
N..=—LN, ——3 - - hack 28
N, 5 N,, 5 (N5, cosm,t — N, sinst) + 5 N,, (28) No | No [ Na
Ns> | -Nsi | -Nso
The (5) diagram is made directly forq,, = N e, — N, e, —N.e, —Ng.e,:
N, =—2N, + 2 (=N, cosw,t— N sinw,t) -2 N,
2 2 2
N, =—2N, + 2 (N, cosw,t+ N sina,t) — = N,,
2 2 2
~ o, o . o
N, =7‘N51 +73(N53 cos 5t — Ny, sin (Dst)+75N50 29)

: , () . ()
N,, = 21 N,, + 23 (=N, cos w,t+ N, sin 0t) +75N51
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Using the (29) equations, the e; coefficient is:

, (O
&, == 2Ny Ny, = 2N, Ny + - cos ot(-N? —=N2 =N2 —N? )+ 0

W, . (Q)
+735m mst(Nsost + N51N53 - NS()NSZ - N51N53) + 75(N51N52 - NS()N53 + N50N53 - N51N52)

It is knows that Ni o Nz t Ni ,+ Ni .= 1, because it is works with unitary quaternion. Using equation (16)

with (9) results:
2(Ng Ny, =N Ny,) = cos o,t - sin ot 3D

Equation (30) became:
(O] . (Q)
€, :?lcos ot -sin cost—fcos 5t (32)
Using (29) results the e, coefficient:

, ()
¢ = j(_stNss - N50N51) -2 +?3COS ('OSt(_NSINSZ + N50N53 - N50N53 + N51N52) +

(33)
@, . ()
+735m 0)5t(—N52N53 + N52N53 + N50N51 - N50N51) _TS(N; + N§3 + N§0 + Ngl)-
From (16) and (9) results:
2(N Ny, +N,N,,) =sin ot (34)
Equation (33) became:
® . (0%
€, =——smo,t—— (35)
2 2
o, 2 2 2 2 O3
€= 7(_N53 + N52 + N51 - Nso) + TCOS wst(_N51N53 - N50N52 + N51N53 + Nsost) +
(36)
®, . ()
+73$1n C‘)st(_N; - Ngz - Ngl - Ngo) + 75(_N52N53 + N, Ng; + Ny Ny, — Ny Ny, ).
From (16) and (9) results:
2 2 2 2 _ .
N, +N_ =N, —N_, =—cosw;t-cosmst (37)
Equation (36) became:
0, W, .
e, = —?cos ,t-cos (Dst—?sm .t (38)

Using (32), (35) and (38) will be finding the result:
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. _ () . () @ . () () ; .
s ¥ Q5 = (—-cos @, -sin @yt ——>cos W, t)e, — (—-sin @,t +—>)e, — (—-cos ,t - cos Ot + —sin @;t)e, (39)
2 2 2 2 2 2
From (39) results the angular speed 0, :

O, =245, *qgy = (—®, cOs M,t - sin W t + W, cos W t)e, + (O, sin Ot + o, )e, + “0)
+ (O, cos W,t - sin W t + , sin Wt)e,

3. CONCLUSIONS

The determination of the angular speed using the quaternion method it is necessary because the versatility of the
calculus is accessible like a work way, comparative with classically methods using today.

REFERENCES

[1] ALECU A - Aplicafii ale cuaternionilor in cinematica rigidului - Studii si Cercetari de Mecanica Aplicata, 3- 4 mai-
august 1997, pag. 155-166.

[2] ALECU A. - Aplicatii ale cuaternionilor in dinamica rigidului - Studii si cercetdri de Mecanica aplicatd , 5-6
septembrie-decembrie 1997, pag. 277-283.

[3] ALECU A, BURACU V. - Mecanica Solidului, Editura Printech, 2005

[4] BURACU V, ALECU A.- On the use of a theorem by V. Valcovici in planar motiondynamics,
Proceedings of the Romanian Academy, vol. 6, no. 1, 2005.

[5] FLORESCU D. — Mecanica. Cinematica, Editura Tehnica-Info, Chisinau, 2005



