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COMMON FIXED POINTS OF FUZZY MAPPINGS
AKBAR AZAM, MUHAMMAD ARSHAD and MUHAMMAD SHAKEEL

Abstract. We obtain common fixed point theorem for a pair, respectively
for a sequence of fuzzy contractive type mappings, by using sequence of
iterates. Our theorems extend recent results of Bose and Sahani [5] and of
Vijayaraju and Mohanraj [16].

1. INTRODUCTION AND PRELIMINARIES

The theory of fixed points is one of the preeminent basic tools to
handle various physical formulations. Heilpern [6] first introduced the concept
of fuzzy mappings and established a fixed point theorem for fuzzy mappings.
Since then, many fixed point theorems for fuzzy mappings have been obtained
by many authors (see, e.g., [6], [7], [8], [11], [13], [14], [15], [16]).

This paper offers common fixed point theorems for fuzzy mappings in
complete metric spaces, which generalize some known fixed point theorems
for fuzzy contractive type mappings in metric spaces.

Let (X,d) be a metric space and

CB(X) ={A: Ais nonempty closed and bounded subset of X },
For 4,B € CB(X) and ¢ >0 the sets N(¢,4) and E  , are defined as
follows:
N(g,A)={xe X:d(x,A) <&},
E,; ={¢: A< N(&,B),B < N(&,A)},
where
d(x,A)=1inf{d(x,y): y € A4} .
The distance function H on CB(X) defined by
H(A,B)=inf{¢:c € E, },is known as Hausdor{f metric on X .
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A fuzzy set in X is a function with domain X and values in [0,1]. If 4
is a fuzzy set and x € X, then the function’s values A(x) is called the grade of
membership of x in 4. The « -level set of 4 (or « -cut of A), denoted by “ 4,
and is defined by

“A={x:Ax)>2a} if ae(0,1],

"4 ={x:A(x)>0},

where B denotes the closure of the set B.

Let X be an arbitrary set, ¥ be metric space and F(X) be the collection
of all fuzzy sets on X. A mapping 7 : X — F(Y) is called a fuzzy mapping if
for each xeX, T(x) is a fuzzy set on Y and T(x)(y) denotes the degree of

membership of y in X.
Lemma 1.1 (Nadler [10]) Let (X,d) be a metric space and

A,B € CB(X), then for each a € A, d(a,B)< H(4,B).

Lemma 1.2 (Nadler [10]) Let (X,d) be a metric space
and A,Be CB(X). For A>0, and a € A, there exists an element b e B
such that d(a,b) < H(A,B)+ 4.

2. MAIN RESULTS
Vijayaraju and Mohanraj [16] improved the results of Heilpern [6] and
Park and Jeong [11] as follows:
Theorem 2.1. Let X be a complete metric space and let S, T: X —
F(X) satisfying the following conditions:
(i) for each x € X, there exists a(x) e (0,1] such that “S(x)and“T(x)
are nonempty closed bounded subsets of X and
(ii) foreach x,y € X,
H("S(x), "V T(y)) < Ad(x, “S(x)) +Bd(y,“"T(y))
+ Cdx,""T(y)) + Dd(y, ““S(x))
+ Edx, y).
where A,B,C,D,E are nonnegative real numbers such that
A+B+C+D+E<1 and C=D. Then there exists z € X such that
ze“PS(2)N*PT(z2).
We present following extension of the above theorem.
Theorem 2.2 Let X be a complete metric space and let S, T: X —
F(X) satisfying the following conditions:
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(i) for each x € X, there exists a(x) € (0,1] such that ™ S(x)and“T(x) are
nonempty closed bounded subsets of X and
(ii) foreach x,y € X,
H(“S(x), "V T(y)) < Ad(x, “VS(x)) +Bd(y,“"T(»))
+ Cdx,""T(y)) + Dd(y, ““S(x))
d(y,"" T +d(x,"VS(x))]
1+d(x,) ’
where A,B,C,D,E,F are nonnegative real numbers such that
A+B+C+D+E+F<1 and C=D. Then there exists z € X such that
ze*@S(2)N*PT(z2).
Proof. Let x, € X . Then by condition (i), there exists &, € (0,1] such

+ Ed(x,y)+ F

that “S(x,) is nonempty closed bounded subset of X. Choose x, € “S(x,).
For this x,, there exists «, €(0,1] such that “*7(x,) is nonempty closed
bounded subset of X. Since “S(x,) and “*T(x,) are nonempty closed
bounded subsets of X, by lemma 1.2 there exists x, € “T'(x;) such that
d(x,,x,) <H("S(xy),”T(x,))+ p (I-B-C-F)
A+C+E
1-B-C-F
Now by hypotheses , we have
d(x;,x,)< Ad(x,,"S(x,)) +Bd(x,,”T(x,))+ Cd(x,,”T(x,))
d(x, TO )+ d (%, S (x,))]
1+d(x,,x,)

where f =

+Dd(x,"S(x,)) + Ed(x,,x)+F

+ B (1-B-C-F)
<Ad(x,,x,)+Bd(x,x,)+ Cd(x,,x,)
d(x;,x,)[1+d(x,,x,)]
1+d(x,,x,)

< Ad(x,,x) +Bd(x,x,)t Cld(xy,x)+d(x;,x,)]

+Dd(x,,x,)+ Ed(x,,x,)+Fd(x,,x,)+ S (I-B-C-F ).
Hence,

(1-B-C-F) d(x,,x,) < (A+C+E) d(x,,x,)+p(I-B-C-F ) .
Therefore,

+Dd(x,, %)+ Ed(xy,x,) +F +p(I-B-C-F)
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)< R d, )+
= d(xy,x)+p.
For this x,, there exists a, € (0,1] such that “S(x,) is nonempty closed
bounded subset of X. Since “S(x,) and “T(x,) are nonempty closed bounded
subsets of X, there exists x, € “*S(x,) such that
d(x,,x,) SH(“T(x,),S(x,)) + f* (I-B-C-F)
<Ad(x,,“T(x,)) +Bd(x,,”S(x,) )+ C(x,,“S(x,))
+Dd(x,,“T(x,)) +Ed(x,.x,)
o A0, S+, T(x)
1+d(x,,x,)
<Ad(x,x,) +Bd(x,,x;)t Cd(x,,x;)
d(x,,x;)[1+d(x,,x,)]
I+d(x,,x,)

Iy p2B-cr)

tDd(x,,x,)+ Ed(x,,x,) + F

+ p*(1-B-C-F)

SAd(x;,x,) *Bd(x,,x;)+ Cld(x;,x,) + d(x,,x;)]

+Dd(x,,x,)+ Ed(x,,x,)+Fd(x,,x,)+ B (I-B-C-F )
Hence 1-B—-C-F)d(x,,x,)< (A+C+E))d(x,,x,)+ p>(I-B-C-F ) .

Therefore
dx) = o E i)
< B Bd(xy,x)+B1+S.
= ﬁzd(x07x1)+2ﬂ2-
By induction, we produce a sequence {x,} of points of X such that, for
£=0.
Xy €S (X ),
X2 € T(Xp0,1)
and
d(x,,x,,) < B"d(x,,x)+np".
It follows by induction over p that
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n=p-1 n=p-1
d(xnﬂanrp) S d('xOVxl) Zﬂk + Zkﬂk (*)7
k=n k=n

for every positive integers n, p.
n=p-1 n=p-1

Since0 < # <1, the sequences u, = Zﬂk and v, = Zkﬂk are Cauchy.
k=n k=n

Hence, inequality (*) shows that {x, } is a Cauchy. Hence there exists z € X
such that x, — z asn — co. It further implies that x,,,, > zandx,,,, > z.
Now by lemma 1.1, we have

d(z,"78(2)<d(z,xy,,) + d(xy,,," 7 S(2)))
<d(z, Xy,0) T H(™T(xy,,),*?S(2))
<d(z, Xy, ) Ad(xy,, T (xy,,) ) Bd(z, a(z)S(Z)))
+Cd( Xy, a(Z)S(Z)) +Dd(z, aZMT(xzkﬂ) YFEd(xy;,,,2)
d(z,“?S())1+d(x,y,,, 2 T(xy,,,)]
1+d(xy,,,2)
Sd(z, Xy4,,) Y Ad(xy,,Xy,,) T Bd(z, a(Z)S(Z)))
+ Cd(xy,,, a(Z)S(Z))+C4D d(z, xy,) tEd(xy,,,2)
d(z," S +d(xXy,1, X))
1+d(x,,.,,,2)
Taking limit as k — oo, we have (1-B—~C - F)d(z,*?T(z))<0.
Hence, z € ““'T(z).
Also,

+ F

+F

d(z, a(Z)T(Z)) <d(z,xy,) Td(xy,, a(Z)T(Z))
<d(z, Xy, ) T H(“"'S(x,,) aa(Z)T(Z))
<d(z, x,,,,) tAd(x,,," " S(x,,)) +Bd(z, a(Z)T(Z)))
+ Cd(x,,,“T(z)) +Dd(z, “*'S(x,,)) +Ed(x,;,,2)
d(z," T ()1 +d (xS (x,,)]
1+d(x,,,2)
<d(z, xy,,) tAd(x,,,x,,,) TBd(z, a(Z)T(Z)) )
+ Cd(x,," " T(2))+Dd(z, xy,) tEd(xy,,2)

+ F
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d(z,"“T(2))[1+ d(Xy, X504 ]
1+d(x,,,2)
Taking limit as k — oo, we have (1-B—-C—F)d(z,**S(z))<0.
Therefore z € “*'S(z) and we obtain z € ““'S(z) N ““T(z). This completes
the proof.

Beg and Azam [3,4] established some generalizations of the Banach
contraction theorem to obtain common fixed points of single valued and
multivalued mappings in a metric space. The preceding theorem subsumes
the following corollary of results in [3,4]

Corollary 2.3 Let X be a complete metric space and let
S, T: X —> CB(X) be multivalued mappings such that for each x, y €X,
H(S(x),T(y) < 4d(x,S(x))+Bd(y,T(y))+ Cd(x,ij))+Dd(y,S(X))

s Ed(ny)+ IO TO+d 0 S]
1+d(x,y)
where A,B,C,D,E,F are nonnegative real numbers such that

A+B+C+D+E+F<1 and C=D. Then there exists z € X such that
zeS(2)NT(2).

Proof

Consider two fuzzy mappings S',7’:X — F(X)defined

+ F

by S’ (x) = x5, andT’(x) = x;(,,» Where y ,is characteristic function of any
subset A of X. Then “*S’ =S(x) and ““T'(x)=T(x) fora(x)e (0.1]. It
follows thatS’, 7’ : X — F(X) satisfy the conditions of Theorem 2.2.
Now we present another independent generalization of Theorem 2.1.
Theorem 2.4 Let X be a complete metric space and let {Fn }:O:l be a
sequence of fuzzy mappings from X to F(X) satisfying:
(1) for each x € X, there exists a(x) e (0,1] such that “F,(x) and“(x)Fj (x)

are nonempty closed bounded subsets of X,
(Il) foreach x,y € X,
H(“YF(x),“"F,(y)) < Ad(x,“VF,(x)) + Bd(y,""F,(»))
+Cd(x,“F, (y))+ Dd(y, "V F,(x) )+ Ed(x, y)
d(y,"VF; ()1 +d(x,"VF,(x))]

+F ,
1+d(x,y)
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where i, j are positive integers and A,B,C,D,E,F are nonnegative real
numbers such that A+ B+C+D+E+F <1 with C=D.
Then there exists z € X such thatz € N°_,“?'F (z).

n=1

Proof. Letx, € X . Then by condition (i), there exists «, € (0,1] such
that “ F,(x,) is nonempty closed bounded subset of X. Choosex, € “F(x,).
For this x,, there exists «, € (0,1] such that “*F,(x,) is nonempty closed
bounded subset of X. Since “F,(x,) and “*F,(x,) are nonempty closed

bounded subsets of X, there exists x, € > F,(x,).
Using condition (ii), it follows that
d(xlaxz) SH(aval(xo) 5a2F2(xl)) + ,B(]-B-C—F),

where g = _ATCTE
1-B-C-F
<Ad(x,,"F(xy))+Bd(x,”F,(x)))+ Cd(x,,"F,(x,))
+Dd(x," Fi(x)))+ Ed(x,,x,)
+Fd(x1, 2 (x) ) +d(xy," Fi(x)))] + B(I-B-C-F)
1+d(x,,x,)
<Ad(x,,x,) tBd(x,x,)+ Cd(x,,x,)
D (3 Y Ed(xy x )+ 2000 XD g p o e
1+d(x,,x,)
< Ad(x,,x,) +*Bd(x;,x,)+ Cld(x,,x,)+d(x,,x,)]
+Dd(x,,x,)+ Ed(x,,x,)+Fd(x,,x,)+ S(I-B-C-F) .
Hence,

1-B-C-F)d(x,,x;) < (A+C+E)d(x,,x,)+pB(I-B-C-F) .
Therefore,
dix) < SR a5+ p
= p d(x,,x) B .
For thisx,, there exists «; €(0,1] such that “F,;(x,) is nonempty
closed bounded subset of X. Since “ F;(x,) and “*F,(x,) are nonempty closed
bounded subsets of X, there exists x, € “ F;(x,).

Again using condition (ii), we obtain
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d(x29x3)SH(aze(xl)’a3F3(xz))+ﬂ2 ({-B-C-F)
<Ad(x,,"F,(x))) *Bd(x,," Fy(x,)) + Cd(x,," F;(x,))
+Dd(x,," Fy(x)) +Ed(x,x,)
d(x,,Fy(x,))[1+d(x,, F,(x)))]
1+d(x,,x,)
<Ad(x,,x,)+Bd(x,,x;)+ Cd(x,,x;)
d(x,,x;)[1+d(x;,x,)]
1+d(x,,x,)

+F

+ B> (1-B-C-F )

tDd(x,,x,)+ Ed(x,,x,) +F

+ B*(I-B-C-F)

< Ad(x,x,) tBd(x,,x;) + Cld(x,,x,) +d(x,,x;)]

d(x,,x;)[1+d(x,x,)]
1+d(x,,x,)

tDd(x,,x,)+ Ed(x,,x,) +F

+ p*(1-B-C-F)
Hence,
(1-B-C-F)d(x,,x;)< (A+C+E))d(x,,x,)+ B> (I-B-C-F ).
Therefore ,
dx) = O EE )+
= p d(x,,x,)+ p’
<P IB dxg.x)+ B+ B
= /Bzd(xoaxl) +25°.
Continuing this process, there exists x,,, in X such that x,, € “"'F, ,
d(x,,%,,)< B d(x,,x)+np".
Since 0< f# <1, as in theorem 2.2, {x, } becomes Cauchy sequence in X.

(x,)and

Hence there exists z € Xsuchthat x, >z as n—> .
Now,
d(z,"F,(2))<d(zx,) +d(x,,""F/(2))
<d(z,x,) + H(“F,(x,.),""F(2))
<d(x,)+Ad(x,, " F,(x,)) +Bdz""F(z)
+ Cd(x,.,,""F/(2)) +Dd(z," F,(x,.)) *Ed(x,.,z)
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d(z," F ()1 +d(x,," F,(x,.))]

I+d(x, ,z)
<d(z,x,)+Ad(x, ,x,)+Bdz,""F(z))
+ Cld(x,,,x,) +d(x,,""F(2)]1+Dd(z, x,)
R CAl {6 ETIC RN |

1+d(x,,,z)

Hence (I1-B-C—-F)d(x,,x,)< (A+C+E))d(x,,x,)+B".
Taking limit as n — oo, we get (I1-B-C - F)d(z,“?F.(z))<0.
Hence, z € “®'F,(z), which shows that z € 0", ““'F (z).

Remark
In the proof of the above theorem we use the fact that the condition (II)
is also satisfied for i= j, therefore this theorem does not generalize

Theorem2.2

Several other results may also be seen to follow as immediate
corollaries of Theorems 2.2 and 2.4, included among these are Bose and
Sahani [5], Heilpern [6], Park and Jeong [11] Vijayaraju and M. Marudai
[15]and Vijayaraju and Mohanraj [16].

+F

+Ed(x
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