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ON SOME WEIGHTED STATISTICAL
APPROXIMATION PROPERTIES OF ¢-SCHURER
BERNSTEIN OPERATORS

CARMEN VIOLETA MURARU

Abstract. We investigate some weighted statistical approximation
properties of Schurer-Bernstein operators in g-calculus and give an
estimation of convergence in terms of Peetre’s type K-functional.

1. PRELIMINARIES

In the last decades the theory of g-calculus has developed into an
interdisciplinary subject and was intensively used for the construction
of various generalizations of many approximations of positive type.

A g-type of the Bernstein operators was introduced in 1987 by
Stancu and later in 1997 another generalization of the classical Bern-
stein polynomials based on g- integer were introduced by Phillips [13].
After this, some authors studied new classes of g- generalized opera-
tors and gave approximations properties of them. In [3] O. Dogru and
A. Aral constructed g- type generalization of Bleimann, Butzer and
Hahn operators. T. Trif investigated Meyer-Konig and Zeller opera-
tors based on q integers ([14]). O.Dogru and O. Duman introduced
also a new generalization of Meyer-Konig and Zeller operators and
studied some statistical approximation properties in [5].
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A generalization of Balazs-Szabados operators based on g- integers
was introduced and a Stancu type generalization of these operators
is also constructed in a paper of O. Dogru. A new g-generalization
of Meyer-Konig and Zeller type operators was constructed by Dogru
and Muraru for improve the rate of convergence [7]. Recently were
studied generalization of Durmeyer and Kantorovich operators based
on g-integer by Gupta and Radu [11].

We remind that ¢- Bernstein polynomial has the following form
(Philips 1997):.

n—k—1

(1) B,(f;q;z) = f([—kD Z 2" r[_(l—qsx)

=\

where z € [0,1], f € C([0,1]), 0<¢g<1and

[k:]:{ ](Cl—qk)/(l—q,),q:qfél

n [n]!
{k}:m (n >k >0)

Let B,(R) = {f: R — R||f(2)| < Myp(x),Vx € R}

C,(R) ={f € B,(R) : f is continuous on R}

C:(R) = {f € Cy(R) : 3 lim |£8| < oo}.

Endowed with the norm where || f|[, := sup |£Ez))|, B,(R) and C,(R)

are Banach spaces.
A real function p is called a weight function if it is continuous on
R and

lim p(x) = o0, p(x) > 1 for all x € R.

|z|—o0
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2. APPROXIMATION PROPERTIES OF Q-SCHURER-BERNSTEIN
OPERATORS

Let p € N be fixed. In 1962 Schurer introduced and studied the
Bernstein-Schurer operators B,, : C([0,p + 1]) — C([0,1]) defined
for any m € N and any function f € C([0,p + 1])as follows

Buotie) =3 ("7 )t ore s ()
One observe that for p = 0, B,, o we obtain the operators of Bern-
stein B,,.
For any m € N, f € C([0,p + 1]) and p be fixed, we construct the
class of generalized g-Bernstein Schurer operators as follows

@) Buslfiq) = nf [ m ZP ] o m+ﬁk_1(1 — ¢ f (ﬂ)

k=0 =0 [m}

Lemma 2.1 ([12]) For the polynomials defined above satisfy the
following properties:

1. Bmpleo;q;x) =1

2. Bm,p(el;Q;x) = %

3. Bumples; ;) = T2 ([m 4 pla® + 2(1 — z))

[m]

where we note by e;(z) = 27, j =0,1,2, the test functions.

The next theorem contains the result regarding the convergence
of the sequence of g-Schurer Bernstein operators, based on the well
known Korovkin —Popoviciu theorem.

Theorem 2.2([12])

Let ¢ = qpsatisfy 0 < ¢, <1 and lim ¢?, = land lim ¢ = a,

m—00 m—00

a # 1 .Then for any f € C([0,p + 1]) the next result holds
lim By,,(f; ¢m) = f uniformly on [0, 1]

3. RATE OF CONVERGENCE

We will estimate the rate of convergence the Peetre’s K-functional.
In 1963 J. Peetre introduced the notion, which represents another
important instrument to measure the smoothness of a function.
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If we approximate f by a function g with ¢" in L,, then we are
interested in how small the norm of f — ¢ can be made compared to
the norm of ¢". One way of making such comparisons is through the
Peetre’s K-functional.

Let C?[0,a] = {f € C[0,a] : f'and f” in C[0,a]} . Then C?[0,a] is
a linear normed space with the following norm:

1A 20,0 = AN+ L1+ 1L

We define a Peetre’s type K-functional as follows: K(f;0) =

inf {111 = gll + 6 19l oo, }-
Theorem 3.1 Let ¢, be a sequence such 0 < ¢, < 1 for each
m € N, then for all f € C[0,a], 0<a<l we have

(3) | By (f; s ) = f(2)|| < 2K(f;6m)

2
. “ a2 m+ m+
with 6, = ¢ (1 — G~ %) 7 <—[ [m}p] - 1> + [él[m}g
Proof.

t

g9 € C*[0,a];g(t) — g(x) = ¢'(x)(t — ) + / g"(s)(t — s)ds

xT

We conclude for all m € N that

IIH

lg
2

where ¢, 1(z) and ¢, 2(x) are first and second central moment of
the operators Schurer-Bernstein as follows:

| Brnp (95 Gms &) — 9(2)| <119l [om ()] + 5= oma(2)

~

@m,l(l‘) - Bm,p(t — T qm; I)

Pm2(T) = Bm,p((t - x)2§ Gm; T)

From the Lemma 2.2 we have
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[ Bunp(9:ams ) — 9(@)| < @ (1=t — &) g1l +
+4 (o (2 1)+ o -0l ) 1) <

< {x (1 —qh, — [[p]}> + 1$2 (% - 1>2 + @[ﬁg] ||g||02[07a}
By the linearity of operator we have
| By (f5 @ms @) = f(2)] < | Bonp(f @i ©) = Bunp(95 gms )| +
+ | Binp(9; a3 ) — g(2)] + N
+ lg(@) - f(x)l S 1f = 9l Bmp(Ligmi ) + [If —gllopa +
‘Bmﬁﬂ 9;qm;T) — ‘ =
—2||f 9||C[0a]+‘Bm,p g;dm; X _9 z }

215 ol + 5 (1t~ ) + % (55 1) 5 ol
We choose

0 (e ) ()

By taking infimum over g € C?[0, a] on both sides and letting 6, as
in (4) we get the result from the Theorem 3.1.

4. WEIGHTED STATISTICAL APPROXIMATION PROPERTIES

The concept of statistical convergence was introduced by Fast in [9]
and recently has became an important area in approximation theory
. The Turkish school have many important result in this area an we
remark here the contribution of Gadjev and Orhan which proved a
Bohman-Korovkin type theorem for statistical approximation.

A sequence = = (xy)is said to be statistically convergent to a number
L if for every € > 0

MkeN |z, —L| >e} =0,
where §(K) is the natural density of the set K C N. The density
of subset K is defined by
§(K) = lim t{the number k < n,k € K} whenever the limit
exist.
We denote this limit by st — lim x,, = L.

n—oo



176 C.V.MURARU

Clearly finite subsets have natural density 0.

In this section using a Korovkin type theorem proved in [8] we
present the weighted statistical approximation of g-Schurer Bernstein
operators.

We recall the concept of A-statistical convergence. Let A = (a;y,)
be a non negative regular summability matrix. A sequence {z,}is
said to be A-statistically convergent to a number L if for every € > 0,
lijm me_LEs aj, = 0. We denote this limit by st4 — liTIln z, = L.

For A := (', the Cesaro matrix of order one, A-statistical conver-
gence reduces to statistical convergence. We will use the next result
due to Duman and Orhan

Theorem 4.1([8]) Let A = (a;,) be a nonnegative regular summa-
bility matrix and let {L, }be a sequence of positive operators from C,
into B,(R) where p; and p, satisfy

(5) tim 28 _
Then sty —lim |[|L, f — f|,, = 0 for all f € C,,(R) if only if
sty —lim||L,F, — F,|, =0 for all v =0,1,2.

Where F, = 2248 ) =0, 1,2.
We consider the weight functions pi(z) = 1+ 2%, po(z) = 1 + 2?2,
a> 1.

Further on, we consider a sequence (¢, )m, qm € (0, 1) such that

(6) st —limg, =1

From the (6) we obtain also that st — limg?, = 1, for p a fixed

natural number.
Theorem 4.2 Let (¢,), be a sequence satisfying (6). Then for all
non-decreasing f € C,,(Ry) we have

st — lim ||Bm,p<f,qn, ) - pra - 0704 >0

Proof
It is clear that

(7) St—liTgnHBmm(eo;qm;.) _€0Hp0 =0.
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Based on Lemma 2.1 we have

~ o B m m-p
“Bm,p(€17Qmax) - el(x)Hpo - xSEuRIZL 1+ x? S ||61||p0 [m] a 1‘

[m

Taking into account that st —lim ¢, = 1 and st —lim ‘ [er]p] — 1’ =0

the following take place

(8) st — lirgn ||Bm,p(el; Gm; ") — el||pO =0
Using the last relation from Lemma 2.1 we obtain
‘Bm,p(e2; Am; ZL‘) - 62(1‘)|

14 22

From the next relation

[(m+p]* [m+p

[m]? [m]?

< llez|l,

2
B T U i ) Y
m | [m]? [m]?
we have consequently
(9) st —lm || Bup(e2; gmi ) — €2, = 0.

Finally, using (7), (8), (9) the proof follows from Theorem 3.1 by
choosing A = C}, the Cesaro matrix of order one and py(z) = 1 + 2?2,
po(z) =1+ 22T 2 € Ry,a > 0.
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