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ON THE STATISTICAL APPROXIMATION PROPERTIES OF Q-
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Abstract. The results from g-Calculus theory occurs in many applications
from physics, quantum theory, number theory, etc. The aim of this paper is to
study some convergence properties of g-Schurer operators, in terms of
statistical approximation.

1. PRELIMINARIES

We mention in the following some important achievements in this field of g-
Calculus.

Lupas introduced in 1987 a g-type of the Bernstein operators and in 1997
another generalization of the classical Bernstein polynomials based on g-
integers were introduced by Phillips [9]. He has obtained the rate of
convergence and Voronovskaja type asymptotic formula for the new Bernstein
operators based on q—integers. After this, some authors studied new classes of
q- generalized operators and gave approximations properties of them. In [3] O.
Dogru and A. Aral constructed g- type generalization of Bleimann, Butzer and

Hahn operators.
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T. Trif investigated Meyer-Konig and Zeller operators based on g-integers
([11]). O.Dogru and O. Duman introduced also a new generalization of Meyer-
Koénig and Zeller operators and studied some statistical approximation
properties in [6]. A generalization of Balazs-Szabados operators based on g-
integers was introduced and a Stancu type generalization of these operators is
also constructed in a paper of O. Dogru.

We remind also that uniform approximating polynomial operators in two and
several variables were constructed by Stancu in 1972 ( [12]).

In [4] Barbosu introduced a Stancu type generalization of two dimensional
Bernstein operators based on g-integers and in a joint paper , O. Dogru and
Gupta constructed a g-type generalization of Meyer-Konig and Zeller operators
in bivariate case. ([6]) A new g-generalization of Meyer-Konig and Zeller type
operators was constructed by Dogru and Muraru in order to improve the rate of
convergence [7]. Recently were studied generalization of Durmeyer and
Kantorovich operators based on g-integers by Gupta and Radu [9].

We remind that g- Bernstein polynomial has the following form (Philips 1996

[13]).
n k n—k-1
(1.1) Bn(f;Q;X)=Zf[[ ]qJ{ﬂ x“TTa-a°x)
q $5=0

k=0 [n]q

where x€[0,1], f € C([0,1]), 0<qg<1 and

Ky
], - {(l qf)/a-a). a1
k , g=1

(K] !:{[k][k—l]....[l], K=12..
e u , k=0

n (]!
), T ke
q q q



STATISTICAL APPROXIMATION PROPERTIES OF q-SCHURER OPERATORS 169

The g-analogue of (x —a)" is the polynomial
if n=0
" l(x-a)(x-qa)...(x—q""'a) if n>1

As usual, we note withC([a,b]), the space of all real valued continuous

(X—a),

functions defined on [a,b]. The space is endowed with usual norm HH given by

HfH: sup ‘f(X)‘.
xe[a,b]
n kn—k—l s
The sequence P, k(x,q):{k} x* 1 (1-9g°x), k=0,,.,n
’ q s=0

for 0 <x<1 and 0<q<1 forms a normalized totally positive basis, called q-

Bernstein basis.

Let pe N be fixed. In 1962 Schurer introduced and studied the Schurer

operators ém,p :C([0, p+1]) > C([0,1]) defined for any me N and any
function f € C([0, p+1])as follows
- co(m
Bm.p(f;x)= mzp( N Iij“(l—x)m*'o‘k f(hj
k=o\ K m

One observes that for p =0, B, ; are the operators of Bernstein By, .

2. APPROXIMATION PROPERTIES OF Q-SCHURER OPERATORS
In a recent paper, ([12]) we introduced the sequence of g-Schurer linear
operators and gave some approximation properties of them, including an
estimation of rate of convergence in the terms of first modulus of continuity .

Forany me N , f eC([0,p+1]) , p be fixed we construct the class of

generalized gq-Bernstein -Schurer operators and any X €[0,1], as follows:
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~ m m+p—k— [k]
@1 Bmp(f:0:%) = ip{mlp} KT a-gSof|

Lemma 2.1 The operator defined by (2.1 ) is linear.
Lemma 2.2 ([12]) The polynomials defined above satisfy the following

properties:

1. Bm,p(eo;q;X) =1

= o Xm+p]g
2. Bm,p(el,q,x)_—[m]q
~ m+
3. Bm,p(ez;q;x):%([m+ p]qx2+x(1—x))

[m],

where we denote by e;(X) = x', j=0,1,2, the test functions.
Theorem 2.3([12])

Let q =q,satisfy 0<q, <1, limq, =1land limq, =a,a <1 .Then for any

f € C([0, p+1]) the next result holds
lim ém,p (f;q,)=f uniformly on [0,1]

For estimation of convergence we obtain the next result in terms of first
modulus of continuity .

Theorem 2.4 ([12])

If f €C([0,1+ p]) then we obtain

Bup(F:0:X)— f(X)| <200, (3,)

where o, = 1] [p+ 1 Jandlimqn—1,0<q<1.
2
a

[m ll_qm n—w
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3. KOROVKIN TYPE STATISTICAL APPROXIMATION
PROPERTIES
The concept of statistical convergence was introduced by Fast in [8] and
Steinhauss [15] and recently has became an important area in approximation
theory .

A sequence X = (X, )is said to be statistically convergent to a number L if for
every € >0

StkeN:|x —L=¢g=0,
where 0(K) is the natural density of the set K < N . The density of subset K is
defined by

S(K) = nliig#{k <n,k e K}|

whenever the limit exists.

We denote this limit by st —lim X, = L.

n—oo

Clearly finite subsets have natural density 0.
We denote by C,,[ab] the space of all functions f which are continuous in
[a,b] and bounded on the all positive axis. The next theorem of Bohman-
Korovkin type due to Gadjev and Orhan contains the criterion to prove
statistical convergence for a sequence of linear and positive operators.
Theorem A ([10]) If the sequence of positive linear operators

A, :C,[a,b]— Cl[a,b]
satisfies the conditions

st—lim|A, (&) &, =0 with e®)=t'i=0,2,

then for any function f € C,,[a,b] we have
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st— £§2||'L\1(f)‘ f”C[a,b] =0

Taking into account the result from Lemma 2.2 we are ready to obtain the

~

following first main result for the operators Bm,p .

Theorem B

Let (q,) be a sequence that satisfies

st—limq,; =1 and p a fixed natural number.

Then for all f €C,,[0,1] we have

st—lir{nHBm,p(f,qn,-)—fH =0

C[0,1]
Proof

It is necessary to prove that

st — hﬁnHBmP (€,0,,) €, Hc[a’b] =0 fori=0,1,2.
and the proof follows from Theorem A.
From the Lemma 2.2. is clear that

st — lim‘
n

B (€05 0ms) — eOHC[O,l] =0

[pl
[m]

Pt =1 =
O (m

For the second relation we have
m+p]_ 1‘ - q° — 1‘ ¥

| m

dy € (0,1),0qy €(0,1) st—limg, =1.

a2

We consider

A={meN:[B,,(€.q,)-e]>¢f

A :{meN :‘qn‘j—l‘zg}
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Azz{meN:mzl > }
[m] 2

Ac A UA,
HBm,p(el,qm,-)—elu£§+§:6 = S(A)<S(A)+S(A)=0

So

st — lirr]nHBm’p 8.9,.)—8[ =0

|m+p [m+p] ‘ [m+p] _
B 550 s7) 5 -1+ <
‘ mp(e q H ‘ [m] [m]
|m+p [ [m+p] [m+p] |m+p] |, 2m+p]
[m]’ [m]’ | [m [m]?

We use in the above inequality that Hx| - |y” < |X + y| < |x| +|y
We set

A={meN:[B, (€00~ > &f
A'I:{meN | mep)” 125}
[m]® 2
A'zz{meN Am+pl, }
m> 2

Ac A +A, = S(A) < S(A,) + (A, ) =0

st — lim‘
n

Brn.p(8,05) — ezHC[OJ] =0
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