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GEOMETRIC ASPECTS OF THE LAGRANGIAN
MECHANICAL SYSTEMS

CAMELIA FRIGIOIU

Abstract. In this paper, we present some aspects of the Lagrangian
geometric model of the rheonomic mechanical systems and we apply
them to a concrete rheonomic mechanical system: the motion of a
material particle along a moving surface.

1. INTRODUCTION

We study the dynamical system of the rheonomic Lagrangian me-
chanical systems, whose evolution curves are given, on the phase space
TM ×R, by Lagrange equations. Then one can associate to the con-
sidered mechanical system a vector field S on the phase space, which
is named the canonical semispray. The integral curves of the canon-
ical semispray are the evolution curves of the rheonomic mechanical
system.

The article is organized as follows. In the next section we briefly re-
call some basic notions on rheonomic Lagrange geometry. We employ
a method similar to that used in the geometrization of sclerhonomic
Lagrange mechanical systems, [8], and we obtain a non-linear connec-
tion for the rheonomic Lagrangian system with external forces.

In the last section, we apply these results to a concrete rheonomic
mechanical system: the constrained motion of a material particle on
a time varying surface.

————————————–
Keywords and phrases: Lagrange’s equations, mechanical system,
non-linear connection, Lagrange space.
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2. Rheonomic Lagrangian Mechanical Systems

Let M be a smooth C∞ manifold of finite dimension n, and
(TM, π,M) be its tangent bundle.

The manifold E = TM ×R is a (2n+ 1)dimensional, real manifold
and the local coordinates in a chart will be denoted by (xi, yi, t).

The natural basis of tangent space TuE at the point u ∈ U × (a, b)

is given by

(
∂

∂xi
,
∂

∂yi
,
∂

∂t

)
.

χ(E) is the C∞(E)-module of (smooth) vector fields defined on E.
On the manifold E a vertical distribution V is introduced, generated

by n+ 1 local vector fields

(
∂

∂y1
,
∂

∂y2
, . . . ,

∂

∂yn
,
∂

∂t

)
,

(1) V : u ∈ E → Vu ⊂ TuE

as well as the tangent structure, [1],

J : χ(E) → χ(E),

given by

(2) J

(
∂

∂xi

)
=

∂

∂yi
; J

(
∂

∂yi

)
= 0; J

(
∂

∂t

)
= 0, i, j, k = 1, 2, ..., n.

The tangent structure J is globally defined on E and it is an inte-
grable structure.

A semispray on E, [1], is a vector field S ∈ χ(E) which has the

property JS = C, where C = yi
∂

∂yi
is the Liouville vector field.

Locally, a semispray S has the form

(3) S = yi
∂

∂xi
− 2Gi(x, y, t)

∂

∂yi
−G0(x, y, t)

∂

∂t
,

where Gi(x, y, t) and G0(x, y, t) are the coefficients of S.
A non-linear connection on E is a smooth distribution:

(4) N : u ∈ E → Nu ⊂ TuE,

which is supplementary to the vertical distribution V:

(5) TuE = Nu ⊕ Vu, ∀u = (x, y, t) ∈ E.

We introduce the Greek indices α, β, . . . ranging on the set
{0, 1, 2, ..., n} and t = y0
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The local basis adapted to the decomposition (5) is

(
δ

δxi
,

∂

∂yα

)
,

where

(6)
δ

δxi
=

∂

∂xi
−Nα

i (x, y, t)
∂

∂yα

and (Nα
i (x, y, t)) are the local coefficients of the non-linear connection

N on E.
The dual basis is (δxi, δyα), with

(7) δxi = dxi; δyi = dyi +N i
jdx

j; δy0 = δt = dt+N0
i dx

i.

A differentiable rheonomic Lagrangian is a scalar function

L : TM ×R → R

of the class C∞ on the manifold Ẽ = E \ {(x, 0, 0), x ∈ M} and con-
tinuous for all the points (x, 0, 0) ∈ TM ×R.

The d−tensor field with the components gij(x, y, t) =
1

2

∂2L

∂yi∂yj
is

called the fundamental or the metric tensor field of the rheonomic
Lagrangian L(x, y, t).It is of type (0, 2) and symmetric.

The rheonomic Lagrangian L(x, y, t) is called regular if rank(gij) =

n, on Ẽ.
A rheonomic Lagrange space is a pair RLn = (M,L(x, y, t)), where

L is a regular rheonomic Lagrangian and its fundamental tensor gij
has constant signature on Ẽ.

For a rheonomic Lagrange space RLn = (M,L) exists a non-linear
connection N defined on Ẽ, whose coefficients (Nα

j ) are completely
determined by L, called the canonical non-linear connection, [8]. Its
coefficients are as follows

(8) N i
j =

1

4

∂

∂yj

[
gih

(
∂2L

∂yh∂xk
yk − ∂L

∂xh

)]
;N0

j =
1

2

∂2L

∂t∂yj
.

A rheonomic Lagrangian mechanical system is the triplet

(9) Σ = (M,L(x, y, t), F (x, y, t)),

where RLn = (M,L(x, y, t)) is a rheonomic Lagrange space and
F (x, y, t) is a vertical vector field:

(10) F (x, y, t) = F i(x, y, t)
∂

∂yi
.

The tensor gij(x, y, t) of the rheonomic Lagrange space RLn is the
fundamental tensor of the mechanical system Σ.



16 CAMELIA FRIGIOIU

Using the variational problem of the integral action of L(x, y, t),
we introduce the evolution equations of Σ by:

The evolution equations of the rheonomic Lagrangian mechanical
system Σ are the following Lagrange equations:

(11)
d

dt

(
∂L

∂yi

)
− ∂L

∂xi
= Fi(x, y, t); yi =

dxi

dt
,

where Fi(x, y, t) = gij(x, y, t)F
j(x, y, t).

The Lagrange equations (11) are equivalent to the equations

(12)
d2xi

dt2
+ 2Γi(x, y, t) =

1

2
F i(x, y, t),

where

(13) 2Γi = 2Gi(x, y, t)+N i
0(x, y, t), 2G

i =
1

2
gih

(
∂2L

∂yh∂xs
ys − ∂L

∂xh

)
,

and N i
0(x, y, t) =

1

2
gih

∂2L

∂t∂yh
.

The equations (12) are called the evolution equations of the mechan-
ical system Σ. The solutions of these equations are called evolution
curves of the mechanical system Σ.

The vector field S̆ given by:

(14) S̆ = yi
∂

∂xi
− 2Γ̆i(x, y, t)

∂

∂yi
+ a

∂

∂t

is a semispray on ˜TM × R, depending only on the rheonomic La-
grangian mechanical system Σ.

The integral curves of S̆ are the evolution curves of Σ given by (12).

We call the semispray S̆ the canonical evolution semispray of the
mechanical system Σ.

We can say:
The geometry of the rheonomic Lagrangian mechanical system Σ is

the geometry of the pair (RLn, S̆), where RLn is a rheonomic Lagrange

space and S̆ is the evolution semispray.
The canonical non-linear connection N̆ of the mechanical system Σ

has the coefficients (N̆ i
j , N̆

0
j ):

(15)

N̆ i
j =

1

4

∂

∂yj

[
gih

(
∂2L

∂yh∂xk
yk − ∂L

∂xh

)]
− 1

4

∂F i

∂yj
=

∂Ği

∂yj
; N̆0

j =
1

2

∂2L

∂t∂yj
,

with Ği = 2Gi(x, y, t)− 1

2
F i(x, y, t).
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Let us consider the adapted basis to the distributions N̆ and V :

(16)

{
δ̆i
∂xi

,
∂

∂yi
,
∂

∂t

}
,

where

(17)
δ̆

δxi
=

∂

∂xi
− N̆ i

j(x, y, t)
∂

∂yj
− N̆0

j (x, y, t)
∂

∂t
+

1

4

∂F j

∂yi
∂

∂yj
.

The Lie brackets of the local vector fields from the adapted basis
(16) are as the following:[

δ̆

δxj
,

δ̆

δxh

]
= R̆i

jh

∂

∂yi
+ R̆0

jh

∂

∂t
;

[
δ̆

δxj
,
∂

∂t

]
=

∂N̆ i
j

∂t

∂

∂yi
+

∂N̆0
j

∂t

∂

∂t
;

(18)

[
δ̆

δxj
,

∂

∂yh

]
=

∂N̆ i
j

∂yh
∂

∂yi
+

∂N̆0
j

∂yh
∂

∂t
;

[
δ̆

δyj
,

∂

∂yh

]
=

[
∂

∂yj
,
∂

∂t

]
=

[
∂

∂t
,
∂

∂t

]
= 0,

where

(19) R̆i
jh =

δ̆N̆ i
j

δxh
− δ̆N̆ i

h

δxj
; R̆0

jh =
δ̆N̆0

j

δxh
− δ̆N̆0

h

δxj
.

The dual basis {dxi, δ̆yi, δ̆t} is given by

(20) δ̆yi = dyi + N̆ i
jdx

j − 1

4

∂F i

∂yj
dxj; δ̆t = dt+ N̆0

i dx
i.

The canonical non-linear connection N̆ is integrable if and only if
R̆i

jh = 0 and R̆0
jh = 0.

3. Example of rheonomic mechanical system

Let us consider the rheonomic mechanical system of a constrained
motion of a material particle of mass m and position vector r =
x1i+x2j+x3k, with the rheonomic constraint given by f̃(x1, x2, x3, t) =
0. The material particle is under the action of the linear, or non-
linear spring force with potential Π = −U(r). The material par-
ticle cannot move subject to constraints without considering cer-
tain constraint reaction due to the constraint expressed by FwN =
λ grad f̃ (x1, x2, x3, t), for ideal constraint, where λ is Lagrange’s mul-
tiplier.
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For non ideal constraint, with friction coefficient µ, the constraint
reaction due to the constraint can be expressed by

Fw = FwN +FwT = λ grad f̃(x1, x2, x3, t)−µv|λ grad f̃ (x1, x2, x3, t)|.

The material particle is under the external dumping force, linear pro-
portional with the material particle velocity, expressed by Fw,v = −bv.

Let F (t) = Xi+ Y j + Zk be the active force.
Let the generalized coordinates be: q1 = x1; q2 = x2 and because

the constraint is of rheonomic nature, we consider a rheonomic coordi-
nate q0 = ϕ(t). Therefore we can express the third position coordinate
x3 = f(q1, q2, q0), as [4].

The kinetic energy of the material particle motion can be expressed
by the two generalized coordinates and the third rheonomic coordinate
in the following form:

Ek =
1

2
mv2 =

1

2
m

[(
q̇1
)2

+
(
q̇2
)2

+

(
q̇1

∂f

∂q1
+ q̇2

∂f

∂q2
+ q̇0

∂f

∂q0

)2
]
.

When the constraint is defined by x3 =
1

ℓ

(
q1 − ℓΩt

)2
, we can intro-

duce the rheonomic coordinate q0 = ℓΩt and the previous constrain

will become as follows x3 =
1

ℓ

(
q1 − q0

)2
.

The kinetic energy can be written

Ek =
1

2
m

[(
q̇1
)2

+
(
q̇2
)2

+
4

ℓ2
(
q̇1 − q̇0

)2 (
q1 − q0

)2]
.

The matrix of the mass inertia moment tensor is:

A = m

 1 + 4
ℓ2
(q1 − q0)

2
0 − 4

ℓ2
(q1 − q0)

2

0 1 0

− 4
ℓ2
(q1 − q0)

2
0 4

ℓ2
(q1 − q0)

2

 .

The virtual work δW of the active force on the virtual displacements

δr⃗ = δq1⃗i+ δq2j⃗ + 2
ℓ
[δq1 (q1 − q0)− δq0 (q1 − q0)] k⃗ is given by:

δW =
(
F⃗ , δr⃗

)
q0 =

[
X +

2

ℓ
Z
(
q1 − q0

)]
δq1+Y δq2−2

ℓ
Z
(
q1 − q0

)
δq0.

For the active force induced by the spring:

F⃗ = −cr⃗ = −cq1⃗i− cq2j⃗ −
[
c
1

ℓ

(
q1 − q0

)2
+mg

]
k⃗,
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the generalized force components are:

Q1 = −cq1 − c
2

ℓ2
(
q1 − q0

)3 − 2

ℓ
mg

(
q1 − q0

)
;Q2 = −cq2;

Q0 = c
2

ℓ2
(
q1 − q0

)3 − 2

ℓ
mg

(
q1 − q0

)
.

The potential energy can be expressed in the form:

Ep = −
r⃗∫

0

(
F⃗ , dr⃗

)
=

c

2
r⃗2 =

c

2

[(
q1
)2

+
(
q2
)2

+
1

ℓ2
(
q1 − q0

)4]
.

The kinetic potential is difference of the kinetic energy and the
potential energy and we can express the Lagrangian function in the
following form:

L = Ek − Ep = Ek − Π
(
q1, q2, f

(
q1, q2, q0

))
=

=
1

2
m

[(
q̇1
)2

+
(
q̇2
)2

+
4

ℓ2
[(
q̇1 − q̇0

) (
q1 − q0

)]2]−
− c

2

[(
q1
)2

+
(
q2
)2

+
1

ℓ2
(
q1 − q0

)4]
.

L is a rheonomic regular Lagrangian.

The matrix of the d-tensor field with the components gij =
1

2

∂2L

∂q̇i∂q̇j

is the fundamental tensor field of the Lagrangian corresponding to the
mechanical rheonomic system of one material particle moving along

moving surface, x3 =
1

ℓ

(
q1 − ℓΩt

)2
as a rheonomic constraint:

G = (gij)|→j=1,2,0
↓i=1,2,0 =

(
1

2

∂2L

∂q̇i∂q̇j

)→j=1,2,0

↓i=1,2,0

G =
1

2
A =

1

2
m

 1 + 4
ℓ2
(q1 − q0)

2
0 − 4

ℓ2
(q1 − q0)

2

0 1 0

− 4
ℓ2
(q1 − q0)

2
0 4

ℓ2
(q1 − q0)

2

 ,

where (q) = (q1, q2, q0) and q0 is the rheonomic coordinate.
We can see that the fundamental tensor field of the considered La-

grangian is half of the mass inertia moment tensor matrix.
The extended Lagrange system of differential equations of the sec-

ond order, has the following form:
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d

dt

∂Ek

∂q̇1
− ∂Ek

∂q1
− ∂Ep

∂q1
= Q1;

d

dt

∂Ek

∂q̇2
− ∂Ek

∂q2
− ∂Ep

∂q2
= Q2;

d

dt

∂Ek

∂q̇0
− ∂Ek

∂q0
− ∂Ep

∂q0
= Q0 +Q00,

and for q0 = ℓΩt, q̇0 = ℓΩ, q̈0 = 0, it becomes:

q̈1 +
c

m

q1[
1 +

4

ℓ2
(
q1 − q0

)2] +
2c

mℓ2
(q1 − q0)

3[
1 +

4

ℓ2
(
q1 − q0

)2] =

= − 4

ℓ2
(q̇1 − q̇0)

2
(q1 − q0)[

1 +
4

ℓ2
(
q1 − q0

)2] − 2

ℓ

g (q1 − q0)[
1 +

4

ℓ2
(
q1 − q0

)2] ;
q̈2 +

c

m
q2 = 0,

and from the third equation of the Lagrange system we can find the
rheonomic constraint force Q00

d

dt

[
− 4

ℓ2
(
q̇1 − q̇0

) (
q1 − q0

)2]
+

4

ℓ2
(
q̇1 − q̇0

)2 (
q1 − q0

)
=

(21) = − 2c

mℓ2
(
q1 − q0

)3 − 2

ℓ
mg

(
q1 − q0

)
+Q00.

The theoretical form of the Lagrange equations is:

q̈i + 2Gi(q, q̇, t) +N i
0(q, q̇, t) =

1

2
Qi(q, q̇, t); q̇i =

dqi

dt
,

with the coefficients

2Gi(q, q̇, t) =

= mgi1
[(
q̇1
)2 ∂2f

∂ (q1)2
+
(
q̇2
)2 ∂2f

∂ (q2)2
+ 2

∂2f

∂q1∂q2
q̇1q̇2 +

∂2f

∂q2∂t
q̇2
]
∂f

∂q1
−

−mgi1
∂2f

∂q1∂t

∂f

∂t
−mgi1q̇2

∂2f

∂q1∂t

∂f

∂q2
+mgi2

[(
q̇1
)2 ∂2f

∂ (q1)2
+
(
q̇2
)2 ∂2f

∂ (q2)2
+

+2
∂2f

∂q1∂q2
q̇1q̇2 +

∂2f

∂q1∂t
q̇1
]
∂f

∂q2
−mgi2

∂2f

∂q2∂t

∂f

∂t
−mgi2q̇1

∂2f

∂q2∂t

∂f

∂q1
+

+gi1
∂Π

∂q1
+ gi2

∂Π

∂q2
+

(
gi1

∂f

∂q1
+ gi2

∂f

∂q2

)
∂Π

∂f
; i = 1, 2.
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and

N i
0(q, q̇, t) =

1

2
gih

∂2L

∂qh∂t
= mgi1

(
2
∂f

∂q1
∂2f

∂q1∂t
q̇1 + q̇2

∂2f

∂q1∂t

∂f

∂q2
+

+q̇2
∂2f

∂q2∂t

∂f

∂q1
+

+
∂2f

∂q1∂t

∂f

∂t
+

∂2f

∂t2
∂f

∂q1

)
+mgi2

(
2
∂f

∂q2
∂2f

∂q2∂t
q̇2 + q̇1

∂2f

∂q1∂t

∂f

∂q2
+

+q̇1
∂2f

∂q2∂t

∂f

∂q1
+

∂2f

∂q2∂t

∂f

∂t
+

∂2f

∂t2
∂f

∂q2

)
; i = 1, 2.

One obtain

2G1(q, q̇, t) +N1
0 (q, q̇, t) =

4

ℓ2
(q̇1 − q̇0)

2
(q1 − q0)[

1 +
4

ℓ2
(
q1 − q0

)2] ;
2G2(q, q̇, t) +N2

0 (q, q̇, t) = 0.

We define the following functions

2
0

Γi= 2Gi(q, q̇, t) +N i
0(q, q̇, t)−

1

2
Qi(q, q̇, t).

So,
0

S= yi
∂

∂xi
− 2

0

Γi (x, y, t)
∂

∂yi
+

∂

∂t
is the evolution semispray of the

mechanical system
0

Σ.

The integral curves of
0

S are the evolution curves of the mechanical

system
0

Σ.

The canonical non-linear connection
0

N of mechanical system,
0

Σ,
depending only on the rheonomic Lagrangian mechanical system, has

the coefficients (
0

N i
j ,

0

N0
j ) given by

0

N i
1 (q, q̇, t) =

∂Gi(q, q̇, t)

∂q̇1
− 1

4

∂F i(q, q̇, t)

∂q̇1
=

= mgi1
(
2
∂f

∂q1
∂2f

∂(q1)2
q̇1 + 2q̇2

∂2f

∂q1∂q2
∂f

∂q1

)
+mgi2

(
2q̇1

∂2f

∂(q1)2
∂f

∂q2
+

+2q̇2
∂2f

∂q1∂q2
∂f

∂q2
+

∂2f

∂q1∂t

∂f

∂q2
− ∂f

∂q1
∂2f

∂q2∂t

)
− 1

2

∂Qi

∂q̇1
;

0

N i
2 (q, q̇, t) =

∂Gi(q, q̇, t)

∂q̇2
− 1

4

∂F i(q, q̇, t)

∂q̇2
=
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= mgi1
(
2
∂f

∂q1
∂2f

∂q1∂q2
q̇1 + 2q̇2

∂2f

∂(q2)2
∂f

∂q1
+

∂f

∂q1
∂2f

∂q2∂t
− ∂2f

∂q1∂t

∂f

∂q2

)
+

+mgi2
(
2q̇1

∂2f

∂q1∂q2
∂f

∂q2
+ 2q̇2

∂2f

∂(q2)2
∂f

∂q2

)
− 1

2

∂Qi

∂q̇2
, i = 1, 2.

It is visible that for considered rheonomic mechanical system is easy
to obtain geometrical description and the dynamical properties.
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