“Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 22 (2012), No. 2, 137 - 150

A»CENTRAL BMO ESTIMATES FOR MULTILINEAR
COMMUTATORS OF SINGULAR INTEGRAL
OPERATOR ON SPACES OF HOMOGENEOUS TYPE

CHENG YUE, HUANG CHUANGXIA AND LIU LANZHE

Abstract. In this paper, we establish A-central BMO estimates for
the multilinear commutator related to the singular integral operator
in central Morrey spaces on homogeneous spaces.

1. INTRODUCTION

In recent years, research for singular integral operator is becoming
more and more popular, and their commutators and multilinear oper-
ators have also been well studied(see [6-8][12-14]). Let b € BMO(R")
and T be the Calderén-Zygmund operator, the commutator [b, T'] gen-
erated by b and T is defined by

[0, T](f) = 0T (f) = T(bf)-

In [6][14-15], the authors proved that the commutators and mul-
tilinear operators generated by the singular integral operators and
BMO functions are bounded on LP(R™) for 1 < p < oo. Since
BMO C (1,5, CBMO? (see [7]), if we only assume b € CBMOY,
or more generally b € C BMO%" with ¢ > 1, then [b,T] may not be
a bounded operator on LP(R™). However, it has some boundedness
properties on other spaces.

As a matter of fact, Grafakos, Li and Yang (see [8]) considered
the commutator with b € CBMOY on Herz spaces for the first time.
Later,Alvarez, Guzman-Partida and Lakey (see [1]) and Komori (see
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[10][16]) have obtained the A-central BMO estimates for the com-
mutators of a class of singular integral operators on central Morrey
spaces. Inspired by these results, in this paper, we will establish \-
central BMO estimates for the multilinear commutator associated to
the singular integral operator in central Morrey spaces on homoge-
neous spaces.

2. NOTATIONS AND RESULTS

Given a set X, a function d : X x X — R is called a quasi—distance
on X if the following conditions are satisfied:
(1) d(z,y) > 0 and d(z,y) = 0 if and only if z = y, for every x and y
in X,
(2) d(z,y) = d(y, ), for every z and y in X,
(3) there exists a constant K > 1 such that

d(z,y) < K(d(z,2) + d(z,9))

for every x,y and z in X.

Let 1 be a positive measure on the o-algebra of subsets of X which
contains the d-balls B(x,r) = {y : d(z,y) < r}. We assume that p
satisfies a doubling condition, that is, for all z € X and r > 0,there
exists a constant A such that

0 < pu(2B(x,7)) < Au(B(z, 7)) < oo,

where, and in what follows, tB(x,r) = B(x,tr) for t > 0.

A structure (X, d, p), with d and p as above, is called a space of
homogeneous type. The constants K and A will be called the constants
of the space.

In this paper, B(x,r) will denote a ball centered at x with radius
r > 0, and p(B(z,r)) will be the measure of the B(z, ), which satisfies

1
IBay) = m /B(w) f(y)du(y).

To state our result, we first give some definitions.
Definition 1. Fixed 79 € X. Let 0 < A< land 1 < g < oo. A
function f € L] (X) is said to belong to the A-central bounded mean

loc

oscillation space C BMO?*(X) if

1/q
1 / q
A=sup | ————— ) — zo.m | 1dp(x < o0.
1£lle zar00 T>O<M(B(xo,r>)1+xq oo @) = . ))
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Remark 1. If two functions which differ by a constant are regarded

as a function in the space C BMO%* becomes a Banach space. Appar-
ently, the formula which mentioned above is equivalent to the following
condition (see [7]):

. 1 1/q
flepymoar = f«l;po Clél(fj <W /B@OJ> |f(z) — qu#@)) < oo.

And when A = 0,the space CBMO?%*(X) is just the space
CBMO?(X) defined as follows:

1

1/q
w(B(zo, 7)) ) — fB(xo,7)|9du(z _
1(B(z0,7)) JB(2g,m) |f(z) = fB(x0,m)|Tdpu( )> <

[lfllcBrMo, = sup <
>0

Definition 2. Fixed zp € X. Let A € R and 1 < ¢ < oco. The
central Morrey space B4*(X) is defined by

1 . 1/q
llser = s0p (oo [, @nta) ) <o

Remark 2. We can observe that B9*(X) is a Banach space contin-
uously included in CBMO%*(X) from such formulas . We denote by
CMO*(X) and B%*(X) the inhomogeneous versions of the A-central
bounded mean oscillation space and the central Morrey space by tak-
ing the supremum over » > 1 in Definition 1 and Definition 2 instead
of r > 0 there. Obviously, CBMO%*(X) C CMO%(X) for A < 1
and 1 < ¢ < oo, and B (X) € B¢ X) for A€ R and 1 < ¢ < oc.
Remark 3. When \; < Ay, it follows from the property of monotone
functions that B#*(X) C B#*(X) and CMO%* (X) C CMO2(X)
for 1 < g < oo Ifl < ¢ < g < oo, then by Hélder’s inequal-
ity, we know that B2*(X) ¢ B®NX) for A € R and CBMO®* C
CBMO®A CMO2ANX) C CMO®MX) for 0 < A < 1.

Definition 3. Suppose b; (j =1,---,m) are the fixed locally inte-
grable functions on X. Let T be the singular integral operator as

NM®=LMWMMWM,

where K (z,y) is a standard Calderén-Zygmund kernel(see [3][10]).
The multilinear commutator of the singular integral operator is de-
fined by

15 = [ 1106 = b)K @ (o).
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Note that when m = 1, T} is just the commutator of 7" and b which
is widely studied(see [2-3][6]).
For b; € CBMOPi+1A+1(X)(j = 1,--- ,m), set

m
HbHCBMoﬁ,X = H HijCBMoPHM\jH-
j=1

Given a positive integer m and 1 < j < m, we denote by C7" the family
of all finite subsets o = {o(1),---,0(j)} of {1,---,m} of j different
elements. For o € CF*, set 0¢ = {1,---,m}\ 0. For b= (b1, -+, b,,) and
0= {g(l)7 ) U(])} € C;m’ set bo‘ = (bo(l)a Y bo(j))> ba = ba(l) tee ba(j)
and HbUHCBMOziX = Hba(l)“CBMOPQ*)‘? co ||ba(j)||CBMon+1v*j+1-

Now we state our theorems as following.
~Theorem 1. Let A < 0 and 1 < g < oo, then T is bounded from
B (X) to B¥(X).

Theorem 2. Let 1 < ¢ < o0, 1 <pp < ool <k <m+1),
%: pil—i—p%%—---—l—pmlﬂ < 1. Suppose M, A\ e R, 0 < \; < 1(3 =
2,3, ,m4+1), A=A\ +da+- - Apyy < 0. Ifb; € CBMOPs+vAi+1(X)
for j =1,---,m, then T} is bounded from BP"*(X) to B**(X), and
the following inequality holds:

T (D ar < ClIbllcprronsl | Fl e

3. PROOFS OF THEOREMS

To prove the theorems, we need the following lemmas.

Lemma 1. Let T be the singular integral operator and 1 < p < .
Then T is bounded from LP(X) to LP(X).

Lemma 2. Let 1 < p < oo, A > 0. Suppose b € CBMOP*(X),
then for any k£ > 1,we have

|bor1p — bl < Cllblleparorr k(257 B)*.
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Proof.

k
|bor+1p —bp| < Z |bys+1p — baigl

IN

2iB

k
Y o QJB [b(y) — b1 pldu(y)
]:O

IN

1/p
b(y) — b2j+1B\Pdu<y>)

¢ Z < (27+1B)

20+1B

IN

Cllbllcparor Z u(2 BN
j=0

C|Ibllesarom (k + (28 B)>
C|Iblleparopr k(21 B).

IN A

Proof of Theorem 1. Let f be a function in B%*(X). For fixed
r >0, set B = B(xg,d(xo,7)), we write

(g [ I @ P >);

< (i [T xe) @) 4dp(z) )
(u(B q/B >

" <u(B)1+Aq /B |T(fX<2B>c)($)quu(x)> '
= L+

\—/H\—/I—\

For I, by the boundedness of T", we have

A

nos cus ([ |f<ac>|qdu<ac>)é

_1_y 1
Cu(B) ™« “u(B)s |1l gan
ClIf1l gan-

IN A
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For I, given z € B, by Holder’s inequality, we get

IT(Fxp))@)] < Z /2k+13\2k3 (. 9) L))

1
O o [ 1IWId)

k=1

IN

Z QkB </2k+1]3 |f(y)‘qd,u(y)> ‘ p(25 B

o0

1 1—1
€S g Bl (2 B)
k=1

CIIf1l gan Zmz’fBV

k=1
Ol fll garn(B)™.

IN

IN

IN

IN

therefore

L < Cu(B) ™5 ||f ] gaat( B u(B)7 < C||f] -

This completes the proof of Theorem 1.

Proof of Theorem 2. Let f be a function in BPM(X), we will
consider the cases m = 1 and m > 1,respectively.

We first consider the Case m = 1. Set (b)) = ﬁ [ br(w)du(y),

we have

Ty, (f)(z) = (bi(z) — (b1)B)T(f)(x) = T((b1(y) — (b1)B)f)(2).
So

Q=

gy L B (D))

1

e [ (0 = ) (T (e @) (o))

IN
7N\
7;

1

(b1 () — <b1>B><T<fx<2B>c>><m>rqdmm)) q

+
/7~
=

tU

(b — (b 1)B)fX2B)($)’qd/~L($)>q

+
I/~
=

U:J

1

o / (1~ (b)) a0 () )
2+J3+J4

§
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For J;, by Hélder’s inequality and boundedness of 7" from LP'(X) to
LP(X), we have

i, 1
5o< ()i (/ b1 () — (b1) 5| dpa ) (/ |T<foB><:c>rpl)l
1
,,,/\ ” p1
< CuB) BB HblHCBMom< P dy >)
1 g1y L
< Cu(B) ¢ Tt QHbl\’CBMopzv*zﬂ(B )P1 * 1HfHBP1 AL
< CHblHCBMOszAz||f||Bm,A1-

For J, with the same method which we use above, we get

T(fXepr) @) < Z /WWB (2,911 () dn(y)

o0 1
1 o1 s

< C S Py ok+1 315
< kZ B (/QkHBrf(y)\ u(y)> (2 1B)
< CZ QkB k+lB) +1Hf||3p1)\lu(2k+lB) P1

k= 1
< CHfHBpl,MZu@’fB)M

k=1

< C||f||Bp1w>\1/‘(B)>\l

then, we can get

B < Cu(B)H ( / |<b1<x>—<b1>B><T<fx<QB>c>><x>|Qdu<x>)q

—1_y
< CuB) Tl goros (BYY
1/102 11
( [ (@) = eapana >) u(B)i 7
W RN
< OuB) T TIHGTETE) 1 B e arones
< Ollbilloparoreal | fl] o -
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For J3, using the boundedness of 7" and Holder’s inequality, we have

J3

< opBy i ( [ 1t1@) = Gu)a s >|'1du<ac>)é

IN

‘3”(/ Iba(2) — (1)l du(a ) ([ @t )

—1_) L4 LA
< CuB) s (B2 bl lcparore e [B) 7 f oy
<

Cllbrlleparorz e 1 f 1| o -

For Jy, given x € B, by Holder’s inequality and lemma 2, we have

IN

IN

IN

IN

IN

IN

[T((b1 — (b1) B) fx(2B)e) (2)]

> Lo a1~ COBIE DI 0)

1 1

ey i ([, @ = 00sP2au)) ™ ([ irwPrau)™

k=1
1 1
p(@E By e

1

oo
i+)\ 1—L1 1
C>  xu@ B PTT|fll gpy g n(2FTIB) TR P2
k=1
1

o | (s 110 = G 720)) ™ 4 0r)gir s = G241 5) 5 |

> 11
C Z (2k+1B) L HfHBP1>/\1 M(2k+lB)1 P1 P2
k=1

Y ) 1
p(2k B2 T [1b1llcparorere + kp (28 B)A2 b1]lc parorer2 p(25+1B) P2

|

oo
CHblHCBMonv& ||f||BP1J1 Z kl‘(2kB))\1+>\2
k=1

A1+A
CHblHCBMoPm& ||f||BP1v*1 n(B) it 2,

therefore,

—1_ 1
Cr(B)™# |lb1lleparorara |l fll oy s n(BY 2 u(B) o

Jy <
< CHblHCBMopwzHfHBm,M

This completes the proof of the case m = 1.
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Now, we consider the Case m > 1. Set by = ((b)p, -, (bm)s),
where (b;)p u(B 5 J510i(y)ldu(y) for 1 < j < m, we have

L@ = [ 105 - be)K W)
X 55
= Y X @) — )p)e [ 050) = () m)ee K@) f(0)du(y)
j=0oeCr X
= H /sz
H(—1)m / TT (b ) — (55)5) K () £ (4) ()
F T D00 )5 [ (04(0) — (65)m)as K, ) fW)d(y)
j=1 scC™ X
= 105 - 6)s) T + () T([ L6 - 6)8) D)
j=1 ot
m—1
+ (=1)™3 (b (@) — (b) B)oT(bj — (b)) B)ore () (@),
leaeC?
thus

Q=

(B )1+>\L1/ IT5(f) (@) dp( )

< (g [, 101 = 05) -+ 0n(o) = G0 )T Prap)) @) (o))

w(

Q=

gy o 101 = ) (o (o) = (b)) (T (P x(am))) @) (o))

+

1

w(B) 1+>\q/| (b1 — (b1)B) -+ (bm (bm)B)fXQB)(IquM(fC))q

+

1

(
(i
+ (s [, T = G5 G = G5 xamy)@) (o) )

Q=

Z (b (@) — (b;)B)oT((bj — (bj)B)oc fXx2B)(2)

m
UECE

1+Aq

q
du(%))

1 m—1 q a
+ (u(B)HAq /B JZ:; aezc:;n(bj(w) = (b)B)eT((bj — (bj)B)oc fX(2B)e) (%) d#(m))

= Bj+ B2+ B3+ By + Bs + Be.
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For Bj, by Holder’s inequality and the boundedness of T, we have

_1_ m P
B, < w(B)h H(/ b3 (&) — (b 5IPi+1dp(e )”1 ([ szB))(w)l”ldu(w)>
1 m A o
—2 Py J+1 P1
< e (BT sl ponia e ) ([ 1@ @)
j=1
Y L ot Ay Lo
< ouB) i Byt Ul parom s B 1l
< CHEHCBMO;E,XHfHBPL)‘l'

For B,, by the inequality |T(fx@p))(@)] < C||f]|gpirp(B)M from
the proof of Theorem 1, we can get

By < Cu(B) 1 M|fllgorr (BN (/Bll_[(bj(r)—(bj)B)qdu(w))

1_

< CuB)” 1| fll goyong m(B)M
m 1 1_ 1 1
) P11 1_1_ ... _1
XH(/ <j>B>\Pa+ldu<x>) p(B)? T
Jj=1
M T iy T Hon
< CuB) 11l goyag w(BY T T w(B) 73+
j=1
77777777 1
XHijCBMOpJ'Jrl’)\J'JrlM(B)q P2 Pm+1
m
< CHHijCBM0Pj+1»>‘j+1||f||BP11>‘1
j=1
< ClBll g parorsllfll e

For Bj, using the boundedness of T and Holder’s inequality, we have

1
1

By < cpm)y i (/ 1(2) = (b1)) - (bm(m>—(bm>B>foB(x)|Qdu(z>)“’
< ouB ] (/| ) 5)IPH dp(e )* (/B\f(w)l‘”du(w))
< cuB) i H BT bl (2B P g (B
2
< 0_1;[1HmHCBMOpM,w||f\|3p1,xl
< clf

CBMO;T,XHJCHBPLAI.
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For By, given z € B, for A, Ay e Rand A= A\; + X o+ -+ X\pq1 <0,
by Holder’s inequality and lemma 2, we have

[ T((br — (b1)B) - -+ (b — (bm)B) fX(2B)c) ()]

< Z/ 11(y) — (b1) Bl b (y) — (bm) B K (2, )| f(y)|du(y)
k=1 2k+1B\2kB
m 1
) Pjt+1
< . _ . Pj+1
< kZ ng H( /WBKbJ(y) (b))5)| du(y)>
o 11 1
2k+1B
00 m 1
) Pjt1
< C) 2kB 11 [(/QkHBbj(y)—(bj)2k+13‘pj+1dﬂ(y))
k:l j=1
_1
)30~ (03) @ B) 5
11— 1 1
xp(2* By “lufugmum'f“m TR
< CHfHBpl,Al H ||ijCBMOp]'+1’>‘j+1 Z kmﬂ(2k+1B))\1+)\2+---+/\m+1
J=1 k=1
< C‘|5"CBMOEX"fHBm»MU(B)/\1+>\2+m+)\m+1

= CHbHCBMoﬁ,XHfHBPL/\l M(B)/\y

so, we obtain

Q=

J4 < M(B)_i_)\HbHCBMopA||f||BmMH(B))\M(B)

< Clblleppomsllf o
For Bs, letl < q1,q2,q3 < 00, set % = qil—kq% and qil =& —|— =
we denote q% = Zlﬁ, = > Ajy1 where j satisfies o(j) E o,
qig =3 ﬁ, = > Aj41 where j satisfies o(j) € 0¢ and A\ + )\ < 0,

by the boundedness of T" and Holder’s inequality, we have

B2 cum Y 5 ([ 10500 - ot

j=1 UGCm
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([ bploeren)to >r%du<m>)qll

m—1 1

RIS ( [ 10560) = byphalanta))
j=1oecy B

Y ( ACE <bJ>B>acf<z>\Q1du<x>) "
m—1 L

Cupy i ([ 10560 =ty p)otante)) ™
7=1 UEC’]’-” B

< ( [ 165 = ) )or (e ) ( [ 1@ ants )
m—1

Cu(B) s w(B) 22 bl pasosen 1(B) 5
j=1 UEC}”

><Hb00||CBMOq3 A”N(B) Hf”BPl A1

CHbHCBMOIiXHfHBm«\l'

For Bg, given x € B, using the same notations in Bs, A = A\ + X' + )\,
by Holder’s inequality and lemma 2, we have

IN

IN

IN

IN

IT((bj — bjp)oc X 2B)e) ()]

)3 /w\m by~ i)l o))l
k=

N 1
P — 0 .93 93
kz QkB (/QHIB |(bj —bjg)oc] du(y))
1
P m RIS P S
X F()Prduly) ) p@HB) T e
2k+1RB
00 1 1 " —M
Ckzl /'L(QkB) ’u(2 B) HbUCHCBMO% A”M(2 B) 1

1

1—L
X||f”BP1v\1M(2k+lB) P19

CHbUCHCBMOqsﬂ”
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oo
k A +A
X[ fllporn Y m(2FBYMF
k=1

- >\ )\//
< CHchHCBMo%J\”||f||Bp17>\1,U(B) 1 )

thus
) m—1
_7_)\ - 1"
Bs < CM(B) 1 Z Z ||bac||CBMOQ3,A”||f||Bp1A1,u(B))\1+>\
j=1 O'EC;-TL
1
a2 1_ 1
( / I(bj(w)(bj)B)a”dﬂ(fc)) (B
_l_)\ pnd "
< OuBY S M el papemr a(BY

- i+)\/ 1 1
Xl goroa 0o |l e pproue v (B %277 u(B) 7 22

< CHb”CBMoﬁ,X”fHBm»M :

This completes the total proof of the Theorem 2.
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