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Abstract. In the current work, some fixed point theorems are
proved on ordered cone b-metric space motivated by [2], [14] and [15].
The proposed theorems extend and unify several well-known compa-
rable results in the literature to ordered cone b-metric spaces. Some
supporting examples are given.

1. INTRODUCTION

Existence of fixed point in partially ordered sets has been considered
in [2], [14] and [15]. In [2], Altun and Durmaz proved some fixed point
theorems on ordered cone metric space and discussed the existence of
fixed points. Several other authors studied fixed point and common
fixed point problems in ordered cone metric spaces; see [1, 3, 4, 5, 6,
7,12, 13, 16, 17, 18].
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In 2005 Nieto and Lopez [14], proved the existence and uniqueness
of the solution for a first order ordinary differential equation with
boundary conditions of periodic type and allow only the existence of
a lower solution. To this aim, they proved some fixed point theorems
in partially ordered sets. Also, in [15] Ran and Reurings proved some
fixed point theorems in partial ordered set and gave some applications
to linear and nonlinear matrix equations. In [15], they proved the
following theorem in ordered metric spaces.

Theorem 1.1. ([14],[15]) Let (X, =) be a partially ordered set and
suppose that there exists a metric d in X such that (X, d) is complete
metric space. Let f: X — X be a continuous and nondecreasing map
with respect to < such that there exists k € [0,1) with

d(fx, fy) < kd(x,y), for all x,y € Xsuch thaty < x,
and

if there exists xo € X such that xq < fxq,

then f has a fixed point in X.

Moreover Nieto and Lopez [14], proved the following theorem with-
out assuming the continuity of the function f, but assuming an addi-
tional hypothesis on X.

Theorem 1.2. ([14]) Let (X, <) be a partially ordered set and suppose
that there exists a metric d in X such that (X, d) is complete metric
space. Assume that X satisfies “ If a nondecreasing sequence (xy,)
converges to some x € X, then x, = x for alln”. Let f : X — X
be a nondecreasing map with respect to =, such that the following
conditions hold:

() there exists k € [0,1) such that d(fz, fy) < kd(x,y) for all x,y €
X;
(17) there exists xg € X such that xy < fxq.
Then [ has a fized point in X.

In Theorem 2.1 [15], Ran and Reurings assumed that the partial
order set (X, <) satisfies the following condition:

“every pair of elements has a lower bound and an upper bound.”

(1)

Under the assumptions of Theorem 1.1, they proved that f has
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a unique fixed point y € X. Moreover, for all x € X, lim,,_,, f"x = y.
If condition (1) fails, then it is possible to find examples of functions
with more than one fixed point.

Example 1.3. Let Y = R and consider the following relation on Y
as follows:
rRy<=(r=y) or(z,y €[0,1] with x < y).

It is easy to see that = is a partial order on Y. Let d be the usual
metric on Y. Now define a map on'Y as follows:

0, x < 0
fla) = q k, ifrel01];
mx+mn, ifxr>1,
where k € (0,1) and m > 1,m+n = k. Then f satisfies the assump-

tions of Theorem 1.1. The fixed points of f are x1 =0 and x5 = ;”1—:];7
Choosing a € [0,1] and b > 1 we can see that the pair a,b has no
lower bound and no upper bound, so that Theorem 2.1 from [15] is not

applicable.

In 2009, Altun and Durmaz [2, Theorem 4] proved the following
result in ordered cone metric spaces, generalizing Theorem 1.1.

Theorem 1.4. Let (X, =X) be a partially ordered set and suppose that
there exists a cone metric d in X such that the cone metric space
(X, d) is complete and P be a normal cone with normal constant K.
Let f : X — X be a continuous and nondecreasing mapping with
respect to <. Suppose that the following two assertions hold:

(i) there exists k € (0,1) such that d(fx, fy) < kd(z,y) for each z,y
m X with y X x;

(1) there exists xo in X such that xo < fxq.

Moreover, the sequence { f"xo} has a limit which is a fized point of f.

The main purpose of this research paper is to extend Theorem 1.4
above and Theorem 2.1, 2.3 from [9] to ordered cone b-metric spaces.

2. PRELIMINARIES

We will need the following definitions and results in this paper.
Let E always be a real Banach space and P be a subset of E. By 6 we
denotes the zero element of E. Then P is called cone if and only if:
(1) P is closed, nonempty and P # {6},

(17) cx + dy € P for all z,y € P and non-negative real numbers c, d.
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(1ii) PN (—P) ={6}.
The cone P is called solid cone if int P # ().

Definition 2.1. [8] Let P be a cone in real Banach space E. We define
a partial ordering < with respect to P by a < bif and only ifb—a € P.
We shall write a < b to indicate that a < b but a # b, while a < b will
stand for b — a € intP, where intP denote interior of P.

Definition 2.2. [8] The cone P is called normal if there is number
K > 0 such that for all p,q € E, 0 < p < q implies ||p|| < K|q||.

The least positive number K satisfying the above inequality is called
the normal constant of cone.

Definition 2.3. [10] Let Y be a non-empty set and s > 1 be a given
real number. A mapping d:Y xY — FE is said to be cone b-metric if
and only if, for all a,b,c in'Y, the following conditions are satisfied:
(1) 0 < d(a,b) for all a,b € X with a # b;

(17) d(a,b) = 0 if and only if a = b;

(i73) d(a,b) = d(b,a) for all a,b € Y;

(iv) d(a,b) < s[d(a,c)+ d(c,b)] for all a,b,c € Y.

Then d is called a cone b-metric on' Y and (Y,d) is called a cone
b-metric space.

Example 2.4. [8] Suppose Y = R, E = R? and P = {(a,b) € E :
a>0,b>0}. Defined:Y XY — E by d(a,b) = (Ja — b|P, a|a — b|P),
where a > 0 and p > 1. Then (Y,d) is a cone b-metric space, but not
cone metric space.

Definition 2.5. [10] Let (Y,d) be a cone b-metric space, a € Y and
{a,} be a sequence in'Y. We say that

(i) {an} converges to a whenever, for every ¢ € E with 8 < ¢, there is
a natural number N such that d(a,,a) < ¢ for allmn > N. We denote
this by lim,, ..o a, = a or a, — a as n — .

(i7) {a,} is a Cauchy sequence whenever, for every c € E with 6 < c,
there is a natural number N such that d(ay,, ay,) < ¢ for alln,m > N.
(131) (Y,d) is a complete cone b-metric space if every Cauchy sequence
18 convergent.

(1) the function f Y — Y is continuous at the point ay if for any
sequence {a,} that converges to ay the sequence {fa,} converges to

fao.
The following lemmas are useful in our work.

Lemma 2.6. [11] If E is a real Banach space with a cone P and a < ka
where a € P and k € [0,1), then a = 6.
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Lemma 2.7. [11] Let P be a cone in E. If ¢ € intP, 6 < a, and
a, — 0 in E, then there exists a positive integer N such that a, < c
for alln > N.

Lemma 2.8. [11] Let a,b,c € E. Ifa <b and b < ¢, then a < c.

Lemma 2.9. [11] If 0 < u < ¢ for each 0 < ¢, than u = 0.

3. MAIN RESULTS

In this section, we prove some fixed point theorems on ordered cone
b-metric spaces.

Theorem 3.1. Let (Y, =) be a partially ordered set. Suppose that
there exists a cone b-metric d : 'Y XY — E such that the cone b-
metric space (Y, d) is complete with the coefficient s > 1 relative to a
solid cone P in E. Let H : Y — Y be a continuous and nondecreasing
mapping with respect to <. Assume that the following two conditions
hold:

(i) there exists k € [0,1/s) such that d(Ha, Hb) < rd(a,b) for all
a,beyY with a = b,

(17) there exists ag € Y such that ag < Hayg.

Then H has a fized point a* in'Y .

Proof. If Hag = ag, then the proof is finished. Assume that Hay #
ag. Since a9 = Hag and H is nondecreasing with respect to <, we get
by induction that

(1) ap = Hag < H?*ag < --- < H"ag < H"Mag < .. ..
Now,
d(H" M ag, H"ay) < rd(H"ag, H" 'ay)
< KA(H" 'ag, H" 2ay)
< KAA(H" %a9, H" 3ay)
d(H" M ag, H"ay) < rk"d(Hag,ay),
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for every n > 1. For n,q > 1, using repeatedly Definition 2.3 (iv) we
get

d(H""ay, H"ag) sd(H"ag, H" ag) + sd(H" ' ag, H" ay)
sd(H"ag, H" ' ag) + s*d(H" ™ ag, H" ay)

+ s*d(H™ag, H" ay)

sd(H"ag, H"  ag) + s*d(H™ ag, H" ™ ay)

+ s d(H"ag, H"Pag) + s*d(H" P ag, H"ay).

IA A

IN

Using induction over ¢ we prove that

q
(2)d(H" "ag, H"ag) < Zsjd(Hn+j_1ao, H"ag) for alln, g > 1.

=1
Note that
d(H" " ag, H"ay) < sd(H"ag, H" ™ ag) + sd(H" ™ ag, H" ' ay).

By the inductive hypothesis,
q
d(H" ag, H" M Ha,) < Zsjd(H"Hao, H" 1 q4), for alln.
j=1
The last two inequalities imply

q
d(Hn+q+16L0, Hna()) < Sd(HnCLQ, Hn-l—laO) + Z Sj+1d(Hn+j(l0, Hn+1+ja0)
j=1
q+1

— Zsid<Hn+i71ao7Hn+iao).
=1

Since
d(HnJrjilao, H”“ao) < k"“’*ld(Hao, CLQ),
inequality (2) implies

q
d(H" ag, H"ay) < [k"_IZ(sk;)j}d(Hao,ao)
j=1

[e.o]

< [ (skY | d(Hao, ao)

=1
sk™

= 11— sk d(HCLQ,ao).




FIXED POINT THEOREMS IN ORDERED CONE B-METRIC SPACES 115

Let 8 < ¢ be given. Notice that
sk™
1—sk

d(Hag, ag) — @asn — oo.

By using Lemma 2.6, we can find ny € N such that

sk™
1— sk

d(Hayp,ap) < c,

for all n > ng. Thus

sk™

— S

d(H" ag, H"ag) < T d(Hag, ap) < ¢,

for all n > ny and for any ¢. So, by Lemma 2.8 and Definition 2.5 (ii)
{H™ay} is a Cauchy sequence. As (Y,d) is a complete cone b-metric
space, there exists a* € Y such that H"ay — a* as n — oo. Finally
as H is continuous, this implies that a* is a fixed point of H, since
Ha* = H(limnﬁoo H”ao) = lim,, oo H""'ay = a*. The proof is com-
pleted.

Remark 3.2. Theorem 3.1 generalizes Theorem 1.4 [2] and Theorem
2.1 [9]. The proof of Theorem 3.1 follows the lines from [9]. The
contractive condition from the statement of Theorem 2.1 is assumed
to hold for all a,b € Y, while here we used a restricted case a = b.

Example 3.3. Assume that Y = [0,1] endowed with the standard
order and E = R?* P = {(a,b) : a,b > 0}. Defined:Y xY — E as
in Ezample 2.4, witha =1, p=3 and H : Y — Y by H(a) = %.
Then the mapping H is nondecreasing and continuous with respect to
<. We have

2 b2
d(Ha, Hb) = d(%,§>
a?  b*;3 1a® B3
- (5305 -30)
_ 1 3 3 3
8
< ° g —bB g — b
< 512(]@ b”, [a —b|°)
1
< —d(a,b),

64
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where k = é € [0,1). We can see clearly that conditions of Theorem
3.1 are satisfied. Therefore, H has a fixed point a = 0.

Theorem 3.4. Let (Y, =) be a partially ordered set. Suppose that
there exists a cone b-metric d :'Y XY — FE such that the cone b-
metric space (Y, d) is complete with the coefficient s > 1 relative to a
solid cone P in E. Let H : Y — Y be a continuous and nondecreasing
mapping with respect to <. Assume that the following two conditions

hold:
(i) there exists k; € [0,1), 7 = 1,2,3,4, such that (k1 + K2) + (kg +
Ka) < 25 with Z?Zl k; <1 and

d(Ha, Hb) < kid(a, Ha) + kod(b, Hb) 4+ k3d(a, Hb) + k4d(b, Ha)

for all a,b €Y with a = b,

(17) there exists ag € Y such that ag < Hayg.

Then H has a fized point a* in'Y, which is the limit of the sequence
(H”ao).

Proof. If Hay = ag, then the proof is finished. Assume that Hay #
ag. Since ag = Hag and H is nondecreasing with respect to <, we get
by induction that

(3) aojHaojH20J0j"'anaoanJrlaoj....
Denote a,, := H"aqy for n € N. Then

d(anH, an) = d(H(H”ao), H(H”_lao))

< kyd(H"ag, H" ™ ag) + kod(H" *ag, H"ag)
+ kgd(H"ag, H"ag) + rad(H" 'ag, H" ag)
= rkid(an, apy1) + Kod(an_1,a,)
+ k3d(an, ay) + Kad(an_1, Gni1)
< kKid(an, ang1) + Kod(an-1, a,)

+ 3H4[d(an—1a an) + d(any an—i—l)]
= (k1 + ska)d(an, ani1) + (K2 + sky)d(an_1, ay).

This implies that

(4) (1 — k1 — skq)d(apy1,an) < (Ko + skq)d(an_1,ay,).
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Secondly, we have
d(apir,a,) = d(H" " ag, H"ap)
rid(H™ ag, H"ag) + kod(H"ag, H" M ay)
+ kgd(H" Yag, H" ag) + rad(H"ag, H"ag)
kid(an_1,a,) + Kod(an, Gnyq)
+ Kk3d(an—1,an_1) + Kad(ap, a,)
K1d(ap_1, an) + Kod(ap, Gnyt)
+ skz[d(an—1,an) + d(an, ani1)]
= (kg + sk3)d(an, ani1) + (K1 + sk3)d(an—1, an).

IA

IN

IN

It follows that
(5) (1 — Ky — sk3)d(ans1,an) < (K1 + sk3)d(an_1, ay).
Adding (4) and (5) we get,

Ay, an) < K1 + Ko + s(Ks + Ka)
2 — K1 — Ko — S(K3 + K4

)d(an, Ap_1).

K1+r2+s(k3+ka)
2—k1—ko—S(K3+Ka

d(an+1, @) < Kd(ay, an_q) < -+ < £"d(aq, ag).

Now put xk = 7, we can see easily that x € [0,1). Thus,

Following the argument from Theorem 3.1, we see that {a,} is a
Cauchy sequence. Due to completeness, there exists a* € Y such
that a,, — a*. Since H is continuous. Thus

Ha* = H(lim a,) = lim H(a,)

= lim H(H"ap) = lim H"™ag
n—o0 n—oo

= lim a,41 = a”.
n—oo

Therefore, a* is a fixed point of H.

Remark 3.5. Theorem 3.2 is similar to Theorem 2.3 from [9] Huang
and Xu, where the continuity of the mapping was not imposed but the
contractive condition was assumed to hold for all elements in the cone
b-metric space.

Now we give the following result by removing the continuity of H
in Theorem 3.4.
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Theorem 3.6. Assume that the hypothesis of Theorem 3.4 are satis-
fied, except the continuity of H. In addition, assume that Y satisfies
the following condition: “If a nondecreasing sequence (y,) in Y con-
verges to some y € Y, then y, =X y for all n”. Then H has a fized
point in' Y, which is lim,,_,. H™ay.

Proof. Proceeding as in the proof of inequalities (2.3) and (2.4)
from [9], we get for all n > 1.
(2—sk—5ko—8*Kg—52ky) d(a*, Ha*) < s%d(an, a*)+(5°+25)d(ans1, a*).
Denote A := 2— sk —sky—%k3— %Ky Since (k1 +ks)+5(k3+r4) < 2,
we have A > 0. Then

1
d(a*,Ha") < X 2 d(ay, a*) + (s* +2s8)d(apy 1, a*)]
for all n > 1. Let ¢ > 0. Since lim,,_, a, = lim,, oo @y, 41 = a* in Y,
there exists N > 1 such that
A

—
252 +2s

for all n > N. The last two inequalities imply d(a*, Ha*) < ¢, by
Lemma 2.8. Since ¢ > 0, using Lemma 2.6 we get Ha* = a*, therefore
a* is a fixed point of H. The proof is completed.

d(a,,a”) <
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