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A GENERAL FIXED POINT THEOREM FOR SELF
MAPPINGS IN GP - METRIC SPACES

VALERIU POPA AND ALINA-MIHAELA PATRICIU

Abstract. The purpose of this paper is to prove a general fixed
point theorem in GP - metric spaces for mappings satisfying an im-
plicit relation, which generalizes and improves Theorem 2.10 [6]. In
the last part of the paper we prove that these mappings satisfy prop-
erty (P ) in GP - metric spaces and if GP - metric is symmetric, then
the fixed point problems is well posed.

1. Introduction and Preliminaries

In [13], [14], Dhage introduced a new class of generalized metric
spaces, named D - metric spaces. Mustafa and Sims [22], [23] proved
that most of the claims concerning the fundamental structures on D
- metric spaces are incorrect and introduced an appropriate notion of
generalized metric space, named G - metric spaces. In fact, Mustafa,
Sims and other authors [10], [18], [21], [26], [27], [28], [29], [38], [39]
studied many fixed point results for self mappings in G - metric spaces
under certain conditions.
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In 1994, Mathews [20] introduced the concept of partial metric space
as a part of study of denotional semantics of dataflows and proved the
Banach contraction principle in such spaces. Recently, in [1], [5], [9],
[16], [17] and in other papers, some fixed point theorems under various
contractive conditions in complete partial metric spaces are proved.

Quite recently, Zand and Nezhad introduced in [41] a generalization
and unification of G - metric space and partial metric space, named
GP - metric space. In [6], first, some fixed point theorems in GP -
metric spaces are proved. Other results are obtained in [8] and [7].

Several classical fixed point theorems and common fixed point the-
orems have been unified considering a general condition by an implicit
relation in [31], [32] and in other papers. Recently, the method is
used in the study of fixed points in metric spaces, symmetric spaces,
quasi - metric spaces, b - metric spaces, ultra - metric spaces, convex
metric spaces, reflexive spaces, compact metric spaces, paracompact
metric spaces, in two and three metric spaces, for single - valued map-
pings, hybrid pairs of mappings and set - valued mappings. Recently,
the method is used in the study of fixed points for mappings satisfy-
ing contractive/extensive conditions of integral type, in fuzzy metric
spaces, probabilistic metric spaces and intuitionistic metric spaces.
Also, the method allows the study of local and global properties of
fixed point structures.

The study of fixed points for mappings in G - metric spaces for
mappings satisfying an implicit relation is initiated in [33], [34], [35].

The study of fixed point for mappings satisfying an implicit relation
in partial metric spaces is initiated in [40].

Let T be a self mapping of a metric space (X, d) with nonempty
fixed points set F (T ). Then T is said to satisfy property (P ) is F (T ) =
F (T n) for each n ∈ N.

An interesting fact about mappings satisfying property (P ) is that
they haven’t trivial periodic points. Papers dealing with property (P )
are [14], [15], [37] and other papers.

The notion of well posedness of fixed point problem has generates
more interest to several mathematicians, for example [11], [19], [36].

In [2], [3], [4] and in other papers the authors studied well posedness
of fixed point problem for mappings satisfying implicit relations.

The purpose of this paper is to prove a general fixed point theorems
on GP - metric spaces for mappings satisfying an implicit relation,
which generalizes and improves Theorem 2.10 [6]. In the last part of
this paper we prove that these mappings satisfy property (P ) and if
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the GP - metric is symmetric then the fixed point problem is well
posed.

2. Preliminaries

Definition 2.1 ([41], [30]). Let X be a nonempty set. A function G :
X3 → [0,∞) is called a GP - metric on X if the following conditions
are satisfied:

(GP1) : x = y = z if GP (x, y, z) = GP (x, x, x) = GP (y, y, y) =
GP (z, z, z),

(GP2) : 0 ≤ GP (x, x, x) ≤ GP (x, x, y) ≤ GP (x, y, z) for all x, y, z ∈
X, with y ̸= z,

(GP3) : GP (x, y, z) = GP (y, z, x) = ... (symmetry in all three vari-
ables),

(GP4) : GP (x, y, z) ≤ GP (x, a, a)+GP (a, y, z)−GP (a, a, a) for all
x, y, z, a ∈ X.

The pair (X,GP ) is called a GP - metric space.

Definition 2.2 ([41]). Let (X,GP ) be a GP - metric space and {xn}
a sequence in X. A point x ∈ X is said to be the limit of the sequence
{xn} or xn → x if limm,n→∞ GP (x, xn, xm) = GP (x, x, x).

Theorem 2.3 ([6]). Let (X,GP ) be a GP - metric space. Then, for
any {xn} ∈ X and x ∈ X, the following conditions are equivalent:

a) {xn} is GP - convergent to x,
b) GP (xn, xn, x) → GP (x, x, x) as n → ∞,
c) GP (xn, x, x) → GP (x, x, x) as n → ∞.

Definition 2.4 ([6]). Let (X,GP ) be a GP - metric space.
1) A sequence {xn} of X is called a 0 - GP - Cauchy sequence if

and only if limn,m→∞ GP (xn, xm, xm) = 0,
2) A GP - metric space is said to be 0 - GP - complete if and only

if every 0 - GP - Cauchy sequence in X GP - converges to a point
x ∈ X such that GP (x, x, x) = 0.

Lemma 2.5 ([6]). Let (X,GP ) be a GP - metric space. Then:
1) If GP (x, y, z) = 0 then x = y = z,
2) If x ̸= y then GP (y, x, x) > 0.

Definition 2.6 ([41]). A GP - metric on X is said to be symmetric
if GP (x, y, y) = GP (y, x, x).

In this case (X,GP ) is said to be symmetric.

Lemma 2.7 ([6]). Let (X,GP ) be a GP - metric space and {xn} a
sequence in X. Assume that {xn} is GP - convergent to a point x ∈ X
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with GP (x, x, x) = 0. Then limn→∞ GP (xn, y, y) = GP (x, y, y) for all
y ∈ X.

Moreover, limn,m→∞ Gp(xn, xm, x) = 0.

The following theorem is proved in [6].

Theorem 2.8 (Theorem 2.10 [6]). Let (X,GP ) a 0 - GP - complete
metric space and f : X → X a mapping on X. Assume that

(2.1)
1

3
GP (x, fx, fx) < GP (x, y, y)

implies

GP (fx, fy, fy) ≤ αGP (x, y, y) + βGP (x, fx, fx) + γGP (y, fy, fy)

for all x, y ∈ X, where α, β, γ ≥ 0 and α + β + γ < 1. Then f has a
unique fixed point.

3. Implicit relations

Definition 3.1. Let FGP be the set of all continuous functions
F (t1, ..., t6) : R6

+ → R satisfying
(F1) : F is nonincreasing in variables t3, t4, t5, t6,
(F2) : There exists h1 ∈ [0, 1) such that for all u, v ≥ 0,

F (u, v, v, u, u+ v, v) ≤ 0 implies u ≤ h1v,
(F3) : There exists h2 ∈ [0, 1) such that for all t, t′ > 0,

F (t, t, t′, t, t, t′) ≤ 0 implies t ≤ h2t
′.

In the following examples, property (F1) is obviously.

Example 3.2. F (t1, ..., t6) = t1 − at2 − bt3 − ct4 − dt5 − et6, where
a, b, c, d, e ≥ 0 and 0 < a+ b+ c+ 2d+ e < 1.

(F2) : Let u, v ≥ 0 and F (u, v, v, u, u + v, v) = u − av − bv − cu −
d(u+ v)− ev ≤ 0. Then u ≤ h1v, where 0 ≤ h1 =

a+b+d+e
1−(c+d)

< 1.

(F3) : Let t, t
′ > 0 and F (t, t, t′, t, t, t′) = t−at−bt′−ct−dt−et′ ≤ 0.

Then t ≤ h2t
′, where 0 < h2 =

b+e
1−(a+c+d)

< 1.

Example 3.3. F (t1, ..., t6) = t1 − kmax{t2, t3, t4, t5, t6}, where k ∈[
0, 1

2

)
.

(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u+ v, v) = u− k(u+ v) ≤ 0,
which implies u ≤ h1v, where 0 ≤ h1 = k < 1.

(F3) : Let t, t
′ > 0 be and F (t, t, t′, t, t, t′) = t− kmax{t, t′} ≤ 0. If

t > t′, then t(1− k) ≤ 0, a contradiction. Hence, t ≤ t′, which implies
t ≤ h2t

′, where 0 < h2 = k < 1.
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Example 3.4. F (t1, ..., t6) = t1 − kmax
{
t2, t3, t4,

t5+t6
2

}
, where k ∈

[0, 1).
(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u + v, v) = u −

kmax
{
u, v, u+v

2

}
≤ 0. If u > v, then u (1− k) ≤ 0, a contradiction.

Hence u ≤ v which implies u ≤ h1v, where 0 ≤ h1 = k < 1.
(F3) : Let t, t

′ > 0 be and F (t, t, t′, t, t, t′) = t−kmax
{
t, t′, t+t′

2

}
≤ 0,

which implies t ≤ h2t
′, where 0 < h2 = k < 1.

Example 3.5. F (t1, ..., t6) = t1−at2− bt3− cmax{2t4, t5+ t6}, where
a, b, c ≥ 0 and 0 ≤ a+ b+ 3c < 1.

(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u + v, v) = u − av − bv −
cmax{2u, u + 2v} ≤ 0. If u > v, then u[1 − (a + b + 3c)] ≤ 0, a
contradiction. Hence u ≤ v, which implies u ≤ h1v, where 0 ≤ h1 =
a+ b+ 3c < 1.

(F3) : Let t, t
′ > 0 be and F (t, t, t′, t, t, t′) = t−at−bt′−cmax{2t, t+

t′} ≤ 0. If t > t′ then t[1− (a + b + 3c)] ≤ 0, a contradiction. Hence
t ≤ t′, which implies t ≤ h2t

′, where 0 < h2 = a+ b+ 3c < 1.

Example 3.6. F (t1, ..., t6) = t1−at2− bt3− cmax{t4+ t5, 2t6}, where
a, b, c ≥ 0 and 0 ≤ 2a+ b+ 3c < 1.

The proof is similar to the proof of Example 3.5.

Example 3.7. F (t1, ..., t6) = t1−kmax
{
t2, t3, t4,

2t4+t6
3

, 2t4+t3
3

, t5+t6
3

}
,

where k ∈ [0, 1).
(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u + v, v) = u −

kmax
{
u, v, 2u+v

3
, u+2v

3

}
≤ 0. If u > v, then u (1− k) ≤ 0, a contra-

diction. Hence u ≤ v, which implies u ≤ h1v, where 0 ≤ h1 = k < 1.
(F3) : Let t, t′ > 0 be and F (t, t, t′, t, t, t′) = t −

kmax
{

2t+t′

3
, t+t′

3
, t, t′

}
≤ 0. If t > t′ then t (1− k) ≤ 0, a contra-

diction. Hence t ≤ t′, which implies t ≤ h2t
′, where 0 < h2 = k < 1.

Example 3.8. F (t1, ..., t6) = t1 − at2 − kmax{t3 + 2t4, t4 + t5 + t6},
where a, k ≥ 0 and 0 ≤ a+ 4k < 1.

(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u+v, v) = u−av−kmax{2u+
v, 2u+ 2v} = u− av − k (2u+ 2v) ≤ 0, which implies u ≤ h1v, where
0 ≤ h1 = a+ 4k < 1.

(F3) : Let t, t
′ > 0 be and F (t, t, t′, t, t, t′) = t− at− k(2t + t′) ≤ 0,

which implies t ≤ h2t
′, where 0 < h2 =

k
1−2k

< 1.

Example 3.9. F (t1, ..., t6) = t1 − at2 − bt3 − cmax{2t4 + t3, t1 + t4 +
t5 + t6}, where a, b, c ≥ 0 and 0 ≤ a+ b+ 5c < 1.
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(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u + v, v) = u − av − bv −
cmax{2u + v, 3u + 2v} ≤ 0, which implies u ≤ h1v, where 0 ≤ h1 =
a+b+2c
1−3c

< 1.
(F3) : Let t, t

′ > 0 be and F (t, t, t′, t, t, t′) = t−at−bt−c (3t+ t′) ≤ 0,
which implies t ≤ h2t

′, where 0 < h2 =
b+c

1−(a+3c)
< 1.

Example 3.10. F (t1, ..., t6) = t1−max{at2, b(t3+2t4), b(t4+t5+t6)},
where a ∈ (0, 1) and b ∈

(
0, 1

4

)
.

(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u + v, v) =
u − max{av, b (v + 2u) , b (2u+ 2v)} ≤ 0. If u > v then
u (1−max{a, 4b}) ≤ 0, a contradiction. Hence u ≤ b which implies
u ≤ h1v, where 0 ≤ h1 = max{a, 4b} < 1.

(F3) : Let t, t
′ > 0 be and F (t, t, t′, t, t, t′) = t−max{at, b (t′ + 2t)} ≤

0. If t > t′, then t (1−max{a, 3b}) ≤ 0, a contradiction. Hence t ≤ t′

which implies t ≤ h2t
′, where 0 < h2 = max{a, 3b} < 1.

Example 3.11. F (t1, ..., t6) = t1 − kmax{t2, t3 + t4, t5 + t6}, where
k ∈

[
0, 1

3

)
.

(F2) : Let u, v ≥ 0 be and F (u, v, v, u, u + v, v) = u− kmax{v, u +
v, u + 2v} = u − k (u+ 2v) ≤ 0, which implies u ≤ h1v, where 0 ≤
h1 =

2k
1−k

< 1.
(F3) : Let t, t′ > 0 be and F (t, t, t′, t, t, t′) = t − max{t, t + t′} =

t− k (t+ t′) ≤ 0, which implies t ≤ h2t
′, where 0 < h2 =

k
1−k

< 1.

4. Main results

Theorem 4.1. Let (X,GP ) be a GP - metric space and let T : X →
X such that:

(4.1)
F (GP (Tx, Ty, Ty), GP (x, y, y), GP (x, Tx, Tx),

GP (y, Ty, Ty), GP (x, Ty, Ty), GP (y, Tx, Tx)) ≤ 0

for all x, y ∈ X, where F satisfy property (F3). Then, T has at most
a fixed point.

Proof. Suppose that T has two distinct fixed points u and v. Then,
by (4.1) we have successively

F (GP (Tu, Tv, Tv), GP (u, v, v), GP (u, Tu, Tu),
GP (v, Tv, Tv), GP (u, Tv, Tv), GP (v, Tu, Tu)) ≤ 0,

F (GP (u, v, v), GP (u, v, v), GP (u, u, u),
GP (v, v, v), GP (u, v, v), GP (v, u, u)) ≤ 0.

By (GP2),
GP (u, u, u) ≤ GP (v, u, u)
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and

GP (v, v, v) ≤ GP (u, v, v).

By (F1) we obtain

F (GP (u, v, v), GP (u, v, v), GP (v, u, u),
GP (u, v, v), GP (u, v, v), GP (v, u, u)) ≤ 0.

By (F3) we have

GP (u, v, v) ≤ h2GP (v, u, u).

Similarly, we obtain

GP (v, u, u) ≤ h2GP (u, v, v).

Hence

GP (u, v, v)(1− h2
2) ≤ 0,

a contradiction.
Therefore, u = v. �

Theorem 4.2. Let (X,GP ) be a 0 - GP - complete metric space
and let T : X → X satisfying inequality (4.1), for all x, y ∈ X and
F ∈ FGP . Then, T has a unique fixed point.

Proof. Let x0 ∈ X be an arbitrary point of X. We define xn =
Txn−1, n = 1, 2, ... . Then by (4.1) we have successively

F (GP (Txn−1, Txn, Txn), GP (xn−1, xn, xn), GP (xn−1, Txn−1, Txn−1),
GP (xn, Txn, Txn), GP (xn−1, Txn, Txn), GP (xn, Txn−1, Txn−1)) ≤ 0,

F (GP (xn, xn+1, xn+1), GP (xn−1, xn, xn), GP (xn−1, xn, xn),
GP (xn, xn+1, xn+1), GP (xn−1, xn+1, xn+1), GP (xn, xn, xn)) ≤ 0.

By (GP4)

GP (xn−1, xn+1, xn+1) ≤ GP (xn−1, xn, xn) +GP (xn, xn+1, xn+1)

and by (GP2)

GP (xn, xn, xn) ≤ GP (xn−1, xn, xn).

By (F1) we obtain

F (GP (xn, xn+1, xn+1), GP (xn−1, xn, xn), GP (xn−1, xn, xn), GP (xn, xn+1, xn+1),
GP (xn−1, xn, xn) +GP (xn, xn+1, xn+1), GP (xn−1, xn, xn)) ≤ 0,

which implies by (F2) that

GP (xn, xn+1, xn+1) ≤ h1GP (xn−1, xn, xn)
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for n = 1, 2, .... Then,
(4.2)
GP (xn, xn+1, xn+1) ≤ h1GP (xn−1, xn, xn) ≤ ... ≤ hn

1GP (x0, x1, x1).

By (4.2) and (GP4) we obtain for m > n that

GP (xn, xm, xm) ≤ GP (xn, xn+1, xn+1) +GP (xn+1, xn+2, xn+2) +

+...+GP (xm−1, xm, xm)

≤ hn
1 (1 + h1 + ...+ hm−1

1 )GP (x0, x1, x1)

≤ hn
1

1− h1

GP (x0, x1, x1).

It implies that,

lim
n,m→∞

G(xn, xm, xm) = 0.

That is {xn} is a 0 - GP - Cauchy sequence. Since X is 0 - GP -
complete, {xn} converges to some point z in X with GP (z, z, z) = 0.
Then

(4.3) lim
n→∞

GP (xn, z, z) = lim
n→∞

GP (z, xn, xn) = GP (z, z, z) = 0.

By (4.1) we obtain successively

F (GP (Txn, T z, Tz), GP (xn, z, z), GP (xn, Txn, Txn),
GP (z, Tz, Tz), GP (xn, T z, Tz), GP (z, Txn, Txn)) ≤ 0,

F (GP (xn+1, T z, Tz), GP (xn, z, z), GP (xn, xn+1, xn+1),
GP (z, Tz, Tz), GP (xn, T z, Tz), GP (z, xn+1, xn+1)) ≤ 0.

By Lemma 2.7, (4.2) and (4.3), letting n tends to infinity we obtain

F (GP (z, Tz, Tz), 0, 0, GP (z, Tz, Tz), GP (z, Tz, Tz), 0) ≤ 0.

By (F2) we obtain GP (z, Tz, Tz) = 0. By Lemma 2.5 (a), we obtain
z = Tz. Hence T has a fixed point. By Theorem 4.1, z is the unique
fixed point of T . �

Corollary 4.3. Let (X,GP ) be a 0 - GP - complete metric space and
T : X → X such that

(4.4)
GP (Tx, Ty, Ty) ≤ aGP (x, y, y) + bGP (x, Tx, Tx)+

+cGP (y, Ty, Ty) + dGP (x, Ty, Ty) + eGP (y, Tx, Tx)},
where a, b, c, d, e ≥ 0 and 0 < a+ b+ c+ 2d+ e < 1, for all x, y ∈ X.
Then T has a unique fixed point.

Proof. The proof it follows by Theorem 4.2 and Example 3.2. �
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Remark 4.4. 1) If in Example 3.2, d = e = 0, then by Corollary
4.3 we obtain a new form of Theorem 2.8, without the condition (2.1).

2) By Theorem 4.1 and Examples 3.3 - 3.11.we obtain new par-
ticular results, which generalize some results from G - metric spaces.

5. Property P in GP - metric spaces

Theorem 5.1. Under the conditions of Theorem 4.1, T has property
P .

Proof. From Theorem 4.2, T has an unique fixed point, therefore
F (T n) ̸= ∅ for each n ∈ N. Fix n > 1 and assume that q ∈ F (T ).
Using (4.1) we have

F (GP
(
Tnq, Tn+1q, Tn+1q

)
, GP

(
Tn−1q, Tnq, Tnq

)
, GP

(
Tn−1q, Tnq, Tnq

)
,

GP
(
Tnq, Tn+1q, Tn+1q

)
, GP

(
Tn−1q, Tn+1q, Tn+1q

)
, GP (Tnq, Tnq, Tnq)) ≤ 0.

By (GP4),

GP (T n−1q, T n+1q, T n+1q) ≤ GP (T n−1q, T nq, T nq)+GP (T nq, T n+1q, T n+1q)

and by (GP2)

GP (T nq, T nq, T nq) ≤ GP (T n−1q, T nq, T nq).

By (F1) we obtain

F (GP (T nq, T n+1q, T n+1q), GP (T n−1q, T nq, T nq),
GP (T n−1q, T nq, T nq), GP (T nq, T n+1q, T n+1q),
GP (T n−1q, T nq, T nq) +GP (T nq, T n+1q, T n+1q),

GP (T n−1q, T nq, T nq)) ≤ 0.

By (F2) we obtain

GP (T nq, T n+1q, T n+1q) ≤ h1GP (T n−1q, T nq, T nq) ≤ ... ≤ hn
1GP (q, T q, T q).

Since q ∈ F (T n), then

GP (q, T q, T q) = GP (T nq, T n+1q, T n+1q).

Therefore

GP (q, T q, T q) ≤ hn
1GP (q, T q, T q),

which implies GP (q, T q, T q) = 0. By Lemma 2.5 (a), q = Tq and T
has property P . �
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6. Well posedness problem of fixed point in GP - metric
spaces

Definition 6.1 ([36]). Let (X, d) be a metric space and f : (X, d) →
(X, d) be a mapping. The fixed point problem of f is said to be well
posed if:

1) f has a unique fixed point x0,
2) for any sequence {xn} ∈ X with limn→∞ d(xn, fxn) = 0 we have

limn→∞ d(xn, x0) = 0.

Definition 6.2. Let (X,GP ) be a GP - metric space and let T : X →
X be a self mapping. The fixed point problem of T is said to be well
posed if:

1) T has a unique fixed point x0,
2) for any sequence {xn} ∈ X with limn→∞GP (xn, Txn, Txn) = 0

we have limn→∞ GP (x0, xn, xn) = 0.

Definition 6.3. A function F : R6
+ → R has property (Fp) if for all

u, v, w ≥ 0 and F (u, v, 0, w, u, v) ≤ 0, there exists p ∈ (0, 1) such that
u ≤ pmax{v, w}.
Example 6.4. F (t1, ..., t6) = t1 − at2 − bt3 − ct4 − dt5 − et6, where
a, b, c, d, e ≥ 0 and a+ b+ c+ d+ e < 1.

(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u− av −
cw− du− ev ≤ 0. If u > max{v, w}, then u[1− (a+ c+ d+ e)] ≤ 0, a
contradiction. Hence u ≤ max{v, w}, which implies u ≤ pmax{v, w},
where 0 < p = a+ c+ d+ e < 1.

Example 6.5. F (t1, ..., t6) = t1 − kmax{t2, ..., t6}, where k ∈
[
0, 1

2

)
.

(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u −
kmax{v, w} ≤ 0. If u > max{v, w}, then u (1− k) ≤ 0, a contra-
diction. Hence u ≤ max{v, w}, which implies u ≤ pmax{v, w}, where
0 < p = k < 1.

Example 6.6. F (t1, ..., t6) = t1 − kmax
{
t2, t3, t4,

t5+t6
2

}
, where k ∈

[0, 1)..
(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u −

kmax{u, v, w} ≤ 0. If u > max{v, w}, then u (1− k) ≤ 0, a con-
tradiction. Hence u ≤ max{v, w}, which implies u ≤ pmax{v, w},
where 0 < p = k < 1.

Example 6.7. F (t1, ..., t6) = t1−at2− bt3− cmax{2t4, t5+ t6}, where
a, b, c ≥ 0 and 0 < a+ b+ 2c < 1.

(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u− av −
cmax{2w, u + v} ≤ 0. If u > max{v, w}, then u[1 − (a + 2c)] ≤ 0, a
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contradiction. Hence u ≤ max{v, w}, which implies u ≤ pmax{v, w},
where 0 < p = a+ 2c < 1.

Example 6.8. F (t1, ..., t6) = t1−at2− bt3− cmax{t4+ t5, 2t6}, where
a, b, c ≥ 0 and 0 < a+ b+ 2c < 1.

As in Example 6.7, u ≤ pmax{v, w}, where 0 < p = a+ 2c < 1.

Example 6.9. F (t1, ..., t6) = t1−kmax
{
t2, t3, t4,

2t4+t3
3

, 2t4+t6
3

, t5+t6
3

}
,

where k ∈ [0, 1).
(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u −

kmax{v, w, 2w+v
3

, u+v
3
} ≤ 0. If u > max{v, w}, then u (1− k) ≤ 0, a

contradiction. Hence u ≤ max{v, w}, which implies u ≤ pmax{v, w},
where 0 < p = k < 1.

Example 6.10. F (t1, ..., t6) = t1 − at2 − kmax{t3 + 2t4, t4 + t5 + t6},
where a, k ≥ 0 and 0 < a+ 4k < 1.

(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u −
av − kmax{2w, u + v + w} ≤ 0. If u > max{v, w}, then u[1 −
(a+ 3k)] ≤ 0, a contradiction. Hence u ≤ max{v, w}, which implies
u ≤ pmax{v, w}, where 0 < p = a+ 3k < 1.

Example 6.11. F (t1, ..., t6) = t1−at2− bt3−kmax{2t4+ t5, t1+ t4+
t5 + t6}, where a, b, c ≥ 0 and 0 < a+ b+ 5k < 1.

Similar, as in Example 6.10 we obtain u ≤ pmax{v, w}, where
0 < p = a+ 4k < 1.

Example 6.12. F (t1, ..., t6) = t1−max{at2, b(t3+ t4), b(t4+ t5+ t6)},
where a ∈ (0, 1) and b ∈

(
0, 1

4

)
.

(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) =
u − max{av, 2bw, u + v + w} ≤ 0. If u > max{v, w}, then
u (1−max{a, 3b}) ≤ 0, a contradiction. Hence u ≤ max{v, w}, which
implies u ≤ pmax{v, w}, where 0 < p = max{a, 3b} < 1.

Example 6.13. F (t1, ..., t6) = t1 − kmax{t2, t3 + t4, t5 + t6}, where
k ∈

[
0, 1

3

)
.

(Fp) : Let u, v, w ≥ 0 be such that F (u, v, 0, w, u, v) = u −
kmax{v, w, u + v} ≤ 0. If u > max{v, w}, then u (1− 2k) ≤ 0, a
contradiction. Hence u ≤ max{v, w}, which implies u ≤ pmax{v, w},
where 0 < p = 2k < 1.

Theorem 6.14. Let (X,GP ) be a GP - symmetric space and T :
X → X a function satisfying the conditions from Theorem 4.2 and T
having property (Fp). Then the fixed point problem of T is well posed.
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Proof. By Theorem 4.2, T has an unique fixed point x0 with
GP (x0, x0, x0) = 0. Let {xn} be a sequence in X such that
limn→∞GP (xn, Txn, Txn) = 0. By (4.1) we have successively

F (GP (Tx0, Txn, Txn), GP (x0, xn, xn), GP (x0, Tx0, Tx0),
GP (xn, Txn, Txn), GP (x0, Txn, Txn), GP (xn, Tx0, Tx0)) ≤ 0,

F (GP (x0, Txn, Txn), GP (x0, xn, xn), 0,
GP (xn, Txn, Txn), GP (x0, Txn, Txn), GP (xn, x0, x0)) ≤ 0.

Since the space (X,GP ) is symmetric, G(x0, x0, xn) = G(x0, xn, xn).
By (Fp) we have

GP (x0, Txn, Txn) ≤ pmax{GP (x0, xn, xn), GP (xn, Txn, Txn)}
≤ p[GP (x0, xn, xn) +GP (xn, Txn, Txn)].

By (GP4):

GP (x0, xn, xn) ≤ GP (x0, Txn, Txn) +GP (Txn, xn, xn)

≤ p[GP (x0, xn, xn) +GP (xn, Txn, Txn)] +GP (xn, Txn, Txn),

which implies

GP (x0, xn, xn) ≤
1 + p

1− p
GP (xn, Txn, Txn).

Hence,

lim
n→∞

GP (x0, xn, xn) = 0

and the fixed point problem of T is well posed. �
Remark 6.15. By Examples 6.4 - 6.13 we obtain new particular re-
sults.
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