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Abstract. The main target of our paper is to derive some bounds
related to the relative deficiencies of common roots from the view point
of integrated moduli of logarithmic derivative of entire and meromor-
phic functions. Some examples are also provided to validate the results
obtained.

1. INTRODUCTION

Let f1,fs... and f,, be any n (> 1) non-constant meromorphic func-

tions defined in the open complex plane C. Let ng(r,a) and ng(r,a)
respectively denote the number of common roots and the number of
distinct common roots in the disk |z| < r of n equations f; = a,fs = a,

. and f,, = a where ’a’ is any complex number. For a meromorphic
function f in C, Milloux [10] introduced the concepts of absolute defect,
of 'a’ with respect to the derivative f* where a € C U {oo} .
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Later Xiong [17] extended the definition to the k-th derivative f®*)
where £ > 1. Singh [12] introduced the term relative defect for distinct
zeros poles and established various relations among it, relative defect
and usual defect.

The concept of finding out relative defects corresponding to common
roots of meromorphic functions was initiated by Singh [13]. In this
paper we deduce some more results on relative defects of common
roots of meromorphic functions in the direction of Singh [13]. We
do not explain the standard definitions and notations of the value
distribution and the Nevanlinna theory of entire and meromorphic
functions as those are available in [16] and [9].

To start our paper we require the following:

Let

r

No (rya) = / no (t,a) — o (0,0) dt + ng (0,a) logr

t

and

1 1
N1,2,...,n (T7 a) =N (T’ fl — a) +N (r’ f2 - a) +
+..+N <r, fnl—a> —nNg (r,a).

Similarly we may define Ny (r,a) and ]\71,27,_7” (r,a) as follows

r

_ no (t,a) — 7
No(r,a):/no(’a) tno(o’a)dt—l—ﬁo(o,a)logr

0

and

_ _ 1 = 1
i 0=V 1 @) )
4. 4N (r, fn—a) —niNy (r,a) .

Also let ﬁ(()k) (r,a), Nl(k) . (7, a) etc. denote the corresponding quan-
(

’27‘..7
tities with respect to flk), Q(k),... and f,(zk) where k is any non-negative

integer.
The following definition is well known.
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Definition 1.1. The order ps of a meromorphic function f is defined

as
: log T'(r, f)

py = limsup———-=.

r—00 IOg r

If f is entire, one can easily verify that

L logp] M(r, f)
py = limsup——————=

r—00 logr

If py < oo then f is of finite order.

If f ise a meromorphic function in the complex plane then the in-
tegrated moduli of the logarithmic derivative I(r, f) is defined by

2w | £/ 0

r f(re
Mg =0 [
T Jo | f(re?)
Also let ﬁ(()k) (r,a), ]\_fl(’;)n (r,a) etc. denote the corresponding quan-

tities with respect to fl(k), fz(k), ... and f,gk) where k is any non-negative
integer.

We now define the following terms by using the concept of I (r, f)

B . N1,2 ..... n (T, a)
O S e T 10 fo) ¢ 1 10 )

N(k) (7” CL)
s® a) =1 — limsu P L
1919,..., n( ) T_mop](r’fl)—|—](T,f2)+...+[(7“,fn)

df for 0 < r < +o0.

.....

1 NO (Ta Cl)
0o (a) =1 —limsu
19 () e CI(r, 1)+ 1(r, fo) & o+ (1, fo)
Nig..m
1012..n(a) =1—limsup 1,2, (r,a)

rooo 1(r, 1) +1(r, o) + o+ 1(r, f)

N® (r,a)
@(]g) —1_1 1,2,....n ">
O [CY A E (O AT [

. Ny (r,a)
190 (@) = 1 =l s e T ) o F T 1)

In this paper we establish some theorems on the relative defects
corresponding to the common roots of f; = a, fo = a,... and f, = a in
the direction of [2]. The term S(r, f) denotes any quantity satisfying
S(r,f) = ofT(r,f)} as r — oo through all values of r if f is of
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finite order and except possibly for a set of r of finite linear measure
otherwise.

For a transcendental meromorphic function f in |z| < co we denote
by S(f) the set of all meromorphic functions a in |z| < oo which
satisfy T'(r,a) = of{T'(r, f)} as r — oc.

2. LEMMAS

In this section we present some lemmas which will be needed in the
sequel.

k

Lemma 2.1. [9] Let k be any positive integer and ¥ = > a;f®
i=0

where a; are meromorphic functions such that T(r,a;) = S(r, f). Then

v
m(ﬂ _) = S(T‘, f)

f
Lemma 2.2. [9] Let ay, ay and a3 be three distinct elements in S(f).
Then

3
{1+0(1)}T(7’f)<2ﬁ r ! +S(r, f) asr — oo.
) f= ) f _ aj )

Lemma 2.3. (p.41,[9])Let f be meromorphic and non-constant in
|z| < Ro. Then
S (r, [f)
T(r f)
as v — Ry with the following provisions :

(a) (%) holds without restrictions if Ry = 400 and f is of finite
order in the plane.

(b) If f has infinite order in the plane, (x) still holds as r — o0
outside a certain exceptional set E of finite length. Here E depends
only on f.

(¢) If Ry < 400 and

— 0 ()

T
lim sup &

= +OO s
r—00 lOg{ Rol—r}

then (%) holds asr — Rqy through a suitable sequence r,,, which depends
on f only.
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Lemma 2.4. Let fi, fo, ... and f, be n (> 1) non-constant meromor-
phic functions of finite order in C. Then

S(T7 .fl) +S(Ta fQ) + .. +S(r7fn)

lim = 0.
T—00 T(T’, fl) + T<T7 fQ) +ot T(Ta fn)
Proof. In view of Lemma 2.3, we get that
Jim % =0 foreachi=1,2,....n.
Then
im S, ) = lim S(r. f2) = .= lim S(r, fr) =0.
o0 T(T’, fl) rroo T(T7 f2) 700 T(n f'fl)

Hence by ratio proportion formula we obtain that

. Strofi)+S(r, fa)+...+80r, fn)  04+0+..4+0
rooo T(r, f1) +T(r, fo) + ... +T(r, fn) 1+1+...+1

This proves the lemma. 0

Lemma 2.5. Let fi, fa,... and f, be n (> 1) non-constant meromor-
phic functions of finite order in C. Then

S(r i)+ 8 f2) + ..+ 5(r, fa)

li =0.
TLIEO [<T? fl) + [<7a7 f2) +..+1 (Ta fn)
Proof. In view of Lemma 2.4, we obtain that
lim S(rvfl) +S(T7f2) + .. +S(rvfn) -0
rooo T(r, f1) + T(r fo) + o+ T(r, fa)
Now
_ oy S(r, fr) +S(r, fa) + ... +5(r, fa)
= lim
r—reo T(T7 fl) T(Tv f2) + +T(T‘7 fn)
lim T(Tv fl) + T(T‘, f2) + .+ T(T, fn)
r—oo I(Ta f1> + 1(7"7 f2> +...+ I<T) fn)
= 0.
This completes the proof of the lemma. ([l

Lemma 2.6. [15] Let f be an entire function of finite order'p’ with
no zeros in C. Then

1)

im

r—oo T'(r, f)

= 7p.
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Lemma 2.7. Let fi, fo, f3,..., fn be n (> 1) entire functions of finite
order'p; " with each f; fori=1,2,...,n having no zeros in C. Then

lim [(Ta fl) + [(Tv f2> +. [(Ta fn) _ 7T<:01 +p2+ .. +pn)
r—oo T(r, f1) + T(r, f2) + ... + T(r, frn) n '

Proof. In view of Lemma 2.6, we get that

I<T7 fl)

lim 0. ) =mp; foreachi=12, ... n.

Then
I(T?fl) _ : I(Tme)

e T(r f) Y e T ) P

and

I(T7fl) — T
e T(r, f) P

Hence by ratio proportion formula

lim [(T,f1)+I(T,f2)++I(T,fn) _ 7TP1+77102+-~-+77Pn
r—oo T'(r, f1) + T(r, fo) + ... + T(r, f) 1+1+...+1
_ m(pitpet o tpn)
- )
This proves the lemma. 0

3. MAIN RESULTS

In this section we present the main results of the paper.

Theorem 3.1. Let fi, fo, ..., fn be n (> 1) entire functions of finite
order'p; " with each f; fori=1,2,...,n having no zeros in C. Then

S0, .nla)+mp>1+7mp- 1012, n(a).
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Proof. From the definition of Datta et. al. [2], [3], [4] and [5] it follows
that

. NlQ...n(a)
5 . Q) — 1 o hm su 3Lyeeey
1.2, ( ) r—)cI?o T(h fl) + T(Tv f2) +o Tt T(T‘, fn)
Nia.,..n(a)

=1 _hmrsgfo I(r, f1) + 1(r, fo) + .. + 1(r, fn)

' I(r, f1) + I(r, f2) + ... + I(r, f)
T(Tv fl) + T<T7 f2) + ..+ T(T, fn)
N172 ..... n(a>

>1—lim su -
= ST )+ I f) + ot (s fa)
. N12...n(a>
= 7mp — lim su cmp+(1—m
P r%go [(T,f1)+[<7",f2)++[(T,fn) P ( p)

_ . N1,2 ,,,,, n(a)
=7 (1 — i SUD TS T o) 4 I fn)> (=)

=7p-r 1. n(a)+ (1 —7p).
Therefore

.....

Hence the theorem is proved. 0

Remark 3.1. In the same way we may prove

5%{62) n (a) +mp > 1+ TP 1 55?2) ..... n (CL),

.....

do(a) +mp=1+mp-do(a),

O19..n(a)+mp>1+7p-1O12.  ,(a),

-----

and
Oy (a) +7p = 1+mp-s Oy (a),
where k 1s any non-negative integer.
Theorem 3.2. Let fi, fa, ..., fn ben (> 1) entire functions of non-

zero finite order 'p; ' with each f; having no zeros in C such that
m(r, f;) = S(r, fi) for i = 1,2,...,n. Also let a;(i = 1,2,....,p) and
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bi(j =1,2,...,q) be two sets of distinct finite non-zero complex num-
bers. Then for any positive integer k,

n
T (p1+p2t+ ..+ pn)

+(p+q)- <(1+n)(1+p+2q).

Proof. From the relation T (r, f) =T (r, %) + O (1), we get that

1 f 1
T(r,f)=N <r,?) +m (T,T) +m (r,m) +O(1)

ie,T(r,f)=N <r, %) +T <T,%> - N (r, %) + S (r, f)

(1) i.e.,T(r,f):N(r,%)—|—T(r,f(k))—N( f(k>+5( f).

Again by Nevanlinna’s second fundamental theorem we obtain from
Equality (1) that

T(r ") < N(f") i ( k>_b>

(2) N (n ﬁ) LS f).

Therefore from Inequality (1) and Inequality (2) we get that
T(rf) < N(nf®) +N(r—) —qN(r -
qTl (r, f) < (va )+ 73@ —q 7"7@
LI 1 1
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Since N (7’, f(k)) = N(r,f) and N (7", f(k>) qN( %) <0, it
follows from Inequality (3) that

<ZN( k>—b >+N(r,f)+qN (r,%)—FS(T,f).

In view of Nevanlinna’s second fundamental theorem we get from
Inequality (4) that

) 9T (D) < NG )+ 8 (ng) + ZN( e R

Adding Inequality (4) and Inequality (5) it follows that

T ) <8 (r ) 4oy (ng ) +28 )

(6) +ZN( >+ZN( bj>+S(r,f).

Applying Inequality (6) for fi, fo, f3, ..., f and using N(r, f;) =
S(T>f1)7N(T7 f2> = S(T’, f2>7N<r7 f3) = ( f3) ( fn> - (Tv fn>

we get that

P+ {T(r, 1) +T(r f2) + . + T(r, fa)}

< [3(ng) o8 (g) v (i)
¥ (g ) oy (g ) ey ()]

P 1 _ 1 _ 1
+i:1{N(r,fl_az)+N(r,f2_ai)+..+N( fn_az)]
~ 1 _ 1 _ 1
: (T’ e —bj> o (T’ e —bj) Ford (r’ i —bj)]

+S(r, f1) + S(r, f2) + ... + S(r, fn)
i, (p+{T(r, [1)+T(r, fo)+..+T(r, f2)} < [Ni2,...n(r,0) + nNo(r, 0)]

+q [N12,..n(r,0) +nNy(r,0)] Z N12 ,,,,, (7, a; +nN0(r al)]
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+§q: (N (r8) + N (7,05)]

j=1
(7) +[S(r, fi) +S(r, f2) + o+ S, )] -
Now  dividing both  sides of Inequality  (7) by

{I(r, f1) + I(r, fo) + ...+ 1(r, f,)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

_ T(r,f1)+T(r, foa) + ... + T(r, f)

P TG R I o) 4 10 )

<{1—-/015. ,(0)}+n{l— 100(0)}+¢{l— 112, .,(0)}

+gn{l — 1do (0)}+Z{1— ©12,..n (ai)}+nZ{1— 160 (a;) }

—|—i{1— 161,2 ..... n(bj)}—i_ni{l_ Igék) (bj)}

n
T(pr+p2+ ..+ pn)

i.e., (p+q)- <(A4+n4+qg+gn+p+pn+q+qn)

p

— 1012, 5 (0)—n- 100 (0)—¢- 161,2,.., (0)—gn- 1o (0)—2 O12..n(a;)
i1
q

p
—nz 190 (a;) — Z 191,2 ..... ”Z [@
i—1

J=1

i.e.,[ @172 ..... n (O) 1@0 (0) [(51 )2, (O) + qn - [(50 (0) +
+> 0 191,2 ..... n (@) + nyr 1@0 (az)
k
+30 08 L) +n Y, O (b))

+(+q) -

<(1+n)(l+p+2q).
W%+m+m+%)( ) )

Hence the theorem is proved. [

Remark 3.2. The condition 'a; and b; be two sets of distinct finite
non-zero complex numbers in Theorem 3.2 is necessary as we see by
considering n = 2, fi = expz, fi =exp(—2),p=q =1, a1 =
0,00 and by = 0,00. Then we get that Ny (r,0) = 0, N1 (r,0) = 0,
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Nﬁ'ﬁj (r,00) = 0, No(r,0) = 0, No(r,0) = 0, N§2(r, o) = 0 and
plngzl.SO,]< fl)_TQ%OCLTLdI(T,fg) T

1©12,..,(0) = 109 (0) = 1012,.,(0)= 1 (0) =1,

Z 1©12,..n(a) = 10(a1);5,= 1012(0) = 1©12(c0) =1,
=1
P
> 160 (a;) = 10y (a1) = 1605(0) = ;O (o0) =1,
=1
d 2 k k k
1003 (b)) = 1003 (b1) = 101 (0) = ;61 (00) = 1
j=1
and
d k k k
O (b)) = 108 (b)) = 1017 (c0) = 10 (00) =1
j=1
Hence
1©12,.2(0)+n-7100(0)+q-1612. ., (0)+
+qn -1 0o (0 )—i—Z 1 O12,.na;)+nd " O (a;)+
(k
+ 5 1O, () + 03 100 (b)) +
+(p+aq) -
(p q) 7T(p1+p2+...+fn) 5
=14+24+14+2+1+2+14+24+—=12+ —
2 T
and

(n+1)(1+p+2q) =12,
which is contrary to Theorem 3.2.

Theorem 3.3. Let fi, fa, ..., fn be n (> 1) entire functions of non-

zero finite order'p; " with each f; fori=1,2,...,n having no zeros in
C . Then

O L) +¢XP ., 161, <az>+zq11@12 ..... o (b)) + 11 057(0)

pan
+qn Y7y rdo () +nd i, 0" (by)+7r<pl+p2+...—|—p)
<(1+n)(1+pg+q),

where 'a; (i = 1,2,...,p) and 'V} (j = 1,2,...,q) be any two sets of dis-
tinct ﬁmte non-zero complexr numbers and k is any positive integer.
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Proof. Let us consider

3
=
3
/‘\
V‘S
—_
~__
AN
3
=
3
_|._
Q
=

p
Adding SN ( r,

) to both sides of Inequality (8) we can obtain
i=1
that

*h

—a;

i.e.,

(9)  pqT (r, f) < 4T (r, f® +qZN( )+5(T,f)-

_ Again by Nevanlinna’s second fundamental theorem and in view of
N (r, f®) =N (r, f), we get from Inequality (9) that

N(r,f)+N (r, %)

(10) 2:: ( bj) +5(r f).

qT (r, fV)

IN
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Now from Inequality (9) and (10) we obtain from Inequality (10)
that

_ _ 1 - 1
pqT (r, f) < N(T,f)+N<T,W>+q;N(T,f_ai>
(11) +> N <r, f(k);_b) +S(r,f).

Now applying Inequality (11) for fi, fa, f3, ..., fn We get that
pQ{T(Tv fl) + T(Tv f2) +.. T(Ta fn)}

< |5 () 5 (i) e ()
R e G e )

+
q
_ 1 _ 1 _ 1
Z {N (r, i ) +N (r, i ) +..+N <r, - )}
—1 Ji7 =0 [ —=bj n —b;

S(r,f1)+S(r, foa) + ...+ S(r, fr)

— {Nl(g) ..... L (r0)+n- N (r,0 }+qZ{N12Mn (rya;) +mn- No(r,a;)}

3 by e NP 0))

.....

(12) +{S(r, fi)+S(r fa)+ ...+ 5(r f)}.

Now  dividing both  sides of Inequality (12) by
{I(r, fr) +1(r, fo) + ...+ 1(r, fn)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

bgn ) nd1— e®
Wm+m+mﬂm§{1IQ2 ..... L0} +n{1-r60" 0}
+q > 0 {1 —r012,.m (@)} +aqnd 7 {1 =1 do (a:)}

+Z?:1 { I @12 ..... (b )} +"2j:1 { I @ok) (bj)}
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i-e-aI@fQ ,,,,, +QZ 012, (ai "’Z 1912 ,,,,, +nl@ ()

+ 0o (a;) + 0y (by) + o
anI()(a) nZI 0 (J) w(p1+ p2+ ...+ pn)

<l+n+pg+pm+q+qn=(1+n)(1+q+pq).
Hence the theorem is established. O

Remark 3.3. The condition 'a; and b; be any two sets of distinct
finite non-zero complex numbers' in Theorem 3.3 is essential which is
evident by taking n = 2, fi = exp(2z), f1 = exp(—22),p=q =1,

a; = 0,00 and by = 0, 00. Then we see that Ny o (r,0) =0, N (r,0) =
0, N3 (r,0) = 0, No(r,0) = 0, Ny (r,0) = 0, N3 (r,00) = 0,

b= pn =L T f)) = I (ruexp(25) = 22 £ 0 and I (r.fo)
I (r,exp(—22)) = 2r* # 0. Therefore

0% 0= 60 =1,

Z 0120 (ai) = 1012 (0) = 1012 (OO) =1,
=1
- (k) (k) (k)
Z 915, (bj) = 191,2 (0) = 1074 (00) =1,
j=1
p
Z 100 (az‘) = 10 (0) = 150( ) =1
=1
and .
>0 () = 1667 (0) = 16" (00) =1
j=1
Thus
k - ! k k
1003, 0+ > 1dia nla)+ Y 1083 (b)) +n1 00 (0)
i=1 j=1
+qnz 16 ai)+nz @k) pgn

2 1
=14+14+14+24+2+24+—=9+ —
21 ™
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and
(I+n)(1+q+pg) =9,
which contradicts Theorem 3.35.

Theorem 3.4. Let fi, fa, ..., fn be n (> 1) entire functions of non-
zero finite order 'p; ' with each f; for i = 1,2,...,n having no zeros
in C. Also let a; (i =1,2,...,p) and b; (j = 1,2, ..,q) be the finite non-
zero distinct complex numbers. Then

p
I@l 2. 2 (0)+1012 2 (0)+q1012,..,(0)+(1+q) Z 012, (a;)

i=1

+2Z 101 (071104 (0)+1:100 (0)+qn-160 (0)+n (1 + ) > 180 (ai)

i=1

(p+q+pg)n
+2 Oy (b;) + <(14+n)2+p+3q+pq).
n§_ 100 (b)) 7T(p1+p2+.-.+pn)_( n)(2+p+3q+pq)

Proof. Adding Inequality (3) and Inequality (11) we obtain that

(p+q+pq)T(r, f) <3N (r, f)+N <h%>+ﬁ (r, %)Jqu (r, %)

—i—(l—i—Q)Zp:N(r, _a)+2ZN( k)_b)+8(r,f)'

Now applying Inequality (13) for fi, fo, fs, ..., fn We get that
(p+a+p){T(r, fr) +T(r, fo) + .. + T(r, fu) }

{< fl’”) ( f’“>+ +N< %>}
%N(né){%-ww) ¥ () e (7))
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Now  dividing  both  sides of Inequality (14) by
{I(r, f1) + I(r, fo) + ...+ 1(r, f)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

(p+q+pg)n (k) (k)

7 (p1 + P2 + ...+ pn) S {1 B 191’2"”’n (O)} tn {1 B I@O (0)}
+{1— 012, (0)}+n{l— 10(0)}
+q {1 — 1012 2 (0)} +qn{l— 10 (0)}

(1 +q) 2 {1 = 1019m (@)} +n(1+q) 227 {1 — 1do (a:)}

a
w230 {1 00 L)+l {1 el o)}

77777

i, O3 L (0)+ 1007 (0)+q- 16150 (0)

+ (14 q) S0 101 (@) +2 X0 08 L (b))
+n - 1067 (0) +n - 160(0) +gqn - Iéo( <o>+n<1)+q> >0y 100 (a:)
p+q+pgn
+2n S 0, (b)) +
Z]—l I 0( ]) W(P1+P2++pn)
<l4+n+l+n+qg+egn+1+q¢p+n(l+qp+2¢+2ng
=(14n)(2+p+3q+pq).

This proves the theorem. [

Remark 3.4. The necessity of the condition 'a; and b; be any two
sets of distinct finite non-zero complex numbers in Theorem 3.4 can
be verified by considering n = 2, fi = exp (2%), fo = exp(—2?), p =
g =1, a = 0,00 and by = 0,00. Then we get that Nyo(r,0) =
0, N1a (r,0) = 0, N\ (r,00) = 0, Ny(r,0) = 0, Ny (r,0) = 0 and

—(k

N (r,00) = 0. 80, T(r, f1) = Z2-04 (1) £ 0, I (r, fo) = 221y (1) #0,
where I, (z) is the Modified Bessel Function of the first kind such that

I, (z) = % [T e7? . cosnfdf and p; = ps = 2. Now

1019, (0) = 16§ (0) = 13150 (0) = 1O (0) = 1€ (0) = 10 (0) =1,

.....

p

Z 151,2 ..... n (ai) = 151,2( )Z 1512(00) =1,
i=1

: k k k
> 00 ) = 013(0) = ;619 (c0) =1,
j=1

p

Z 100 (a;) = 100 (0) = 100 (00) =1

i=1
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and
q
Z ]60 (b) = [@0 (0) = ]@0 (OO) =1
j=1
Hence,
P
1019 L (0)+ 1607 (0) + ¢ 1 01 (0) + (1+0) Y 1012, (a2)
=1

(p+q+pg)n
+n (1 —|—q); 160 (as) +2n; 190 (b)) + 7 (pr+ p2+ o + pu)

6
:1—|—1+1+2+2+2+2+2+4+4:21+2—
s

and
(1+n)(2+p+3q+pq) =21

So, we arrive at a contradiction.

Theorem 3.5. Let fi, fa, ..., fn be n (> 1) entire functions of non-
zero finite order 'p; ' with each f; having no zeros in C such that

N <r, fi> =S (r, fi) fori=1,2,...,n then for any two finite non-zero
distinct complex numbers a, b,
1015, (@) + 1015, (0) +n- 10 (a) +n- 167 (b)
n
_I_
T(p1 4 p2+ ..+ pn)

Proof. In view of Lemma 2.1, we obtain for any entire function f that

1 k) 1
m(“f) Sm(ﬁ?) *m(w)

(15) :T(r,%)—N<r,%>+S(r, ).

<2(1+n).
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Now using the relation T'(r, f) =T (T, %) + O (1) and Nevanlinna’s
second fundamental theorem, we get from Inequality (15) that

R
N <r,%>+5(nf)él\f(n ) ( ) S(r, f)
ie,T(r,f) < N (7“ k)—a) ( k)_b>

N

(16) + <r, %) +S(rf).

Now applying Inequality (16) for fi, fa, f3, ..., fn We get that
{T(Ta fl) + T(’f’, f?) +..+ T(Ta fn)}

_ 1 _ 1 — 1
< {N (r, —fl(k) —a) + N (7‘, —fék) —a) +...+N <T, fT(Lk) —a)}

_ 1 _ 1 — 1
+{N (r, —fl(k)—b> +N<7", —fék)—b) 4+ ...+ N (r, fr(zk)—b>}
1
() e (g) e (o))

(17) +{S(r, f1)+ S(r, fo) + ... + S(r, fu) } .

2 !

2|

Now N <r, %) =S (r, f;) for i =1,2,...,n, we obtain from Inequal-
ity (17) that

(T 1) + T o)+ o+ TG f)} < AN @)+ NO (@)}

77777

+{ N 0) 0 NP @)} 4+ {S(r, 1) + S(r, ) + o+ SO, f)}

Now  dividing both  sides of Inequality (17) by
{I(r, 1)+ I(r, fo) + ...+ I(r, f)} and taking limit superior we
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get in view of Lemma 2.5 and Lemma 2.7 that

n k) (k)
< {1- ,6! d1—- .0
7T<101+,02++pn) - { I 1,2,.., n(a)}_'_n { I'Yo (a>}

-----

n

+ <
T (p1 4 p2+ .o+ pn)
Hence the theorem is established. O

Remark 3.5. The condition 'a and b are two finite non-zero distinct
complex numbers in Theorem 3.5 is necessary as we see by taking n =
2, f1 =expz, fo =exp(—2),a= 0,00 and b = 0,00. Then we get that
L fi) = I(rexpz) = 12 £ 0, I(r, f2) = I (r,exp(—2)) = 12 £ 0
and p1 = po = 1. Thus,

k k k
O L@ = 080 = 0% =1,
O ) = 010 = 0 (x) =1,
0% (a) 0 (0)= 0" (c0) =1 and
O 1) = 05 0)= 0§ () =1
Hence,
O @+ 0 ) +n- 0 ()
+n - @(k) b) + "
190" (0) T (p1 4 p2+ ..+ pn)
1 1
= 14142424+ —-=6+—
v i
and

2(1+n) =6,
which is contrary to Theorem 3.5.

Theorem 3.6. Let f1, fa, ..., fn be n (> 1) entire functions of non-
zero finite order 'p; ' with each f; for i = 1,2,...,n having no zeros
in C. Also let ay,as, ...,a7 be distinct elements of S (f,) for n(>2).
Then

7

7
Z 012, .n (%)+”Z 100 (a;)+

j=1 j=1

™m
31 (pr+p2+ ..+ pn)

<7(1+n).
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Proof. For any three distinct integers s,t and u such that 1 < s,¢,u <
7, we obtain in view of Lemma 2.2 that

{1+o(W}T(r, /)

<]\7<7",—f_1as> +N(r’f—1at> +N(r,f_1%> + S(r, f).

When we choose three elements from aq, as, ... and a7 then there are
7Cy different combinations. Therefore we obtain that

"C5(1+0(1)T 6OQZN( ) +S(r, f)

N 1
ie,35(1+o(1) T (r, f) < 15ZN <7~, f_a,> +S(r, f)

(18) i.e.,%(l%—o(l))T(r,f) < ZN <r, f—laj> +S(r, f).

Applying Inequality (18) for fi, fo, f3, ..., fn Wwe get from Inequality
(18) that

(g + o<1>> {T(r, f1) +T(r, f2) + .+ T(r, fa)}

<Z7:{ ( flia]>+N(r’f2%aj>+.“+N<T7f7+@j)}

J=1

+ [S(r, f1) +S(r, f2) + ... + S(r, fn)]

ie., (g + 0(1)) {T(r, f1) +T(r, f2) + ... + T(r, fn)}

< Z {NLQ ..... n(rya;) + nNy (r, aj)}
(19) +[S(r, f1) + S(r, fo) + ... + S(r, )] -

On  dividing  both  sides of  Inequality (19) by
{I(r, 1)+ I(r, fo) + ...+ I(r, f,)} and taking limit superior we
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get in view of Lemma 2.5 and Lemma 2.7 that

7 n
3 7r(p1+p2+ .+ pn

) <Z{1—[@12 aj)}+nZ{1_I@0<aj>}

7j=1

7 n 7 7

i.e.,—- <7-— 0120 (a;) + T —n 190 (a;)
3 m(pr+p2t.tpn) ;1:1 ’ ; ’
7

i.e.,z 1012, (a; +nz 1690 (a;)+ m <7(1+n).
— et 3m(pr+ p2+ ... + pn)

This proves the theorem. 0

Theorem 3.7. If fi, fo, ..., fu be n (> 1) entire functions of non-
zero finite order'p; " with each f; fori=1,2,...,n having no zeros in
C then for any complex number a # 0,00 and for any non-negative
integer k,

18 (00) 4+ 1O1a. n(0)+ 1O10 n(a)+n- 165 (00)+n- 10 (0)

n
n- 160 (a)+
190 (a) T(p1+p2+ .+ pn)

Proof. For any entire function f, the following inequality is well known

(cf. p-43,19])
_ _ 1 - 1
T(T,f) SN(Tyf)‘FN(ﬁ}) +N<T7E> +S(T7f)
For all non-negative integers k we get from the above inequality

T(T,f)SkN(r,f)%—N(r,f)—i—N(?",%)+J\_f( )+S(rf)

<3(1+n).

1
T —
| on o (1) L . 1
(20) Z.@.,T(T,f)SN(nf )+N T7? +N T,m +S(r, f).
Now applying Inequality (20) for fi, f2, f3, ..., fn it follows that

{T(r, f)+T(r, f2) + .. +T(r, fn)}

< AN AO) + N () 44 N (1) )
A (g) v leg) e (o))
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—I—{N <T,ﬁ) —i—N(r, f21—a> +...+N<r,f 1—a> —i—}
FLS( ) + S0 f2) o+ SO LY
ioe {T(r, )T (r, fo) bt T, f)} < {fog (o0) +n- NP (oo)}

-----

+ {NLQ ..... n (O) +n- ]\70 (0)} + {NLQ ..... n (CL) +n- N(] (a)}

(21) +{S(r f1) +S(r f2) + ..+ S(r fu)}-
On  dividing  both  sides of Inequality (21) by

{I(r, f1)+I(r,foa)+...+1(r, f)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

i ) <{ —1512 ..... (oo)}+{1—15(()k)(00)}

T(p1+p2t .. +pn
+{1—1912 ..... n(0)} +n{l—160(0)}
+{1 =rO12..n(a)} +{1 -1 60 (a)}

26,15127“%( )+[@12 (0)+[@12 ()+n~150 (OO)+TZ1@0<O)
<3+3n

.....

+n 7 0g(a) +

,,,,,

m(p1+p2+ .+ pn)
(0)+ [@12 ( )—Hl- [5(()k) (OO)—H’L [@0 (0)

n <3(14n).
7 (p1+ pa+ .+ pn)

Thus the theorem is proved. O

,,,,,,,,,

“+n - [@0 (CL) -+

,,,,,

Remark 3.6. The condition 'a # 0,00 in Theorem 3.7 is essential
which is evident by considering n = 2, fi = exp (22), fo = exp(—22)
and a = 0,00. Then we see that I (r, fi) = I (r,exp (2z)) = 2r* # 0,
I(r, f3) =1I(r,exp(—22)) =2r? #0 and p; = py = 1. Hence

1009 (00) = 109 (00) =1, 1012, (0) = 1012(0) =1,
15(()k)( )—1, 1912 n( )— 1912( )Z 1912(00)21

()

Therefore,
P61 0%9 0 (00)+ 1019, n (0)+ 1O19, n (a)+n- 185 (00)+n- 10 (0)
1
19 (a) + n =14+1+1+24+24+2=9+—.
T (p1+ p2 4 .+ pn) ™

and
3(1+n) =9,
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which is contrary to Theorem 3.7.

Theorem 3.8. Let f1, fa, ..., fn be n (> 1) entire functions of non-
zero finite order 'p; " with each f; for i =1,2,...,n having no zeros in

C. Also let N(Tv fi) = S(r, f1), N(r, fa) = S(r, f2), ... and N(r, fn) =
S(r, fn) then for every positive integer k,

( )+ 1019, n(a) +n- 1057 (a)

- <2(1+n),

-----

W(Pl +p2+ oo+ pn)
where 'a’ is any finite non-zero complex number.

Proof. From the identity
1 1 { ) fo) —q  fO }
= — ,

f=a alf-a O f-a
where 0 < k < [ and by Milloux’s theorem {p. 55, [9]}, we get that

(k) _
(23) m (r, ﬁ) <m (r, %) +S(rf).

Now by Nevanlinna’s first fundamental theorem it follows from In-
equality (23) that

m (7“ ) ( S - a) N (r, —f(];(; a) +S(r, f)
0 (k) _
i.e.,m< fi ) T( f(]; )—N(r,—ff(l) a>+5(r,f)

' 1 f(l)
ie,m (T, 7o a) < N (T, m)

(24) —N(nﬂ%}3)+5<f>

Now in view of {p.34, [9]} and as N ( %) > 0, we obtain from
Inequality (24) that

1
m(“f—a)
l

IN
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ie., T (r, ﬁ)

< {N(r,f)—i—n-N(r,f)}—i—N(r,ﬁ) —i—N(r,fia)
—{N(r /) +k-N@ )} +5(r,f)

e, T(r,f)<(n—k)N(r,f)+ N (7% ﬁ)

(25) AN (7", ﬁ) LS f).

Applying Inequality (25) for fi, fa, ..., fn it follows from Inequality
(25) that

T(T‘, fl) + T(Ta f2) +.F T(T7 fn)

S=E){N(r )+ N o)+ + N fa)}

1 1 1
+ {N (T, —fl(k) —a) + N (7’, —f2(k) —a) + ..+ N (T, _f’r(l,k) —a)}
1 1 1
+{N(r,—f1_a) +N<r,f2_a) +...+N(r,fn_a)}

+{S(r, f1) + S(r, fa) + ... + S(r, fn)}

ie, T(r, f1)+T(r, fo) + ...+ T(r, )
<(n—k){N (@ L)+ N fo)+..+N(r fo)}

AN @) 0 N (0 |+ (Vi (i) + - No (1))

(26) HS(r, f1) +50, f2) + .+ S(r, f)}-

_AS N(Tafl) = S(T7f1)7 N(vaQ) = S(T7f2)7 ... and
N(r, fn) = S(r, fn), dividing both sides of Inequality (26) by
{I(r, f1)+I(r, fo) +---+ I(r, f,)} and taking limit superior we get
in view of Lemma 2.5 and Lemma 2.7 that

n B (NN G SR (O
oo S Uri@p e {100 @)
{1 =1 d1200(@)} + {1 =1 Sofa))
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( )+[512 ..... ( )—l—n-Ié(()k)(a)—i—n-Iéo(a)

,,,,,,

<2+42n
T(p1 4 p2+ ..+ pn)

iey 10V (@) + 1810 a(a) + 1 1057(a) + 1+ 180(a)
n

T(p1+pa+ .+ pn)
This proves the theorem. ([l

<2(1+n).

Remark 3.7. The condition’a be a finite non-zero complex number’ in
Theorem 3.8 is necessary as we see by taking n = 2, f1 = exp( 5 fo

=exp(— 2)andazOoo Then we see that I (r, f1) = Iy (1) #0,

I(r, fo) = Iy (1) # 0, where I, (2) is the Modified Bessel Function
of the first kmd such that I, (z) = 71r Oﬂ €70 . cosnfdl and py = ps =
2. Hence,

155{62)(0) = 1(5?{“‘2)(00) = 1012(0) = 1012(00) and
1562(0) = 1057(00) = 160(0) = 1dp(00) = 1.

,,,,,,

T (p1+p2+ ...+ pn)

1
=14+14242=6+ —
27

and
2(1+n)=6.
So, we arrive at a contradiction.

Theorem 3.9. Let fi, fo, ..., fn be n (> 1) entire functions of non-
zero finite order’p; " with each f; fori=1,2,...,n having no zeros in C

such that > 0 (a; fi) =0(00; f1) =1, Y. §(a; fo) =8 (005 f2) = 1,...

oo a#oo

and >0 (a; fn) = d(oo; fn) = 1. Also let a be a finite complex

a#oo
number and b, c be two distinct non zero complex numbers. Then

10, (@) + 10V (0)+ 1019 .(c)+n- d(a) +n- 10 (b)
n

+n - oW (e +
197(c) T(p1+p2+ ..+ pn)

<3(n+1).
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Proof. Since

1 fo 1
f=a f—a f®
by Milloux’s theorem {p.55, [9]} , we obtain that
1 1
(27) m T,m <m T’W +S<T’,f)

Applying Nevanlinna’s first fundamental theorem we get from In-
equality (27) that

(28) m(r,fia> <T (r, f®) —N(r, %) LS f).

Now by Nevanlinna’s second fundamental theorem and Lemma 2.1,
it follows from Inequality (28) that

<f ;)
S ew) s (f =) ¥ (=)
A

Since N( f(k)> N( +> < 0, we obtain from Inequality (29)
that

m(r,fia) gN(hﬁ)—i-N(r,f(%_c) + S (r, f)

. 1 - 1
1.e.,T(r,f)§N< >+N( f(k)—b>

Now applying Inequality (30) for fi, fo,..., f it follows from In-
equality (30) that

(30)

_|_
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T(?“, fl) + T<7a7 f2) + ..+ T(?“, fn)

{N(T,f L a)+N(T,f L a)—i—...—l—N(r,f L a>}
1— 2 — n =
_ 1 _ 1 — 1
+ {N <r, —fl(k) —b> + N (7‘, —Q(k) —b) + ..+ N (7", fr(zk) —b)}
_ 1 _ 1 — 1
{N <r, —fl(k) —c) + N (r, —fQ(k) —c) 4+ ..+ N (r, ,Sk) _C>}

+{S(r, f1) + S(r, fo) + ...+ S(r, fn)}

i.e., T(?", fl) + T(T, f2) + ...+ T(T, fn)
n(rya) +n-Ny(r,a)} + {Nl(kg)n (r,b) +n - Nék) (r, b)}

,,,,,,

+{N8 040 NP (o)}

(31) +{S(r, f1) + S(r, fo) + ... + S(r, fn)}-

Dividing both sides of Inequality (31) by
{I(r, f1) +1(r, fo) + ...+ I(r, f,)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

w(p1+p2+ .-+ pn) <{l— 1012..n(@)} +71{1 — 1do(a)}
+{1- el o) +n{1- 00}

+{1— i n(C)}+n{1— 1@6’“)(0)}

i.e.y 1019, n(a)+ 0% (0)+ 10V) () +n- do(a)+n- O (D)
n
T(pr+p2+ .+ pn)

+n- 10 ) + <3n+3

.....

+n- OF®) +n- 0P () + &

T (p1+ p2+ o+ pa)
Thus the theorem is proved. 0]

<3(n+1).
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Theorem 3.10. Let fi, fo, ..., fu be n (> 1) entire functions of non-
zero finite order 'p; ' with each f; having no zeros in C such that

N(r,fi) = S(r, f;) and T (7", fi(k)> ~n'T (r, f;) fori=1,2,....n. Then
for any positive integer k and any finite complex number 'a’

n
5 0) +n 16(0) + <n+1,
101.2,..1(0) 47 100(0) nw(ﬂ1+ﬂ2+...+ﬂn)_n

wheren > 2 and n' > 1.

Proof. Let b # a be a finite complex number. Since

a—=b  f fB—b B g
f(’“>—a_f(’“)—a{ f }

we obtain in view of Milloux’s theorem (p. 55, [9]) and Nevanlinna’s
first fundamental theorem that

—b
m (r, —fZC) — a) <m (r, _f(k)f_ a.) +S(r, f)
1
i.e., m (T, m) <T <7’, ﬁ) - N (T, ﬁ) +S (T, f)

) 1 flk) —
ie.,m <7’, m) < N (7’, 7 a)

(32) —N(nﬁggz>+swjy

In view of (p. 34, [9]), it follows from Inequality (32) that

mGY ) N (r, f —®+N(;>—Nmﬂ
N(r,f >+S( f)

e, T(r N (r, N
, ( s ) S AN D) RN )
( ) N(r, f)+5(r, f)

(33) mwT&JﬂﬁgkNwJ)+N<n%)+Sij
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Since N(r,f) = S(r,f;) and T (r, f}“) ~ UT(r,f;) for i =
1,2,...,n, applying Inequality (33) for fi, fo, ..., f, it follows that
n'{T(r, f1) +T(r, f2) + ... + T(r, fo)}

{v(rg) o (g) v (o))

+ {S(T’, fl) + S(’f’, f2> + ...+ S(T’, fn)}

Le, n'{T(r, f1)+T(r,fo)+---+T(r, fn)}
777777 n (r,0) +nNy (r,0)}
(34) +{S(r, f1) +S(r, fo) + ...+ S(r, f) }.
Now  dividing  both  sides of Inequality (34) by

{I(r, f1)+I(r,fo)+ ...+ I(r, )} and taking limit superior it
follows in view of Lemma 2.5 and Lemma 2.7 that

/W(Pl+P2++pn) <{1_ 1612 ..... ( )}+7L{1— ]50(0)}

0) + ns60(0) +n' <n+1.
1(0) 190(0) m(p1+p2+ ...t pn) —

This completes the proof of the theorem. [l

i.e.,[ 5172

.....

Theorem 3.11. Let fi, fa, ..., fn be n (> 1) entire functions of non-
zero finite order'p; ' with each f; fori=1,2,...,n having no zeros in

C such that N(r, f1) = S(r, f1), N(r, fo) = S(r, f2), ... , N(r, f,)) =

S(r, fn) and’'a’ be a non zero finite complex number. Then

1(512 ,,,,, a(a)+ 19 (O)jl_n 16((Jk)(a)
- 100(0) +

T (p1+ p2+ ...+ pn)
<2(n+1).

Proof. Considering the identity
a fR B g fltD)

Foor
we get in view of Milloux’s theorem {p. 55, [9]} and Nevanlinna’s first
fundamental theorem that

(k) _
m (T,%) Sm(r,ff(k—ﬂ)a) + S (r, f)
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' 1 f) — o f® — o
l.e., m (T, }) S T (T, W — N T, W + S (’f‘, f)
) 1 flHD fB) — o
l-e-,m(r,?)ST(r,f(k)—_a - N T,W +S(r, f)

(k+1) (k) _
9 oo (r ) < (A ) v () v

Now in view of [9, p. 34] and as N (7“7 ﬁ) > 0, it follows from
Inequality (35) that

m <7”, %) <N (r, f*) + N (r, f(k)%a) — N (r, ¥ —a)
_N( f(k1+1>+5( 1
i.e. m( J10><N( f(k)l_a>+N(r,fk+1) ( f ) ( f)

e (r) <N (ngges ) 4 N D + 56D

(36) ie., T(r,f) <N (7’, f(k)%o) +N <7‘, %) +N(r, f)+5(r, f).
Applying Inequality (36) for fi, fo, ..., f, we obtain that
T(r, f1)+T(r, fo) + ... + T(r, fn)
{ 1( 77777 (r,a) + nN(k) (, oz)} +{N12..n (1,0) + nNy (r,0) }
{ (T fl +N ’I“f2) +N(T7fn)}
(37) +{S(T7f1)+8(’f’,f2)++S(T,fn)}
As N(r, f;) = S(r, fi) for i = 1,2,...,n, dividing both sides of In-
equality (37) by {I(r, f1) + I(r, fo) +---+ I(r, fn)} and taking limit

superior we get in view of Lemma 2.5 and Lemma 2.7 that
n k)
< d1-;0) 1— 10,
o S {1=r_ @} +n{1- 1)}
+{1— 1612,.2(0)} +n{1 — 10(0)}
2n(0) 1 16 (@) + - 10(0)
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n
+
T(p1+p2+ ...+ pn)

Thus the theorem is established. O

(38) <2(n+1).

Remark 3.8. The condition’a be a non zero finite complex number’ in
Theorem 3.11 is essential which is evident by takingn = 2, f; = exp z,
fo = exp(—z) and o« = 0,00. Then we see that I (r, f1) = I (r, f1) =
r?2 %40 and p; = ps = 1. So,

015,.a(0) = 1013(0) =1 03(00) = 1 112..0(0) = 1812(0) = 1,

186 (@) = 1667(0) = 165" (00) = 1 and 166(0) = 1.

1013,..n(0) + 1012.0(0) £ 1 167 (@)
+n - 160(0) +

7 (p1 Tt +1pn)
=14+14+242+—-—=6+ —.
T T
and
2(n+1) =6,
which contradicts Theorem 3.11.

Theorem 3.12. Let fi, fa, ..., fn be n (> 1) entire functions of non-
zero finite order'p; ' with each f; fori=1,2,...,n having no zeros in
C such that a1, ay, ..., a5 be distinct elements of S (f,) forn > 2. Then

w

-----

j=1
3
+ZZ [@o(aj) + 3n [@0((14) + 3n [@()((15)
=1
! 3an
+
T(p1+p2+ .+ pa)
Proof. In view of Lemma 2.2, we get for j = 1,2, 3 that

(I +oM)T(r, f)

. 1 . 1 _ 1
<N <T,Taj> + N (T,m) + N (T,m) —|—S(T,f)

<9(n+1).
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Adding these inequalities for j = 1,2, 3, we obtain that

B+o@)T(r,[)
<§§VGF%E)+MV(fEM>

(39) + 3N (r, 7 _1 a5> + S(r, f).

Applying Inequality (39) for fi, fo, ..., f, we get that

B+o(W{T(r, f1) +T(r, f2) +-- -+ T(r, [n)}

<23:{ ( fl_a])+N<T’f2iaj)+M+N(T’fniaj>}

g=1

_ 1 _ 1 = 1
+3{N<r,f1_a4>+N(T,f2_a4>+...—|—N(r,fn_a4>}
_ 1 _ 1 — 1
+3{N(7“, )+N(r,f2_a5>+...+N(r,fn_a5)}

fl—a5

+{S(r, f1) + S(r, f2) + ... + S(r, fu)}

ie., B+o(N{T(r, fr) +T(r, fo) + ... + T(r, )}

< Z {ng w (rya;) +nlNo (1, a; } +3 {N12 ,,,,, n (7, a4) + nNg (r, a4)}
=1

+3{Nia..n(r,as) +nNoy (r,as)}

(40) S0 1) + 50, f2) + .+ S(r o)}

On  dividing  both  sides of  Inequality  (40) by

{I(r, fr) +I(r, fo) + ...+ I(r, fn)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

5 < z{l— 1012.n(a;)} + nzu— 100(a;)}

T(p1+p2at . tpn) S
+3{1 — 1O12,. nlas)} +3n{l— ]@0((14)}

+3 {1 — ]@1,2 ..... ((l5)} —+ 3%{1 — ]@0(&5)}
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3n 3 3

<3- O19...n(a;)+3n — On(a.

7r(p1 + p2 + ... ‘|‘pn) o j; I’™~1,2,.-, (a]) n nj;l I O(CLJ)
+3{1 — O12. (as)} +3n{l— Op(as)}

‘|‘3{1— [@12 77777 l(a5)}+3n{1— [@0(&5)}

ie.,

le. Z 1012..0(a;) +3 1012..n(as) +3 1O12. n(as)

Jj=
+lz [@O(Clj) + 3n ]@0(&4) + 3n [@0((15)
j=1
3n

T (p1 4 p2+ ..+ pn)
This proves the theorem. 0]

<9(n+1).

Theorem 3.13. Let fi, fo, ..., fu be n (> 1) entire functions of non-
zero finite order 'p; ' with each f; for i = 1,2,...,n having no zeros
in C such that 0 (0, f;) = 6 (00, fi) = 1 fort = 1,2,...,n. Also let
a; (i =1,2,...,p) be finite, distinct, non-zero complex numbers. Then

» p
E o) . (a)+n 0y (a;)+ - spt+l).
2 1912, (ai) ZI o (ai) T(p1+p2+...+pn) — ( )

Proof. In view of the Equality (1), Inequality (2) and N (7", f(k)) =
N (r, f), we obtain by replacing ¢ by p for all integers p > 1 that

pT (r, f) < pN (r,%)—i—ﬁ(r,f)—l—ﬁ( )+ZN( _&i)

—pN (7", %) +S(r f).

(41) o pT(r, f) <ZN( fk);_)—i—S(r,f).

Applying Inequality (41) for fi, fa, ..., fn We obtain that
p{T(T7 fl) + T(Tv f2) +...+ T(Ta fn)}

P
_ 1 — 1 — 1
g§ N|lr,~—~——|+N|r,———|+.+N[r,———
{ ( ff’“—az) ( fé’“—az-) ( fé’“—ai)}

+{S(T, f1> + S(T, fg) —+ ...+ S(T, fn)}
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Z.'e-?pl{JT(ra fl) + T(Ta f2) +...t+ T(’l“, fn)}
< Y AN (0 + 0N (r.00)}

(42) +{S(r, f1) + S(r, f2) + ... +S(r, fu) }.

On  dividing  both  sides of  Inequality (42) by
{I(r, f1) + I(r, fo) + ...+ 1(r, f)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

w+él-mn§th”a2 ----- %%%Z{_ ()]

=1

n

p p
k k
<p->_ 18] . (a)+np—n 10 (a;)

1.€., -
~ oM ~ o pn
i.e., C) nlai)+n O, (a;)+ <pn+1).
D Oz @) n ) 10 (@)t e P <pn )
This completes the proof of the theorem. O

Remark 3.9. The condition 'a; be finite, distinct, non-zero complex
numbers in Theorem 3.13 is essential which is evident by considering
n=2 fi=exp(22), fo =exp(—22), p=1 and a; = 0,00. Then we
see that I (r, f1) = I (r, fo) =2r* #0 and py = po = 1. Thus,

p

k k k k
> 101 L (a) = 1015 (a1) = 161 (0) = ;61 (00) =1
=1
and
p
3 00 (@) = O (ar) = 08 (0) = 1O (00) = 1
=1
So,
. (k)
2 08 9..m (@) +n Zl 9 (a;)
. - 1 1
L — 1424 —=34—
T(pr+p2+ ...+ pn) 7T T
and
p(n+1)=3,

which contradicts Theorem 3.135.
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Theorem 3.14. If fi, fo, ..., fn are n (> 1) entire functions of non-
zero finite order'p; ' with each f; for i =1,2,....n has no zeros in C
then for any mon zero finite complex number 'a/,

n (00) +10) (@) 41 812.n(0) + 1 1O (00)

,,,,,,

+n - IGék) (a) +n- 109(0) + n

T(p1+ p2+ ... + pn)
Proof. Let us consider the following identity
o f® fE g pler)

foor ey
In view of Lemma 2.1 and the relation 7' (r, f) =T <7“, %) +0(1),
we get that

(k) _
m(r,%) Sm(r,%) +S(r, f)

oo (n7) <7 () - (n )+ s10)
(43)

(k+1) (k) _

Adding N <r, %) to both sides of Inequality (43) and in view of [9,
p. 34], we obtain from Inequality (43) that

T (r, f) < {N (r, f(k“)) — N (r, f(k))}

1 1 1
A Cga) ¥ () v (ng) estes

(44) i, T(r, f) <N (r, f)+N <r, ﬁ) +N (r, %) +S(r, f).

Applying Inequality (44) for fi, fa, ..., fn we obtain that
{T(r, L) +T(r, fo)+ ...+ T(r, fn)}
< {N(r, fi)+ N (r,fo) +...+N(r, fn)}

_ 1 — 1 — 1
+ {N (r, —fl(k) —a) + N (?”, —fg(k) —a) + ..+ N (r, fék) —a)}

<3(1+n).
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() v (eg) v (ng)]

+{S(r, 1)+ S(r, fo) + ... + S(r, fn)}
i.e {T(r, f1)+T(r, fo) + .. —I—T(r )} < {N12 ,,,,, n (00) +nNg (oo)}
n (0) +nNo (0)}

......

(45> +{S(T,f1>+5(7’,f2>—|—.,.—|—S(T,fn)}.

On  dividing  both  sides of  Inequality (45) by
{I(r, f1) + I(r, fo) + ...+ 1(r, f,)} and taking limit superior we
get in view of Lemma 2.5 and Lemma 2.7 that

" < {1— [@172 77777 n(oo)}—i—n{l— ]@O(OO)}

T(p1+p2at .t pn) T
+{1- 0 . (@}

+{1= 100 (@} + {1 = 120 (O} +0{1= 100 (0)}
i.@.,[ @172 77777 n (OO) “+7 @glg ’’’’’ n ((l) —+7 (5172,...771(0) +n- [@0 (OO)
+n - ]@(()k) (CL) +n- ]50(0) + n

T(pr+ p2+ -+ pu)
This proves the theorem. O

.....

<3(1+n).

Remark 3.10. The condition 'a is any non-zero finite complex

number’ in Theorem 8.14 is essential which is evident by taking

n = 2, f1 = exp (22), y» = exp(—2?) and a = 0,oo. Then we get

that 1(r, f1) = 2 - Iy(1) # 0, I(r,fo) = 2 Iy(1) # 0, where
1S

I,(2) the Modzﬁed Bessel Function of the ﬁrst kind such that
I, (z) = L [T e#®0 . cosnfdd and p = 2. Therefore,

1012 (00) = 015 (0) = 10 (00) = 1012(0) = 1d19(c0) =1
and

100 (00) = O (0) = ;60(0) = 1.

1012, .n(00) + 1@§k2) n(a)+ 1012, 0(0)+n- 1O (c0)

-----

+n- 0 (@) +n- 16,(0) +
n 187 (a) 4 s00(0) T(p1+p2+ ...+ pn)
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1 1
=14+14+14+2424+2+—=9—
2T 2

and
3(1+mn) =09,
which is contrary to Theorem 3.14.
Theorem 3.15. Let fi, fo, ..., fn be n (> 1) entire functions of non-
zero finite order’p; " with each f; fori =1,2,...,n having no zeros in C

with N<T7f1) = S<r7f1)? N(T, f2> = S(TJ f2>7 ) N<T7 fn) = S(Tu fn)
and 'a’ be a non zero finite complex number. Then for any positive
integer k,
012, (0) + 151,%..,71 (a) +n o (0)
+n 10 (a) + <2(n+1).

T(p1+p2+ ...+ pn)
Proof. Let us consider the following identity
@ _ f—a f®
P
Since m <r, %) =m (T, %) + O (1), we get from the above identity
that

(46) m (r, %) <m (7“, ! f;)“) 180 f).

m (7“, %) <T (r, ff;)a) — N (r,%) +S(r, f)
f() ) (

k _
i.e.,m <r, %) <T (r, a / (k)a) +S(r. f)
)

(47)  d.e.,m <T, %) <N (r, 7o > - N (r, 7

Now in view of {p.34, [9]} and as N (7", %) > 0, it follows from
Inequality (47) that

m (r, %) <N (r, f¥)+N (7“, 7 i a)—N(T,f —a)—N <r, %)_’_S (r, f)
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i.e. m( )<N( )+ kN (r, f)+ <%a>
N(r, f) = N (. f+) S (r, f)

(48) i.e., T (r,f) < kN (r,f)+ N <r,%) + N ( fi ) +S(r, f).
Applying Inequality (48) for fi, fa, ..., fn We obtain that
{T(r, f1)+T(r,fo) + ... +T(r, fn)}

<Ek{N(r, fi)+ N(r f2) + ...+ N(r, fo)}

() ) e (o)

1 1 1
+{{;V<T,m) +N(T,m>+...+N(T,—fn_a>}
+ T, T,

e, {T(r, f1) + T(r, fa) + ... + T(r, fu)}
<Ek{N(r, fi)+ N(r f2) + ...+ N(r fo)}
n (1,0) + 1Ny (r,0)} + {N12,. . (r,a) + nNg (r,a)}

,,,,,,

(49) +{S(r, f1) + S(r, fo) + ... + S(r, fn) }-

In view of N(r, f;) = S(r, f;) fori = 1,2, ..., n, dividing both sides of
Inequality (49) by {I(r, f1) + I(r, fo) + ... + I(r, f»)} and taking limit
superior we get in view of Lemma 2.5 and Lemma 2.7 that

<{l— 10122 (0)} +n{l— 1 (0)}
+{1 =101 n(a)} +n{l —1do(a)}

i.€.,1012..n(0)+ 1912, n(a)+mn 109 (0)+n 15 (a)

[RRS]

.....

n
T(p1+p2+ ...+ pn)

<2(n+1).
T (p1+p2+ ..+ pn)

Thus the theorem is established. O
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Remark 3.11. The condition'a be a finite non-zero complex number’
in Theorem 3.15 is necessary which can be shown by consideringn = 2,
fi=expz, fo =exp(—2) and a = 0,00. Then we see that I (r, f1) =
I(r, fa) =12 #0 and py = py = 1. So,

151,2,...,n(0) = 151,2(0) =1, 151,2,...,n(0l) = 151,2(0) = 151,2(00) =1,
and ;0p(a) = 160(0) = 1.
Hence

10120 (0) + 1612 n(a)+n 109 (0) +n 6 (a)

1 1
+ n —14+142424+==64-
T (p1 4 p2+ .+ pn) ™ ™

and
2(n+1) =6,

which contradicts Theorem 3.15.

4. FUTURE PROSPECT

In the line of the works as carried out in the paper one may think of
finding out relative deficiencies of higher index in case of meromorphic
functions with respect to another one on the basis of sharing of values
of them and this treatment can be done under the flavour of bicomplex
analysis. As a consequence, the derivation of relevant results is still
open to the future workers of this branch.
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