“Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 30 (2020), No. 2, 153 - 164

DUAL JET GEOMETRICAL OBJECTS OF MOMENTA
IN THE TIME-DEPENDENT HAMILTON GEOMETRY

MIRCEA NEAGU, ALEXANDRU OANA

Abstract.The aim of this paper is to obtain on the dual 1-jet space
J™(R, M) the main geometrical objects used in the dual jet geometry
of time-dependent Hamiltonians. We talk about distinguished (d-)
tensors, time-dependent semisprays, nonlinear connections and their
mathematical connections.

1. INTRODUCTION

According to Olver’s opinion [6], we recall that the 1-jet spaces and
their duals are the fundamental ambient mathematical spaces used in
the study of classical and quantum field theories in their Lagrangian
and Hamiltonian approaches (see also [3]). For this reason, the stud-
ies of Miron [4] and Atanasiu ([1], [2]) led to the development of the
Hamilton geometry of cotangent bundles exposed by Miron, Hrim-
iuc, Shimada and Sabau in the monograph [5]. We emphasize that,
via the Legendre duality of the Hamilton spaces with the Lagrange
spaces, the preceding authors have shown in [5] that the theory of
Hamilton spaces has the same symmetry as the Lagrange geometry,
giving thus a geometrical framework for the Hamiltonian theory of
Analytical Mechanics.
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According to this physical and geometrical context, suggested by
the cotangent bundle framework of the Miron et al., this paper is
devoted to exposing a particular case of the time-dependent covariant
Hamilton geometry studied in [3] on dual 1-jet spaces (in the sense
of d-tensors, time-dependent semisprays of momenta and nonlinear
connections), which is a natural dual jet extension of the Hamilton
geometry on the cotangent bundle from [5].

2. THE DUAL 1-JET SPACE

In our geometrical study we start with a smooth real manifold M™ of
dimension n, whose local coordinates are (2°);,_7;. Let us also consider

the dual 1-jet vector bundle (i.e., the time-dependent phase space of
momenta,)

JHYR,M)=R xT*M — R x M,

whose local coordinates are denoted by (¢, 2, p}), where the coordi-
nates p} have the physical meaning of momenta.

The coordinate transformations (¢,z%,pt) «— (¢,2% p}) induced
from R x M on the dual 1-jet space J*(R, M) are given by

t=1(t)
S 8xjd_f 1
pi a~i dtpj?

where dt /dt # 0 and det(93°/0x7) # 0. It follows that, in our dual jet
geometrical approach, we use a “relativistic” time t.

By comparison, in the cotangent Hamiltonian approach from [5], the
authors use the trivial bundle R x T*M — T* M, whose coordinates
are (t,2°, p;). In this context, the changes of coordinates are given by

t=t

7= 7 (29)
. 01

pi = %Pj,

emphasizing the absolute character of the time ¢. In such a context, a
time dependent Hamiltonian is a real valued function H on R x T* M,
which is also called rheonomic, or non-autonomous Hamiltonian. A



DUAL JET GEOMETRICAL OBJECTS OF MOMENTA ... 155

geometrization of these Hamiltonians was realized by Miron, Atanasiu
and their co-workers in the works [1], [2], [4] and [5].

Now, doing a transformation of coordinates (1) on J™(R, M), we
obtain the following results:

Proposition 1. The elements of the local natural basis of vector fields
o o0 0
— == ¢ CXJ*(R,M

transform by the rules

o dio 9Pl o

ot~ dtoi ot opl

o 0% 0 N op; 0
Ori O 0% | O 8~1’
o _odio

ol 0w dtopL

Proposition 2. The elements of the local natural basis of covector
fields

{dt, o', dply C X*(J(R, M)
transform by the rules

at = i
i
 ox
3 o
(3) 7 = 55
opl . Opl . o dt
dpt = Pigi 4 OPi gz At
Pi = 7 T 97 T i P

3. TIME-DEPENDENT SEMISPRAYS OF MOMENTA

As in the book [5], a central role in our dual jet geometrical study
is played by d-tensors.
Definition 3. A geometrical object T = (le((l))((l)) (t,x ,pT)) on the
dual 1-jet space J™(R, M), whose local components change according
to the rules

THOW- _ s di 0x* (Ox* b di 0t (0% dt)
Lj()(D).-. L)) gf 9zp \ 0F7 dt | dt 923 \ Ozl df
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with respect to a transformation of coordinates (1) on J™(R, M), is
called a d-tensor or a distinguished tensor field on J™* (R, M).

Remark 4. The placing between parentheses of certain indices of the
local components le((l))(( ))':' 15 necessary for clearer future contractions.

Example 5. If H : J*(R,M) — R is a Hamiltonian function de-
pending on the momenta p; then the local components

WG _ 1 0°H

161 19,1

M@ 9 dplop!

represent a d-tensor field G = <G21)3)> which s called the vertical

fundamental metrical d-tensor produced by H.

Example 6. The distinguished tensor C = (Cgl))) where C = pi,
1s called the Liouville-Hamalton d-tensor field of momenta on
the dual 1-jet space J™*(R, M).

Example 7. If hy1(t) is a semi-Riemannian metric on R, then the
geometrical object . = (ngl';n) , where Lg))ll = hnpjl-, 1s called the
momentum Liouville-Hamzilton d-tensor associated with the
metric hiy(t).

Example 8. Using the preceding metric hy1(t), the distinguished ten-
sor J = (J(i) .>, where J((&j = hnéj-, is called the d-temsor of

(1)1
h-normalization on the dual 1-jet space J™*(R, M).

It is obvious that any d-tensor on J™(R, M) is a tensor field on
J™(R, M). Conversely, the opposite is not true. As examples, we con-
struct two tensors on J** (R, M), which are not d-tensors on J™*(R, M).

Definition 9. A global tensor Cll on J™*(R, M), locally expressed by
0 0
1 7 - 7
g;—pidx ®6t 2(1; da: ®81,
is called a temporal semispray on the dual 1-jet space J*(R, M).

Taking into account that the temporal semispray Cl¥ is a global tensor

on J*(R, M), by a direct calculation, we obtain
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Proposition 10. (i) Under a transformation of coordinates (1) the
local components Cl}’E]l))Z of the global tensor C1¥ change according to the
rules

~ ) dt 0x' 07 Oz Opy 4

W) o d B |
(4) 2Gwr =2G0igi o omF o ot

(i) Conversely, to give a temporal semispray on J™* (R, M) is equiv-

alent to give a set of local functions C1¥ = (?8;) which transform by

the rules (4).

Example 11. If H};(t) = (h"/2)(dh11/dt) is the Christoffel symbol
of a semi-Riemannian metric hy1(t) of the temporal manifold R, then
the local components

Sy _ Lo gy
(5) Cf(j)k - §H11pjpk
0
represent a temporal semispray Clr' on the dual 1-jet space J*(R, M),
which s called the canonical temporal semispray associated
with the metric hy(t).

A second example of tensor on the dual 1-jet space J'*(R, M), which
is not a distinguished tensor, is given by

Definition 12. A global tensor (2; on J¥ (R, M), locally expressed by

¢ = §dr' @ % - zgg.gidmi ® %,
is called a spatial semispray on the dual 1-jet space J*(R, M).
Like in the case of a temporal semispray, we can prove without
difficulties the following statement:
Proposition 13. To give a spatial semispray on J™(R, M) is equiv-

alent to give a set of local functions %‘ = (G(l) ) which transform by

5 (J)i
the rules
=) o) dEOx' 927 da' Op,
(6) 2G o = 2§<J’>idt oTk 0z OFk Ozt
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Example 14. [If vjk(x) are the Christoffel symbols of a semi-
Riemannian metric @;;(x) of the spatial manifold M, then the local
components

0 1 .
1 _ i 1
(7) g(j)k = _§7jkpi
0
define a spatial semispray C; on the dual 1-jet space J* (R, M), which

15 called the canonical spatial semispray associated with the
metric ;j(x).

Definition 15. A pair G = (Cll, C;), consisting of a temporal semis-
pray q and a spatial semispray C2¥, s called a time-dependent

semispray of momenta on the dual 1-jet space J*(R, M).

4. NONLINEAR CONNECTIONS AND ADAPTED BASES

In what follows, we study the important geometrical concept of
nonlinear connection on the dual 1-jet space J™*(R, M), which is inti-
mately related by the concept of time-dependent semispray.

Definition 16. A pair of local functions N = <]¥81,J¥8€))1> on
J™(R, M), which transform by the rules

FO 02 dton,

1O WLgzi qf ot

N )

2 Ur " Wigt 937 0 07" Ox'

1s called a monlinear connection on the dual 1-jet bundle

J™ (R, M). The geometrical entity ]}f = (]}T(gl))l) (respectively ]¥ =

(8)

(];f ((;))i> ) is called a temporal (respectively spatial) nonlinear con-
nection on J™(R, M).

Now, let us expose the connection between the time-dependent
semisprays of momenta and nonlinear connections on the dual 1-jet
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space J™(R,M). For this, let us consider that ¢;;(z) is a semi-
Riemannian metric on the spatial manifold M. Thus, using the trans-
formation rules (4), (6) and (8) of the geometrical objects taken in
study, we can easily prove the following statements:

Proposition 17. (i) The connection between the temporal semisprays

Cl¥ = (?’8;0 and the temporal components of nonlinear connections

Niemporal = ( ]}f %1) s given by the relations

el
1) _ gk 10k m _ Ly g
Non=¢ ap! Pir Gy = 2]}7 (i)1P-
(ii) The connection between spatial semisprays %’ = (%’8;) and the
spatial components of nonlinear connections Ngpariqr = (]gf 8;) 1S grven

via the relations

1 1 1o
y EJ))l - Q(Q;Ejgi’ (Q;Ejgi: 2y Ez))z
Remark 18. [t is obuvious that on the 1-jet space J™(R, M) a time-
dependent semispray of momenta G naturally induces a nonlinear
connection Ng and vice-versa, a nonlinear connection N induces a
time-dependent semispray G . The nonlinear connection N¢ is called
the canonical nonlinear connection associated with the time-
dependent semispray of momenta G and vice-versa.

0
Example 19. The canonical nonlinear connection N — =

0 0
(]}78))1,];78))]) produced by the canonical time-dependent semis-

0 0 0
pray of momenta G = (Ci, C;) has the local components

0 0
(9) ]Y(’L)l - Hllpi7 ]X(l)] = —fyszk

This nonlinear connection s called the canonical nonlinear con-

nection on JY(R, M), associated with the semi-Riemannian
metrics hi1(t) and ¢;;(z).

Taking into account the complicated transformation rules (2)
and (3), we need a horizontal distribution on the dual 1-jet space
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J™(R, M), in order to construct some adapted bases of vector and
covector fields, whose transformation rules are simpler (tensorial ones,
for instance).

In this direction, let u* = (t,2°,p}) € J™*(R, M) be an arbitrary
point and let us consider the differential map

T st T (R, M) = Ty (R x M)
of the canonical projection
™ JPR,M) - Rx M, 7 (u*)=(tz),

together with its vector subspace Wy« = Kerm* .+ C T« J™*(R, M).
Because the differential map 7* , ,- is a surjection, we find that we
have dimg W,+ = n and, moreover, a basis in W, is determined by

0
So, the map W : v* € J*(R,M) — W, C T-J"(R,M) is a
differential distribution, which is called the wvertical distribution on

the dual 1-jet space J*(R, M).

Definition 20. A differential distribution
H:u* € JHR, M) — Hy C Ty J™ (R, M),
which s supplementary to the vertical distribution W, that is we have
Ty J"(R,M) = Hy- ® W= ¥V u* € J*(R, M),

1s called a horizontal distribution on the dual 1-jet space
J™(R, M).

The above definition implies that dimg H,» = n + 1, V
u* € J™(R,M). Moreover, the Lie algebra of the vector fields
X (J*(R, M)) can be decomposed in the direct sum X (J™*(R, M)) =
S(H)®S (W), where S (H) (respectively S (W)) is the set of differ-
entiable sections on H (respectively W).

Supposing that # is a fixed horizontal distribution on J*(R, M),
we have the isomorphism

7_‘_*
*
*,U

Hy» Hy — Tﬂ-*(u*) (R X M),

which allows us to prove the following result:
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Theorem 21. (i) There exist unique linear independent horizontal

b 0
vector fields S0 50

L (5N _ 0 . (&N _ D
10) " *<E>_at’ " *(&ci)_axi'

(ii) The horizontal vector fields - and — can be uniquely written

€ S(H), having the properties

. ot ox
in the form

) 0 a 0 o 0 a 0
11 — == - Nih— = — — N
(11) st ot 19! ap;’ szt Ot 29 Ip;

i1i) The local coefficients N()l and N Z- obey the rules (8) of a
()

nonlinear connection N on J™ (R, M).
(iv) On the 1-jet space J*™*(R, M) to give a horizontal distribution

H s equivalent to give a nonlinear connection N = (]y(gl))l, ];7((]-1))1-) .

Proof. Let %, 5i € X (J"(R,M)) be vector fields on J™*(R, M),
:Lvl
locally expressed by
) e, ;0 1y O
5 = Mot Mg T Aongy
) 0 0 1 0

- = X! X — 4+ X =

Sii ot g T 0igph

which verify the relations (10). Then, taking into account the local
expression of the map 7*,, we get

Al = 1, Al =0, A

) (1)
i _]Y(j)lv

X! o= 0 X/ =3, X)) =-NG
These equalities prove the form (11) of the vector fields from Theo-

rem, together With their linear independence. The uniqueness of the

coeflicients N 1 and N ((] is obvious.
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o J
Because the vector fields 57 and 5o are globally defined, we deduce
ml
that a change of coordinates (1) on J'*(R, M) produces a transforma-
tion of the local coefficients ]}f ((]1))1 and ]%f ((Ji))i by the rules (8).

Finally, starting with a set of functions N = (]}7 ((jl))l, ];f ((jl))i) , which

satisfy the rules (8), we can construct the horizontal distribution #,
) o
H,- = Span { —

taking
ot|,. oxt u} '

The decomposition Ty« J*(R, M) = H,~ & W, is obvious now. O

Definition 22. The set of the linear independent vector fields
b o0 0
12 —— 27 CX(JHR,M
(12) {5t’5:v”8p11}c (77(R, A1)
15 called the adapted basis of vector fields produced by the
nonlinear connection N = (]}f,];f )

With respect to the coordinate transformations (1), the elements
of the adapted basis (12) have their transformation laws as tensorial
ones (in contrast with the transformations rules (2)):

5 dio
5t dt ot

6 0 6
Szt Ozt 0id’
0 dtorh 0

The dual basis (of covector fields) of the adapted basis (12) is given
by
(13) {at,dz",0p} } c X* (J™(R, M))

where

Sp; = dp; + ]Y(%)ldt + Jy((il);da:j.
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Definition 23. The dual basis of covector fields (13) is called the
adapted cobasis of covector fields of the nonlinear connec-

tion N = (N,N).
1772

Moreover, with respect to transformation laws (1), we obtain the
following tensorial transformation rules:

dt = d—fdf,
dt
. o0xt
dx' = 557 dx?,
dt 07
bi dt 0x® bi

As a consequence of the preceding assertions, we find the following
simple result:

Proposition 24. (i) The Lie algebra of vector fields on J*(R, M)
decomposes in the direct sum X (JY(R,M)) = X (Hg) ® X (Huy) &
X (W), where

4] 4] 0
X = —, X = — 0, X = = (-
(Hr) = Span { &} , X (Huy) = Span { 5x1} , X (W) = Span { o }
(i) The Lie algebra of covector fields on J™*(R, M) decomposes in
the direct sum X* (J™* (R, M)) = X* (Hg) B X* (Hy ) ®X* (W), where

X* (Hr) = Span{dt}, X* (M) = Span {dz'}, X* (W) = Span {ép; } .

Definition 25. The distributions Hr and Hys are called the R-
horizontal distribution and M-horizontal distribution on
Jl*(R, M).

5. DISCuUSSION

The results of this paper represent the basics for a subsequent ge-
ometrization (in the sense of nonlinear connection, canonical d-linear
connection, d-torsions and d-curvatures) on dual jet spaces of the time-
dependent Hamiltonians regarded as real-valued functions on the 1-jet
space J*(R, M). This Hamilton geometrization is similar with that
developed on cotangent bundles ([5], [4], [1] and [2]), but is charac-
terized by a "relativistic” time in the study. In contrast the time-
dependent Hamilton geometrization on cotangent bundles is charac-
terized by an absolute time.
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