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INVARIANT POINTS AND ¢-APPROXIMATIONS FOR
MAPPINGS SATISFYING RATIONAL-TYPE
CONTRACTIVE CONDITIONS IN TAKAHASHI
SPACES

SUMIT CHANDOK AND T.D. NARANG

Abstract. In this paper, we prove some Brosowski-Meinardus type
invariant point results for the set of e-simultaneous approximation and
e-simultaneous coapproximation for rational type contraction map-
pings defined on Takahashi spaces. Subsequently, we deduce some
results on e-approximation, e-coapproximation, best approximation
and best coapproximation for such class of mappings.

1. Introduction and Preliminaries

The study of best approximation theory plays an important role in
nonlinear functional analysis, optimization theory, fixed point theory,
nonlinear programming, game theory, variational inequality, comple-
mentarity problems, and so forth. The idea of applying fixed point the-
orems to approximation theory was initiated in normed linear spaces
by G. Meinardus [12]. Generalizing the result of Meinardus, Brosowski
[1] proved the following theorem on invariant approximation using
fixed point theory:

Keywords and phrases: s-simultaneous approximatively compact
set, starshaped set, best approximation, best simultaneous approxi-
mation, e-simultaneous approximation.

(2010) Mathematics Subject Classification: 41A28, 41A50,
47H10, 54H25.

109



110 S.CHANDOK AND T.D. NARANG

Theorem 1.1. Let .7 be a linear and nonexpansive operator on a
normed linear space E. Let G be a 7 -invariant subset of E and
a T -invariant point. If the set Pg(x) of best G-approzimants to ¢ is
nonempty, compact and convezx, then it contains a 7 -invariant point.

Subsequently, various generalizations of Brosowski’s results ap-
peared in the literature. Singh [19] observed that the linearity of
the operator .7 and convexity of the set Pg(r) in Theorem 1.1 can be
relaxed and proved the following:

Theorem 1.2. Let 7 : E — E be a nonexpansive self mapping on
a normed linear space E. Let G be a 7 -invariant subset of E and
¢ a J-invariant point. If the set Pg(r) is nonemptly, compact and
starshaped, then it contains a 7 -invariant point.

Later, Singh [20] demonstrated that Theeorem 1.2 remains valid if
 is assumed to be nonexpansive only on the set Pg(r) U{z}. Thence-
forth, many results have been obtained in this direction by many re-
searchers (see [3, 4, 5, 6, 7, 8, 10, 11, 13, 15, 16, 17, 18] and references
cited therein).

In this manuscript, we obtain some similar types of results on 7 -
invariant points for the set of e-simultaneous approximation and e-
simultaneous coapproximation for a rational type contraction map-
ping defined on a Takahashi space (2", d, W). For such class of map-
pings, we also deduce some results on .7 -invariant points for the set
of e-approximation, e-coapproximation, best approximation and best
coapproximation.

Definition 1.3. Let (Z°,d) be a metric space, 0 # G C Z', F a
nonempty bounded subset of 2. Fory € Z , assume that

dr(r) = {supd(y.z) : y € F},

D(F,G) = {infdr(x) : x € G},

and

Py(F) ={90 € G : dr(g0) = D(F,G)}.

An element gy € Pg(F) is said to be a best simultaneous approx-
imation of F with respect to G (see [5]).
For e > 0, we define

Pge)(F) ={g0 € G : dr(g0) < D(F,G) + ¢}

={g0 € G : supd(y, go) < inf supd(y, g) + <}.
yeF 9€9 yeF
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An element gy € Pg()(F) is said to be a e-simultaneous approzimation
of F with respect to G (see [5]).

It can be easily seen that for e > 0, the set Pg(e)(F) is always a
nonempty bounded set and is closed if G is closed.

In case F = {p}, p € Z°, then elements of Pg(p) are called best ap-
proximations to p in G and of Pg()(p) are called c-approximation
toping.

For e > 0, we define

Rg(e)(F) = {90 € G : supd(g, go) + ¢ < inf supd(y, g)}.
geG 9€G yeF

An element gy € Rg(e)(F) is said to be a e-simultaneous coapprozima-
tion of F with respect to G (see [5]).

Let T be a self mapping defined on a subset G of a metric space 2.
A best approximant v in G to an element ry in X with Try = 1o 1S
an invariant approrimation in X to vy if Ty =7y.

Example 1.4. Let 2" =R and G = [0,1) C Z". Define 7 : X — X
as

Lr<o0

TJr=4q 1+1,0<<1
5t > 1.
Clearly, 7(G) = G and T (2) = 2. Also, Pg(2) = {1}. Hence T

has a fized point in Pg(2) which is a best approzimation to 2 in G.
Thus, 2 is an invariant approximation.

Definition 1.5. A sequence {y,} in G is called a e-minimizing se-
quence for F, if

limsup d(z, yn) < D(F,G) +¢.
r€F

The set G is said to be e-stmultaneous approxrimatively compact
with respect to F (see [5]) if for every v € F, each e-minimizing
sequence {yn} in G has a subsequence {y,,} converging to an element

of G.

Inspired by the work of Takahashi [21] and Guay et al. [9], we have
the following definition.

Definition 1.6. Let 2" be a nonempty set, d be a metric on Z and
W: 2 xZ x[0,1] = Z be a continuous mapping satisfying, for all
Ly, ue 2 and X €[0,1],

(1) d(u, W(x,9,A)) < Ad(u, 1) + (1 — A)d(u, p),
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(i) d(W (x,u, A), W(n,u, X)) < d(x,v).
Then the triple (Z",d, W) is called a Takahashi space.

A normed linear space and each of its convex subset are simple
examples of Takahashi spaces with W given by W (g, 9,\) = Ar+ (1 —
My for r,np € 27 and 0 < A < 1. For definition of convex set, p-
starshaped set and starshaped set see [5] and references cited therein.

Definition 1.7. Let G be a nonempty subset of a metric space (2, d)
and T : G — G be a self map. Then T is said to be asymptotically
regular (see, [2]) if for allx € G, d(T"(x), 7" (z)) — 0 as n — oo.

Definition 1.8. A mapping 7 : X — X satisfies condition (A)
(see [14]) if
d(7"r,n) < d(x,v),

for allx,y € Z and for some positive integer n.

2. Main Results

To start with, we give the following definition of Hc-contraction.
Definition 2.1. Let (2, d) be a metric space. A mapping T : X —
2 is called a Ho-contraction if there exist o, § € [0,1) with a4+ < 1
such that for all x,y € 2, we have

d(x, 7r)d(y, Ty)
- 1+d(x,n)
Remark 2.2. On a metric space, every Hg-contraction has at most

one fized point. Indeed, let ¥ and vy be two distinct fized points of 7,
which is a Hc-contraction. Then

(2.1) d(Tx, Tv)

+ B(d(x, ).

ad(zc, Tr)d(y, Ty)
B 1+ d(x,v)
= B(d(x,v)),

which is a contradiction as 0 < f < 1 and d(z,y) > 0.

d(x,n) = d(Tx, Tn) + B8(d(x,))

We prove the following result needed in the sequel:

Proposition 2.3. Let 7 : 2" — 2 be a Hc—contraction on a metric
space (X, d). Then for allx € 2, the sequence {d(FT"r, 7" 1)} is

decreasing and 7 is asymptotically reqular.
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Proof. Let o be an arbitrary point in 2" and {r,} be the Picard
sequence in 2" such that 1,1 = Jt, = T ™10, for every n > 0. Using
(2.1), we have

d(?n+27§n+1) = d(glﬂnﬂa 9}%)
Oéd(xn-‘rlv gxnﬁ-l)d(?m yxn)
1+ d(tns1,tn)

d(?n+1: xn+2)d<?n7 ;nJrl)
+ d n+1,é&n

< O‘(d(?n—&-la Fn+2)) + ﬁ(d(lrw—h ?n))

+ ﬁ(d(xn—l-lu In))

This implies
B

2.2 <
( ) d(?n-&-%?n-ﬁ-l) - 1—a

d(rn-‘rl? xn)

Since % < 1, the sequence {d(T"ry, 7" 1y)} is a decreasing se-

quence. Using mathematical induction, we have

(2.3) d(zcn+2,xn+1)§( d >n+1d(zc1,zco)-

11—«

Taking the limit n — oo, we have d(rpio,tnr1) — 0, that is,
d(T "o, 7™ 1y) — 0. Hence the result. O

Using the above proposition, we prove the following:

Theorem 2.4. Fvery Hq-contraction on a complete metric space has
unique fized point.

Proof. Using Proposition 2.3, the sequence {d(7"to, 7" 1)} is de-
creasing and d(7"ro, " 1) — 0 as n — oo for all rp € 2. We
B

—

claim that {r,} is a Cauchy sequence. For m > n, and k = we

have

d(xmxm) S d(xmxn—&-l) + d(xn+17xn+2> + ...+ d(;m—l; xm>
< (K" + K R d (o, 1)
< %k)d(}‘o;h)-
Therefore, d(tm,t,) — 0, when m,n — oo. Thus {r,} is a Cauchy

sequence in a complete metric space %2 and so there exists u € 2~

such that lim g, = u.
n—oo
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Now, we’ll show that the point u is a fixed point of 7. On the
contrary, suppose that Ju # w, then d(u, Zu) > 0. Consider

A(tsr, Tu) =d(T i, Tu) < o M, TEn)d (0, Tu) B(d(kn, )

1+ d(xn,u)
d(In7?n+1)d<u7 yu)
= + B(d(xn,u)).
T+ d(e,. ) Bld(xn, u))
Taking n — oo, we have d(u, Ju) < 0, it implies that d(u, Tu) = 0.
Hence u is a fixed point of 7. Using Remark 2.2, we obtain that 7
has unique fixed point. O

Example 2.5. Let 2" = [0, 1] and d be the usual metric on 2 . Define
5 orefo3)
5 rel3al
[0,1) with o+ = 2 < 1. We may check that

Ld(x, 7r)d(y, 7y) 1
AT TY) < 2=+ FdE )

for allx,y € X". Thus using Theorem 2.4, we notice that % e 2 isa
fized point of T .

T X - Z as Tr = Suppose&z%,ﬂz%é

Example 2.6. Let 2" =[0,1] and d be the usual metric on X" . Define
9:3&”—)3&”&39;—{ i’ ](1 1 Suppose a = 5, =
£ L ,
1€[0,1) with o+ =2 <1. We may check that
Ld@x, 7e)dly, 7y) 1
T, T - + —(d(x,y)),
AT, Ty) < ¢ T de.y) )

for all g,y € Z . Thus using Theorem 2.4, 7 has unique fized point.
Notice that 0 € 2 is the fixed point of 7 .

Theorem 2.7. Let .7 be a asymptotically reqular and continuous self
mapping on a complete Takahashi space (Z,d, W) and satisfying the
following for some positive integer n,

(2.4)
d(T", T"y) <

dist(x, [T, q))dist(y, [Ty, q])
o L )+ st

for allx,y,q € X', where o, 5 € [0,1) with o + 5 < 1. Suppose that
G is a T -invariant subset of & and F a nonempty bounded subset of
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X such that Ty = ¢ for ally € F\G. If Py (F) is compact, and

q-starshaped, then it contains a 7 -invariant point.

Proof. Let z € Pg(,(F) be arbitrary. Then using (2.4) and the fact
that for all gy € F\ G, Tt =1 = 7", we have

d(x, 7"z) =d(T"r, T"z)

dist(zc, [T, q))dist(z, [Tz, q])
<af pl )+ ot 2)
= B(d(x, 2))-
Hence,
(2.5) d(r, 7"z) < B(d(z, 2))-

since 3 < 1. Therefore, using definition of Py (F), we get

(2.6) Sleljrg{d(x, T"z)} < Sg}g{d(z@ z)} < D(F,G) +e.

Hence "z € Pg((F). Therefore ™ is a self map on Fg(e)(F).
Define 7, : Pge)(F) — FPge)(F) as Tz = W(T"2,q,\), 2 €
Py (o) (F) where {),,} is a sequence in (0, 1) such that A, — 1. Consider
d(Tnz, Tny) = AW (T"2,q,2), W(T "y, ¢, An))
< Nd( Tz, T™y)
d(z [Tz, q))d(y, [Ty, d])
<
G e
d(z, Zn2)d(y, Tny)
<
< dufa( LTI o gae, )|,

where A\, (o + ) < 1, 2,y € Pg((F). Therefore by Theorem 2.4, each
I, has a unique fixed point z, in Pg)(F). Since {T"z,} is a sequence
in the compact set Pg)(F), there exists a subsequence {F"z,,} of
{7 2,} such that { T2, } = 2 € Py (F). Moreover,
Zny = iz, = W[ Tz, q, An,| = 2.

As 7 is continuous, I ™z, — J™z. By the uniqueness of the

limit, we have lim ™z = z and so lim "z = 72,
n—oo n—oo

Now, we show that d(z, 7 z) = 0. Consider
d(z, 72) <d(z, T"z)+d(T"iz, TmH2) + d(T" 2z, T2).
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Letting n — oo, in the above inequality, and using .7 is asymptotically
regular, we have d(z, 7z) — 0. Therefore Tz = 2. ie. zis I-
invariant. 0J

Using Proposition 2.1 of Chandok and Narang [5], we have the fol-
lowing result.

Corollary 2.8. Let 7 be asymptotically regular and continuous self
map on a complete Takahashi space (2 ,d, W) satisfying inequality
(2.4). Suppose that F is a nonempty bounded subset of 2 such that
Ty =¢ forally € F\G, where G a T -invariant subset of Z . If
G 1s e-simultaneous approrimatively compact with respect to F and
Py (o) (F) is starshaped, then it contains a  -invariant point.

For F = {r} and € = 0, we have the following result on the set of
best approximation.

Corollary 2.9. Let 7 be asymptotically reqular and continuous self
mapping on a Takahashi space (2 ,d, W) and satisfying inequality
(2.4). If G is an approzimatively compact, p-starshaped, T -invariant
subset of " and ¢ a T -invariant point and Pg(r) is starshaped, then
Pg(x) contains a T -invariant point.

We now prove a result for .7-invariant points from the set of e-
simultaneous coapproximations.

Theorem 2.10. Let .7 be asymptotically reqular and continuous self
mapping satisfying condition (A) and inequality (2.4) on a Takahashi
space (2 ,d,W). Assume that ) # G C 2 and F is a nonempty
bounded subset of 2~ such that Rg.y(F) is compact and q-starshaped.
Then Rg(ey(F) contains a 7 -invariant point.

Proof. Let gy € Rg(e)(F). Consider
d(T"g0,9) + € < d(go,9) + € < infyeg supyerd(y, g),

and so J"gy € Rge)(F) ie. T" : Rge)(F) = Rge)(F). Since
Rg((F) is g-starshaped, W(z,q, ) € Rg)(F) for all 2z € Rg)(F),
A€ [0,1]. Let {\.}, 0 < A\, <1, be a sequence of real numbers
such that A\, — 1 as n — oo. Define .7, as F,(z) = W(T"z,q, \),
2 € Rg(e)(F). Since .7 is a self mapping on Rg()(F) and Rg()(F) is
starshaped, each .7, is a well defined and maps Rg.)(F) into Rg()(F).
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Moreover,
ATy, Tnz) =dW(T"y,q, \n), W(T"2,q,\n))
< \d(T"y, T"z)
dy, [Ty, q)d(z, [Tz, q])
= {a( 1+d(y, 2)
Ay, T"y)d(z, T"2)
< [a( BT T 4 s(ay, ),

where A\, [a + 8] < 1. So by Theorem 2.4 each .7, has a unique fixed
point w, € Rg)(F) i.e. Fpu, = u, for each n. Since {T"u,} is
a sequence in the compact set Rg()(F), there exists a subsequence
{T™uy,} of {T"u,} such that { T, } = u € Rg)(F). Moreover,

)+ 8|

As 7 is continuous, 7 ™u,, — Z™u. By the uniqueness of the

limit, we have lim "% = u and so lim 7"y = Fu.
n—oo n—o0

Now, we show that d(u, Zu) = 0. Since .7 is asymptotically regu-
lar, we have

d(u, Tu) < d(u, T™u) + d(T"u, 7" ) +d( T, Tu) — 0.
Therefore Tu = w. i.e. v is J-invariant. O

Remark 2.11. (1) By taking F = {r1,t2}, 11,02 € 2, the set
Pg(e)(F) (respectively, Rg)(F)) is the set of e-simultaneous
approzimation (respectively, e-simultaneous coapproximation)
to the pair of points r1,xs and so we can obtain the results for
such pair of points Pge)(F) or Rge)(F).

(2) By taking F = {x}, v € 2, the set Pgi)(x) (respec-
tively, Rg(x)) is the set of e-approzimation(respectively, c-
coapproximation) to point ¥ and so we can obtain the results
on the set of e-approzimation (or e-coapproximation).

(3) By taking F = {t} and ¢ = 0, we can obtain the results on the
set of best approximation (or best coapproximation,).
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