“Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 34 (2024), No. 2, 59 - 66

HULL-KERNEL TOPOLOGY ON A SPECIFIC CLASS
OF TOPOLOGICAL ALGEBRAS

MAJID SABET AND SOLMAZ NOURI

Abstract.Let A be Fundamental Strongly Sequential algebra
(FSS). It is known that carrier space ® 4 is compact and Hausdorff, In
this paper we introduce a topology on ® 4 , called Hull-kernel topology,
which coincides with the A-topology in certain circumstances.

1. INTRODUCTION

In 1979, T. Husain [7] introduced the concept of strongly sequential
topological algebras. Also E.Ansari-Piri in [1] introduced fundamen-
tal topological algebras to generalized the famous Cohen factorization
theorem in 1990. In [5], Bonsal and Duncan showed that if A is a
complex commutative Banach algebra with or without unit , its car-
rier space ® 4 is locally compact Hausdorff space with respect to A-
topology. They consider Hull-kernel topology on ®4 which coincides
with A-topology in a completely regular algebra. In this note, we
consider fundamental strongly sequential algebras and show a result
analogous to that of Bonsal and Duncan is true etc.
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2. PRELIMINARIES

We recall some basic definitions and known results.
In this article, an algebra A is called topological algebra if it is a
complex algebra equipped with a Hausdorff topology such that:

(1) The map (z,y) — = +y from A x A to A is continuous.
(2) The map (o, x) — ax from C x A to A is continuous.
(3) The map (z.y) — zy from A x A to A is continuous.

[7] Topological algebra A is said to be strongly sequential if there
exists a neighborhood U of zero such that for all z € U, z*¥ — 0 as
k — oo.

[1] A is said to be a fundamental topological algebra if there exists
b > 1 such that for every sequence (x,), of A the convergence of
b™(xn41 — ) to zero in A implies that (z,,), is a Cauchy sequence.

The topological algebra A is called FSS, if it is fundamental and
strongly sequential.

In a unital algebra, the set of invertible elements of A is denoted by
Inv(A). A unital topological algebra A is called Q-algebra if Inv(A) is
an open set.

A multiplicative linear functional on A is a non-zero linear functional
@ on A such that for all z,y € A :

¢ (ry) = p(z)o(y).

The set of all multiplicative linear functional on A with A-topology, is
denoted by ® 4, the carrier space of algebra A.

Theorem 1. Suppose A is a complete metrisable FSS algebra. Then
the carrier space of A is compact with A-topology.

Proof. See [3, Proposition 3.5]. i

Theorem 2. Suppose A is a complete metrisable Q-algebra. Then
every multiplicative linear functional is continuous.

Proof. See [6]. 1

Theorem 3. Fvery multiplicative linear functional is continuous on
a complete metrisable FSS algebra.

Proof. Every complete metrisable F'SS algebra is a complete metrisable
Q-algebra. See [2, Proposition 3.2]. §
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3. HULL-KERNEL TOPOLOGY ON COMPLETE METRISABLE FSS
ALGEBRA

In this article, we suppose A is a unital commutative complete
metrisable FSS algebra and &4 is its carrier space. By Theorem 1,
® 4 is a compact and Hausdorff space with respect to the A-topology.
We now consider a second topology on ® 4, which in general differs from
the A-topology but coincides with it for certain important algebras A.

Definition 4. Given a subset E of ®y4, the kernel of E, ker(E), is
defined by
ker(E) = ﬂ {kery : v € E}.
Given a subset J of A, the hull of J, is defined by
hul (J) ={p € ®y : kerp D J}.
We denote hul (ker(E)) by E .

Theorem 5. In an algebra A we have
(1) ker(E) is proper closed ideal of A.
(2) hul(J) is a closed and therefore compact ideal of ® 4 with respect
to A-topology, so E is a closed ideal of ® 4
) If i) € By, then o € E if and only if ker) D ker (E).
) If By C Ey C Oy, then ker(Ey) D ker(Es).
) If J1 C Jy C A, then hul (Jy) 2 hul (J2).
(6) If By C By C ®y, then By C .

(3
(4
(5

Proof. (1) By Theorem 3, since every linear multiplicative functional
is continuous, its kernel is closed. Therefore, the ker(E) is a closed
ideal of A. Moreover, since every linear multiplicative functional is
nonzero, the ker(F) is a proper ideal of A.

(2) Let ¢ be an element of ®4 and let (¢;), be a net of elements
in hul(J) that converges to ¢ in the A-topology. It is clear that ¢
is an element of hul(J) . Therefore, hul(J) and consequently E =
hul (ker (E)) are closed. By Theorem 1, since ® 4 is compact with the
A-topology, it follows that hul(J) is also compact.

(3), (4), (5) are clear by Definition 4. 1

Theorem 6. (1) ker (E) = ker (E)

(mEgEZ(@.
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(3) (EyU Ey) = Ey U E,.
Proof. See [5, page 115]. 1

Definition 7. Let X be a set with power set P(X), and ¢ be a mapping
from the P(X) to itself. Then c is a Kuratowski closure operator if
and only if it satisfies the following Kuratowski closure axioms for all
A BCX.

(1) c(0)=0.

(2) ACc(A).

(3) c(c(A)) C e ().

(4) c(AUB) =c(A)Uc(B).

This operator naturally produces a topology on X with the following
definition.
In this topology F' C X is closed, if and only if ¢ (F) = F.

A set is open if its complement is closed. Note that (4) implies
that ¢ is monotone, therefore using (2) and (3) it follows that c is
idempotent.

Definition 8. If we consider X = ®, and c(E) = E, by Theorem 6,
c will be a Kuratowski closure operator. The topology determined by c
on P4 s called the hull-kernel topology.

Theorem 9. (1) o € @A\E if and only if there exists a € A,
such that a (p) =0(p € E) and a(pg) # 0.

(2) The A-topology contains the Hull-kernel topology.

(3) The hull of an ideal is compact in the hull-kernel topology.

Proof. (1)
E = hul (ker(E)) = {p € &4 : kery D ker(E)}
It means
©o € E & kergg D ker(E) = ﬂ {kery : p € E}.
So,

@0 € D4\E & kergg 7é(]{kergp:ger}<:>
EIaEA:agékercpo,aEﬂ{kergo:goEE}@
Ja € A:a(po) #0,a(p) =0(p € E)
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(2) Suppose 7, and 74 denote the Hull-kernel topology and A-
topology respectively on ® 4. We will show 7, C 74. Let E is
a 7p,-closed set of @4, then we will show that it is 74-closed.
Since E is ,-closed on ® 4, by definition F = E. If ¢, € E; we
want to show ¢ € E = E.
Since ¢y € E, so there exist a net (¢;), of E such that ¢; — .
If po € ®4\E by (1), there exists a € A such that a(p) =
0(p € E) and a(pg) # 0. Since a is a complex continuous
function on ® 4 with A-topology, hence

a (i) — a(po)

Left side of above equation is zero and the right side is
non-zero which is a contradiction.

(3) Let J be an ideal of A. By Theorem 5(2), hul (J) is compact
with A-topology. Suppose (U;),.; is an open cover for hul (.J)
with Hull-kernel topology. By (2), since U; is also 74-open,
hul (J) is also compact with A-topology. Then, there is finite
subcover of (U;),.; for hul (J). It means hul (J) is compact
with Hull-kernel topology too.

In the following, we recall that the algebra A is called semi-simple
when

ﬂ{kewp cp € Py} ={0}

Theorem 10. Let E be a non-empty subset of ® 4 that is closed with
hull-kernel topology. Let B = A/ker(E), let m denote the canonical
mapping of A onto B, and 7* denote the dual mapping of P into P4
given by

(m*) (a) = (ra) (Y € Pp,a € A)
Then ©* is a homeomorphism of ®g with B-topology onto E with the
A-topology.

Proof. By Theorem 5(1) It is easy to see that ker(E) is a proper closed
ideal of A. Also, B is a unital commutative complete metrisable FSS.[8]
Let ¢y € ®5. Since 7 is a linear multiplicative functional of A onto B
therefore m) is a complex linear multiplicative functional of A. 9 is
non-zero so, there exists 7w a of B such that ¢)(ra) # 0. Therefore 7
is non-zero and then it is in ® 4.
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Hence, 7* : &5 — &, given by 7* (¢p) = mi) is well defined. For
) € ®p and a € ker(E), wa is the zero of B, then we have

(" 1) (a) = ¥ (wa) =0,
therefore a € ker (7*¢) and so ker (7% 1) 2 ker(E).
since * ¢ € @4, then 7* ¢ € hul (ker (E)) = E. Moreover E is closed
in the Hull-kernel topology So, £ = E and therefore 7*¢ € E.
Now let ¢ € E, by definition it is clear that ker(E) C kery. For
b € B = A/ker(E), there exists a € A, such that ma = b. Define
a complex mapping ¢ of B, given by ¥ (b) = ¢(a). Let by = a5 +
ker(E) = by = as + ker(E). Then a; — ay € ker(E) and according to
definition ¢ (a; — az) = 0 and so ¢ (a1) = p(ag). It means 9 is well
defined. It is clear that ¢ is linear. Also, it is multiplicative because
Y ((rar) (maz)) = ¢ (7 (@ra2)) = ¢ (a1a2) = ¢ (a1) ¢ (a2) = ¥ (ar) ¥ (maz)
So 1 € &g and we have
T (Y) =T =@
Therefore 7* is a mapping of & onto E.
It is clear 7* is linear. Let 7* (¢) = mp = 0, So for all ma € B we have
m (¢ (a)) = (mp)a = 0. It means v is zero mapping and therefore
ker (m*) = 0, hence 7* is injective and so bijective function.
Since ®p is compact in the B-topology, to show that 7* is a home-
omorphism it is enough to show 7* is continuous. By definition of
A-topology, the below sets create a local base for all p € &4
{V(p;z1,...,xp58) ineN | xq1,...,0,A, € >0}
Which
Vi(gszy,...,xpe) ={p € Pa: | (x;) —@(x)] <e i:1,2,...,n}.
Now suppose 1y is an arbitrary element of ®p and V =
V (m* (¢0);aq,...,a,;€) is a neighborhood of 7* (¢y). We will find
a neighborhood U of )y such that for all ¢ € U, 7* (¢) € V.
14 (7T* (77Z)0> yTAY, - oy TTQn, 5)
={r"YeE: |7 ¢Y(a;) —7" (¢o) (a;)] <e ©:1,2,...,n}

={r"YeFE: [¥(ra;) — o (ma;)| <e i:1,2,...,n}
According to this

U={Yedbg: |¢(ra;) — o (ma;)| <e i:1,2,...,n}
is an open set in @ that for all ¢ € U we have

T yeV=n"U.
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By definition, to show B is semi-simple it is enough to show that

({kere: ¢ € 5} = {0}

Suppose b = 7a € ({kerp: ¢ € P} C B. It means for all ¢ € ¢p
we have

¥ (b) = ¢ (ma) = 0.
And so, for all ¢ € ®p, (7* ) (a) =9 (wra) = 0. Let ¢ € E. Since 7*
is a surjective mapping of ®p onto E, there exists ¢ € &, such that
w = m*. Hence ¢ (a) = 7*¢ (a) = 0. So

a € ker(E) = ﬂ {kerp: p € E}
Therefore b = ma = 0g5. 1

Remark 11. Given E is a compact set in the A-topology. We know
that E 1s compact in Hull-kernel topology, but we cannot conclude that
E s closed in the Hull-kernel topology, since that topology need not be
Hausdorff.

Definition 12. A unital topological algebra A is said to be completely
reqular if ® 4 is Hausdorff space in the Hull-kernel topology.[5]

Theorem 13. Let A be a unital commutative complete metrisable FSS
algebra. Then A is completely reqular if and only if the A-topology
coincides with the Hull- kernel topology in ® 4.

Proof. In this proof 74 and 73, will denote the A-topology and the Hull-
kernel topology on ® 4 respectively.
Suppose A is completely regular topological algebra. We will show
T, = Ta. By Theorem 9(2), 75, C 74, so it is enough to show 74 C 7.
Let F be a 74-closed subset of ®4. We will show F is 75,-closed, it
means F' = F. According to Theorem 6(2) F C F | so it is enough to
show F CF.
Since F is 74-closed and ® 4 is 74-compact, so F is 74-compact set and
therefore 75,-compact.
Suppose f € F and ¢y € ®4\F. It is obvious that f # ¢o. By
definition of completely regular algebra, since ® 4 is 7,- Hausdorff, so
f and o have 75,- neighborhood Wy and W, such that Wy NW,,, = 0.
It is clear that complement of W, is a 7;-closed set and so W = Wéo.
We have B B

Wf < W‘;O = Wf < tho = Wéo
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Therefore @y ¢ Wy = hul (ker (Wy)).

Based on {W; : f € F'} is a 7,-open cover for F, and F is a 7,-compact,
So there exists 7,-open sets Uy, ...,U, such that F' C U?Zl U; and
wo ¢ hul (ker (U;)). Therefore, for each i = 1,2,...,n, there exists
v; € ker (U;) which pg(v;) # 0. Let v = vy ... v,, then ¢o(v) # 0 and
so, we will have g ¢ F = hul (ker (F)).

Conversely, suppose that 7, = 74, since 74 is Hausdorff topology then
obviously, 73, is Hausdorff. So, algebra A is completely regular. 1
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