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Abstract. In this paper the concepts of “partial parallelizable
manifold” and “partial trivial tangent bundle” are fundamental no-
tions. The aim of this paper is to obtain some properties about partial
parallelizable manifold (M, p,) and their relations to integrable partial
trivial structures in tangent bundle. In the study of the couple (M, p,)
an important operation on p, is the construction of other geometric
and topological objects: G(M)—invariants, homotopy invariants and
their relations with Pontryagin classes of tangent bundle T'M. We
give a description of Pontryagin algebra of partial trivial tangent vec-
tor bundle of M: if F is a foliation of M we show that T'M is null in
dimension d > 2 (m — p), where m = dim M and p = dim F.

The case of integrable partial trivial structures is considered. If
the subbundle E (p,) generated from p, is integrable, then there is a

G (M)-invariant [M(pp)] associated with (M, p,). Finally, we give

some examples.

1. INTRODUCTION

This paper is a continuation of [1, 2, 3, 4, 5, 6]. Here, the mani-
folds are paracompact and C'*°—differentiable. The morphisms are of
constant rank and of C*°—class. Also, vector fields are of C'*°—class.
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Definitions.
1) A differentiable manifold M is parallelizable if its tangent bundle
TM admits a global fame p,,, = (X1, Xo, ..., X)), m = dim M.

2) If TM admits some global vector fields p, = (Xi,...,X,), 1 <
p < m, in arbitrary x € M, where X (x), ,X,(x) are linearly
independent, then we say that M is a partial parallelizable manifold.

If p = m the notion of partial parallelizable manifold does not make
sense.

We can obtain some properties of partial parallelizable mani-
folds using vector bundles and parallelizable Grassmann manifolds
([10, 12, 13, 14]). In order to study the geometry of integrable and non-
integrable partial trivial structures, it is important to see certain prop-
erties of the partial parallelizable manifolds. A differentiable manifold
M endowed with a global partial frame p, of the tangent bundle 7'M
is called a partial parallelizable manifold. To Justlfy this termmology,

we consider two arbitrary vector fields v = Z VX, w = Zkak,
i=1 —

pp = (X1,Xs,...,X,). Then v and w coincide if and only 1f vt = W',

i =1,2,...,p. This fact proves that for p = m, the couple (M, p,,) is a

parallelizable manifold. The tangent vector bundle T'M that satisfies

the preceding condition is called a partial trivial bundle.

The group consisting of global diffeomorphisms of M on M is de-
noted by G(M).

We recall some results on G(M)—invariants and homotopy invari-
ants that will be used later. In order to separate the geometric proper-
ties of the partial parallelizable manifold (M, p,) from the topological
properties, we use the isomorphism classes {E(py)} and {TM/E(py)}
corresponding to global partial frames p; C p C .... C p,. There exist
some relations between the partial parallelism of the manifold M and
partial trivial structure of its tangent bundle 7M.

In [5] we prove that the existence of a partial trivial structure in
TM is reduced to the existence of a lift of Gauss map in a certain
diagram. In this paper, we obtain some properties of a partial paral-
lelizable manifold (M, p,). We verify that the manifold M is partial
parallelizable if and only if T'M is partially trivial (Lemma 2.1 and
Theorem 3.1).

The Pontryagin algebra of T'M is considered, too (Section 3). For a
partial parallelizable manifold (M, p,) we have obtained Pont’ (T M) =
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0 for j > 2(m — p) (Theorem 3.1), where Pont/(T M) are the compo-
nents of Pontryagin algebra of T'M.

In Section 4 we investigate the particular case of integrable partial
trivial structures. Consider the subbundle E (p,) spanned from p, =
(Xi,...,X,). If E(p,) is integrable, then there exist some homotopy
classes associated with TM and E (p,) (Theorem 4.4).

Finally, in Section 5, some explicit examples are given.

2. INVARIANTS OF PARTIAL PARALLELIZABLE MANIFOLDS

2.1. Preliminaries. In this section our purpose is to describe rela-
tions between some algebraic invariants and homotopy invariants of
a partial parallelizable manifold. Let M be a differentiable paracom-
pact manifold of dimension m, T'M its tangent bundle and p is a fixed
natural number, 1 < p < m. Let p, = (X1, Xs, ..., X)) a global partial
frame of TM, i.e. the vectors (X;(z), ..., X,(z)) are linearly indepen-
dent for all x € M. Also we say that a global partial frame p, is a
partial parallelism on manifold M. The frame p, enables us to define
some G(M)—invariants and homotopy invariants of (M, p,). An ele-
ment ¢ € G(M) induces a bijection ¢’ on the vector field X defined
by:
o' (X)(e(x)) = (p(x); 0, (X (2))),

where ¢! denotes the derivative of ¢ at » € M. Then,
the action of ¢ on p, is defined by relation (p,¢')(p,) =
(p(x); ph(X1(x)), .oy @1 (Xp(2))), © € M. Now, we consider the sub-
bundle spanned from p, : {(p,) = (E(pp), 1P, M) with total space
E(p,) = UzemEy(pp), where E,(p,) is the vector subspace of T, M
spanned from p,(z) = (Xi(z), ..., Xp(2)), © € M. Because M is para-
compact manifold, the following sequence O — E(p,) — TM —
TM/E(p,) — O is exact. Now, for fixed p, let O = (M xRP — M) be
the product bundle over M and fiber RP. We observe that it is a global
frame of E(p,). Hence E(p,) and ©P are isomorphic, E(p,) ~ OF. Fi-
nally, preceding considerations give the following isomorphism of vec-
tor bundles over M: TM ~ (M x R?)® TM/E(p,). Conversely, let
TM ~ (M x RP) ® TM/E be the structure of TM, where E isomor-
phic to ©P. Then F admits a global partial frame o,, where o, defines
a partial parallelism on M. Then it follows:

Lemma 1. Let M be a C*—differentiable and paracompact manifold
of dimension m, T M 1ts tangent bundle and p an integer, 1 < p <
m. Then M is a partial parallelizable manifold (M, p,) if and only if
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TM is a partial trivial bundle. The structure of TM 1is given by the
isomorphism TM ~ (M x RP) @ TM/E(p,), E(pp) ~ M x RP.

Remark. The vector bundle TM/E(p,) describes the deviation of
the tangent bundle TM from trivialization. Hence, TM/E(p,), 1 <
p < m, gives an obstruction of (M, p,) from a parallelizable manifold.
In this paper, we identify a partial parallelism on M with a global
partial frame of T'M. In the next section, we emphasize this idea.

2.2. Homotopy invariants of partial parallelizable manifolds.
Let G be the Grassmann variety consisting of the set of k—subspaces
of RY, t =1,2,.... Denote by Vecty(M) the set of isomorphism classes
of vector bundles over M and of fiber R* k = 1,2,....,p. Let [M,Gy]
be the set of homotopy classes of maps f: M — Gy.

Lemma 2.2 ([[11], p. 33|, homotopy classification) There exists a
bijection fi : Vecty(M) — [M, Gy].

For fixed fi, there exists a unique homotopy class cx(M) € [M, G|
defined by cx(M) = fi({M x R*}), where {M x R*} denotes the
isomorphism class of vector bundles isomorphic to M x RF.

Analogously, we consider the isomorphisms classes of vector bun-
dles over M, {TM/E(pr)} € Vecty_r(M), {TM} € Vect,,(M) and
the bijections f,,_r : Vect,, (M) = [M,Gpk], fin @ Vect,,(M) —
[M,G,,]. The partial parallelizable manifold (M, py) has associated
the homotopy invariants ¢, (M) = frxc({TM/E(px)}), cm(M) =
fm({TM}) [6]. So we conclude that the preceding relations com-
pute these homotopy classes in terms of isomorphisms classes of vec-
tor bundles over M. The homotopy classes cx(M) = fr({M x RF})
are uniquely determined by bijections f, and the condition to con-
tain a map hy : M — Gy, hy = constant [6]. We can verify that
(M) = (ex(M)), cm—ir(M) [6]. As a consequence, these homotopy
classes permit distinguishing between the tangent bundle of a paral-
lelizable manifold and the tangent bundle of a partial parallelizable
manifold. N
Remark. A change bijection f; — fs, s = p,m — p,m modifies the
classes ¢s(M) by relations of the form ¢,(M) = f,f; ' (¢,(M)) etc.
These classes are invariants of transformations p; — ps.

3. PONTRYAGIN ALGEBRA AND HOMOTOPY CLASSES OF PARTIAL
PARALLELIZABLE MANIFOLDS

3.1. Vanishing theorem for Pontryagin algebra of tangent
bundle. Our next goal of this section is to establish some relations



ON THE INVARIANTS OF PARTIAL PARALLELIZABLE MANIFOLDS 9

between the G(M )-invariants, the homotopy invariants and the Pon-
tryagin algebra of (M, p,). We use the geometric definition of the Pon-
tryagin classes as real cohomology classes represented by differential
forms. The isomorphism classes {T M}, {TM/E(px)}, {E(px)} con-
stitute a link between the homotopy classes ¢, (M), ¢pm—rx(M), (M)
and the total Pontryagin classes p(T'M), p(TM/E(px)), p(E(pr)),
k = 1,2,...,p, respectively. These classes are topological invariants
of M and depend essentially only on p, and on characteristic homo-
morphism [9]. In other words, two different homotopy classes give rise
to the same total Pontryagin class.

Theorem 2. Let (M, p,) be a paracompact, C>®— differentiable and
partial parallelizable manifold, 1 < p < m. Let E(p,) be the tangent
subbundle spanned by p, = (Xi,...,X,). Then Pont!(TM) = 0 for

j>2(m—p).
Proof. We use the isomorphism theorem T'M =~ E(p,) & TM/E(p,),
E(p,) >~ M x RP, and cup-multiplication between Pontryagin classes.

Remark that if two vector bundles are isomorphic, then their Pon-
tryagin algebras are isomorphic. The total Pontryagin class of T'M

is defined by p(TM) = [det (Im + %Q)] € H*(M;R) where ( is

the curvature form of a connection in TM ~ (M x RP) @ TM/E(p,).
Therefore

2

where €5 is the curvature form of a connection of TM/E(p,). The
symbol [;] denotes the cohomology classes. Since E(p,) is a trivial
vector bundle there exists a flat connection of TM/E(p,), i.e. its
curvature is null, 2; = 0. Then, precedent relation gives:

(1)

p(E(pp)) =1 and p(T'M) = p(E(py) ® TM/E(pp)) = p(TM/E(py)).
Now, we use the components of total Pontryagin classes:

(2)  p(TM)=1+4pi(TM)+ ... + pm_p(TM) + ... + p(TM).

(3)  p(TM/E(pp)) = 1+ p1(TM/E(pp)) + . + pm—p(TM/E(py))-
Comparing the relations (2) and (3), then relation (1) gives:
pm—p-l—l(TM) == pm(TM) = 0.

Consequence: Pontryagin algebra vanishes in dimension greater than
2(m — p). O

pran) = Jaer (1, + 52 (5 8 ))] = rE@mrr B,
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Remark. If p = m then TM ~ M x R™ and hence p(T'M) = 1.

3.2. Relations between Pontryagin classes and homotopy
classes of partial parallelizable manifolds. In this subsection we
associate to a homotopy class and a bijection, a certain Pontryagin
class of (M, p,).

Theorem 3. Let (M,p,) be a paracompact, C*—differentiable and
partial parallelizable manifold, T M its tangent bundle. Then:

1) There exists a G(M)—invariant As : [M,G, X Gpn_y] —
Pont(TM), As(ca(M)) = (1, ha finhp(cm—p(M)))

2) The total Pontryagin class of TM — TM/E(py) is given by the
relation:
p(TM — TM/E(py)) =1+ pi(TM — TM/E(py)) + ... & pimy2(TM —
TM/E(py)), m =even number, k = 1,2, ..., p.

Proof. 1) Using the isomorphisms TM ~ E(p,)®TM/E(p,), E(pp) =~
M x RP and the definition of the fiber product [[9], p. 15], we identify
{TM} = ({E(pp)}, {TM(E(pp))})-

Let hi, ho, hs be the characteristic ho-
momorphisms of the bundles E(pp),
TM/E(p,) and T'M, respectively [8].

Consider the following maps:

Ay + [M, Gyl= Pont(E(p,)), Ar(ey(M))=hy £ (cp(M)) =1

Ay o IMGuy) o Pont(TM/E(p), Ax(emp(M)) =
Do ({T M/ E(py)}) = ha (M) = ho(TAL E(py);

As : [M, Gy, — Pont(T M), such that

Aa(en(M)) = hyfullen(M)) = po(TM) = (Ay x Ap)(cy(M),
oy (M) = (A1(eg(M)), sl (M) = (1, hafrlylemp(M))).
This result proves that the expression of the total Pontryagin class of
TM does not depend on the class {E(p,)}.

2) In the ring H*(M;R) = H°(M;R) & .. &
H™(M;R) the total Pontryagin class of the virtual bun-
dle TM — TM/E(py) is invertible [7] and hence p(TM -—
TM/E(pr)) = p(TM)p(TM/E(px)). Then Pontryagin classes
ps(TM — TM/E(pr)), s = 1,2,..,m/2, are determined by
ps(TM — TM/E(py) € H*(M;R), p(TM)/p(TM/E(px) =
where m is an even number. 0J

Remark. There exists a result similar to 1) for p, C p, where k is a
fixed number, 1 < k < p.
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4. INTEGRABLE PARTIAL TRIVIAL STRUCTURES

4.1. Foliation defined by a integrable partial trivial structure.
By the lemma 1, the partial parallelizability of a manifold M is equiv-
alent to the partial triviality of the tangent bundle TM. Using this
fact, we present the notion of an integrable partial trivial structure
and some properties of the associated invariants.

Definition. An integrable partial trivial structure in the tangent
bundle is defined by a subbundle of T'M that is trivial andintegrable.

In this case, the integral manifold of subbundles that define the
integral partial trivial structure are parallelizable submanifolds of M.
The invariants of (M, p,) determine certain invariants of the integral
manifolds.

Denote by M(p,) the foliation defined by integrable tangent sub-
bundle E(p,) for a fixed natural number p, 1 < p < m. Suppose
that the leaves of M(p,) are embedded submanifolds of M (topol-
ogy of leaves of M(p,) is induced by topology of M, i.e. M(p,) is
an embedded foliation). We identify M (p,) with its image (M (p,))
where i : M(p,) — M is the inclusion map. The action of group
G(M) on (M, p,) defines an equivalence class of M (pp) under this
action: [M( y)] = {M((gp OV (pp)) /e € G(M)}. It is clear that for

each ¢ € G(M) the leaves of M((¢,¢")(pp)) form a class of diffeo-
morphic and parallelizable submanifolds of M. From the definition of

M((¢, ©")(pp)), ¢ € G(M), it follows that this foliation is embedded
in M. Indeed, for ¢ € G(M) and x € M, we have the relations

(. (@) = (07 (2), (¢ (e(@)) = (¢ (), (¢ ).
Now, we consider an arbitrary leaf F € M (pp) and F, €
M((¢, ¢ "Y(pp)). Clearly, each ¢ € G(M) defines an isomorphism be-
tween the Lie algebras x(F) and x(F,) of the vector fields of F' and
F,, respectively. We proved the following theorem:

Theorem 4. Let (M, p,) be a C®-differentiable, paracompact, par-
tial parallelizable mcmz'fold E(p,) the integrable subbundle spanned
by p, and M(p,), M((gp ©')(pp)) the embedded foliations defined by
E(pp) and E((p,¢")(pp)), respectively. Consider an arbitrary leaf
F e M(py), F, € M((¢,¢')(pp)) and the Lie algebras of vectorfields
X(F), and x(F,). Then:

1) The partial parallelizable manifold (M, p,) has an associated
G(M)—invariant, i.e. the class [M(p,)].
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2) The algebras x(F') and x(F,) are isomorphic.

Proposition 5. Let (M,p,) be a C*°—differentiable, paracompact,
partial pamllelzzable manifold, E(p,) integrable subbundle spanned by

Pp, and i : M(pp) — M the inclusion map of foliation M(pp) of E(pp).
Then, the total Pontryagin class of i*(T M) is given by

p(i*(TM)) = i* (p(T M (p,)))i* (p(TM/T M (py))).

Proof. Using the relations p(i (TM/TM(pp))) = i*(p(TM/T]TJ(pp))),
p(i*(TM(p,))) = *((TM(py))), we obtain

p(*(TM)) = & (p(T M (p,)))i* (p(TM/TM(p,))) (cup — multiplication).
U

4.2. Homotopy invariants of integrable partial trivial struc-
tures. Since “homotopy invariants” are “homotopy classes”, we use
in this section the last expression. Our purpose is to obtain some ho-
motopy classes of induced vector bundles over manifold M(p,). The
relation between these classes is presented, too.

Theorem 6. Let (M, p,) be a C™-differentiable, paracompact, partial
parallelizable manifold, TM its tangent vector bundle and E(p,) the
subbundle spanned by p,. If E(p,) is integmble then:

1) There exist homotopy classes cm(M(pp)) = fou{i*u(TM)}),
tns(M(py) = FupleuTMTM (), &(M(py) =
fr({i*u(TM(p,))}) uniquely determined for fized bijections fp,
fm—p, fp- These classes satisfy relations

En(M(pp) = (@EM(py)), Emp(M(p,))),

where u : TM — TM(pp) @TM/T(]\Z(pp)) is an isomorphism and i*u
denotes the induced isomorphism under embedding i M(pp) — M.

2) The homotopy classes of TM(pp),TM/TM(pp) satisfy the rela-
tion cp(M) = (c,(M), Cm—pLM)) where ¢,(M) = f,({TM(pp)}).
eny(M) = fuy{TM/ TN (p)}), en(M) = fu{TMY}) and

Ip, fm—p, fm are bijections given by Lemma 2.2.

Proof. We study the properties of homotopy classes of induced bun-
dles over manifold M (p,). Let ¢ : M(p,) — M be the embedding

and u : TM ~ TM(pp) ® TM/TM/ (p,), the isomorphism given by



ON THE INVARIANTS OF PARTIAL PARALLELIZABLE MANIFOLDS 13

Lemma 1. Denote :*u the induced isomorphism of u under the em-
bedding ¢ and defined by i*u : *(T' M) — i*(T' M (p,) @ TM/TM(p,)),
Fuz,y) = (2, u(y) = (@,uyr), uly2)) for y = (y1,42), 11 € TM(py),
yo € TM/TM p,). For simplicity we denote:

A= {i"u(TM)}, B = {i*u(TM(p,)}, C = {i*u(TM/TM (p,))}.

Then, for fixed bijections 2 (given by Lemma 2.2), 2

Vects (M(pp)) [M(pp) G5, s = p, m—p, m, we obtain the homotopy
classes:

En(M(pp) = fn(A),Enp(M(pp)) = fin-p(C). G (M(py)) = f(B).

It is clear that these classes are uniquely determined for fixed bijec-
tions. Now, we describe the relations between these classes. Denote

fm = fp @ frn o= fp, Fne p) the direct sum of fixed precedent bijec-
tions.

Then ¢, (M(pp)) = fm(A) = (fp©fnp)(BOC) = (f,(B), fm—(C)) =
(cp(M(pp))s Em—p(M(pp))). Then affirmation (1) follows. Finally, us-
ing a similar argument and results from section “Preliminaries”, we
obtain the relation

em(M) = (cp(M), cm—p(M)).
0J

Briefly speaking: Since f,, L}é\,/s = p, m — p, m are bijections, the ho-
motopy classes ¢s(M) and ¢5(M(p,)) give a topological interpretation
for a certain isomorphism class of bundles.

Analysis of excepted cases p = 1,p = m. It is clear that F(p;)
and E(p,,) are integrable subbundles.

Case p = 1. Let p; = (X) be the global partial frame of T'M
and & = (E(p1), 7', M) denote the subbundle of T'M spanned
by p1, where E(p1) = UzemEr(p1), Ei(p1) is the vector space
generated by pi(z) = X(z), x € M. The subbundle & is trivial,

E(p1) ~ M x R. Denote M(p;) the foliation defined by E(p;) and
let u: TM — TM(ps) @ TM/TM (p;) be the isomorphism given by
Lemma 1. The embedding ¢ : M (p1) — M induces an isomorphism
fu ¢ (TM) = (T (pr) & TM/TM (), "u(z.y) = (z,u(y)).
x € M(p1), y € TM(p1) @ TM/TM(py). If the bijections f, :
Vecty(M(py)) — [M(p1),Gy], s = 1,m — 1,m, are fixed, we uniquely
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obtainNthe homotopy classes El(M(pl)) = ({Z U(TM)(p1)})
Em1(M(p1)) = foa(Fu(TM(p1)}),  En(M(py)) =
fm{@uw(TM)}). Tt is clear that ¢, (M ( 1) (ci(M ( )) A

) = )-
similar result for the homotopy classes of TM(py), TM/TM(py) i
given by relation ¢,,(M) = (¢1(M), ¢p1(M)), where ¢;(M) = [hq],
hy : M — G4, hy = constant.

Case p=m. Now, E(p,) =TM ~ M x R™ and therefore this is a
singular case.

4.3. Integrable partial trivial structures defined by foliations.
The notion of parallelizable foliation is inspired by the notion of par-
allelizable manifold.

Definition. A foliation F of a differential manifold M is paral-
lelizable if each leaf of F is a parallelizable manifold.

Lemma 7. Let M be a C*™-differentiable, paracompact manifold of
dimension m, T M its tangent bundle, F a foliation of M of dimension
kE, 1 < k < m. Let TF be the tangent bundle of F. Then TF
defines a integrable partial trivial structure in TM if and only if F
15 a parallelizable foliation.

Proof. Since every leaf of F' is a parallelizable manifold, T'F is trivial:
TF ~ M xR*. But M is a paracompact manifold, and thus there is an
isomorphism of vector bundles: TM ~ TF & TM/TF ~ (M x R¥) @
TM/TF. Conversely, if TF defines a partial trivial structure in 7'M,
we have the isomorphism TF ~ M x R*. Tt follows that T'F admits a
global frame oy. Hence (F,0y) is a parallelizable foliation. 0

A relation between the partial parallelism of M and parallelizable
foliation is given by the following

Lemma 8. Let M be a C*-differentiable, paracompact manifold of
dimension m, T'M its tangent bundle and F a foliation of M, dim F =
k, 1 <k <m. Then F defines a parallelism on M if and only if F s

a parallelizable foliation.

Proof. It F is a parallelizable foliation then F' defines a partial trivial
structure in TM, i.e. TF ~ M x R*. Tt follows that TF admits
a global frame oy. Therefore, the couple (M, oy) is a parallelizable
manifold.

Conversely: Assume that I’ defines a partial parallelism on M, i.e.
a partial frame o, of TM. Then oy is a frame of T'F', and hence F' is
parallelizable foliation. O
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As a consequence of the preceding results, we have the following

Theorem 9. Let M be a C*°-differentiable, paracompact, manifold of
dimension m, T'M its the tangent bundle and p an integer number,
1 < p < m. Let F be a foliation of M of dimension p. Then the
following properties are equivalent:

1) The foliation F is parallelizable;

2) The tangent bundle of F, TF, defines a integrable partial trivial
structure in T'M;

3) The manifold M 1is partial parallelizable.

4.4. Infinitesimal automorphism of integrable partial trivial
structures. In this section, we show that some flow of vector fields
conserves the foliation M(p,) defined by the subbundle E(p,) of a
partial parallelizable manifold.

Theorem 10. Let (M, p,) be a C*-differentiable, paracompact, partial
parallelizable manifold of dimension m, T'M its tangent bundle and p
an integer number, 1 < p < m. Suppose that the subbundle E(p,) is
integrable and let ]T/[/(pp) be the foliation defined by E(p,). Consider a
tangent vector field on M,Y =Y, +Y,, where Y; is tangent to ]T/[/(pp)
and Yy is transverse to M(pp). In these conditions, vector fields [Y, X;],
i =1,2,....p, Xi € pp, are infinitesimal automorphisms of M(pp) if

and only if the vector field Yy is constant along the leaves of M(p,).

Proof. 1t is clear that the leaves of M (pp) are parallelizable sub-
manifolds. Consider vector fields [Y, X;| = [Y1, Xi] + [Y2, Xi] where

X} € pp. Let h = (U, 2%, 2%) be a local chart of M(p,), k =1,2,...,p,
k= p+1,...,m. Use the representations in the chart h of Y5 and

) ‘ L OXI
X Y = YQ’“%, X, = X,g%. Then [Ys, X;] = Yf%% -
0 g 4 fields to M(p,), it foll
FoaT o ecause —— are transverse fields to M(p,), it follows
. — LovE
that [Y2, Xj| is tangent to M (p,) if and only if i 0,ie Yyisa

constant vector field along the leaves of M (Pp)- O
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5. EXAMPLES

1. As a specific example for the definition 4.1, we will show that
there is a wide class of integrable partial trivial structures. It is enough
to describe the foliations of some product manifolds.

Let R" = (R",R", A) be the real manifold, where the atlas A
is defined by A = (R",1gn). We also consider the differentiable
manifold R} = (R™,R", B), where the atlas B is given by the cou-
ple B = R",xx), xx : R" = R" o = (21,29,...,2,), xx(x) =
(z2krtt g2l a2kt ) k= (ky, ko, k), with ky, ka,... K, pos-
itive integers. For each k, the chart (R™, ) is not compatible with
the atlas A. The manifolds R} and R" are distinct, but these are
diffeomorphic manifolds. Now, let M be an arbitrary C°°-manifold.
Consider differentiable manifolds M x R} and M x R". The map
(1py x ) - M x Ry — M x R" is C*-diffeomorphism. Using preced-
ing notations, we obtain the following

Theorem. 5.1. For each C*°-differentiable manifold M, the mani-
folds M x R} and M x R" are endowed with integrable partial trivial
structures. The leaves of these parallelizable foliations are {x} x R}
and {z} x R", respectively, z € M.

2. a) Spheres S**! are partial parallelizable manifolds.
b) If M is a manifold then M x S*, ¢ =1,3,7 admits an integrable
partial trivial structure.

3. Let G, be a Lie group and M a differentiable manifold. Then
T(M x G,) is endowed with and integrable partial trivial structure.

4. If X is a regular vector field on a manifold M, then p; = {X}
defines an integrable partial trivial structure in T'M.

5. Let G be a Lie transformation group on a manifold M. Group
G is a parallelizable manifold and T'M is a partial trivial bundle.

6. Let NV be a parallelizable manifold, dim N = p and M a manifold.
If p, = (X1, Xs,...,X,) is a global frame of TN, then p, defines an
integrable partial trivial structure in T'(M x N).
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