“Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 35 (2025), No. 1, 35-40

CONFORMAL TRANSFORMATIONS IN
ELECTRO-COMPLEX RANDERS SPACES

OTILIA LUNGU AND ELENA ROXANA ARDELEANU

Abstract. In this paper we investigate a class of complex Finsler
metrics of Randers type defined by

F(z,p) = a(z,p) +18(z, 1)

where a(z, p) = ﬂ/al-;pﬂ'ﬁj is a Hermitian norm induced by a positive-
definite Hermitian metric and 5(z, u) = £ A;(2)p" is a complex 1-form.
Motivated by the analogies with electromagnetic interactions we refer
to these as electro-complex Randers metric and we explore conformal
deformations of such spaces.

1. INTRODUCTION

Let M be a complex manifold and

(1.1) {2t 22, .. 2" 2™ L ™)

the local real coordinates on M.

1.2 {422, .., 2"

are the local complex coordinates where

(1.3) 2 =% 4" =2 —ix" " 1<a<n
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and we will use the Wirtinger operators defined by

(1.4) 9 _1/f9 .0 0o _1/0 ., 0
' 920 2\ 0za  Oznte )9z 2 \ gz | 'Qgnta

The sets {3%} and {52} are the local frames on the complex tan-
gent bundle 77 M.

Let peT! M be a complex tangent vector, yu = p’ le'

We consider a = a;5(2)dz" x dZ’ to be a Hermitian positive metric
and b = b;(2)dz" a d1fferent1al (1,0)-form and we define the function

(1.5) F(z,p) = alz, p) + |B(z, 1)
where a(z, p1) = [ ag ()’ B(z, p) = bi(2)p* and

1Bz, )| = £/ Bz, 1) B(z, ).

We call the function F' a complex Randers metric and (M, F) a
complex Randers space.

Note that a and § are homogeneous with respect to u :

a(z, Au) = [N a(z, 1) B(z,A\) = AB(z, ), for all A € C
We denote L = F?2, so L(z, \) = |\ L(z, 1) and we calculate

Oa _ 1 iy Q0. 1 0181 B, 018 1,
Dui  2q G T e g i T 5% T 2|5|“az“_2

oL oL 2L 9L 01
90 Lo = TP o pE P oa0 18]

We consider :

. - = L L L 1
b= a’]lbjﬁ HbH2 = Cﬂlbi%? My = 0 a Oa 0 0 |/8| =F ( l ﬁ )

o~ daon 918] oy Wk

5]
The fundamental tensor of the complex Randers space given by

0*F?
1.6 — = —
(1.6 9= G
can be calculated here as
F 1
1. — h
( 7) gz] + 57 2 |ﬁ| Mz:ug

where we denoted
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The d-tensor

O*F
(1.9) ki = ———
T outom?
is the complex angular metric tensor of the complex Randers space.
A direct computation yields

I I
(1.10) k3= oF (gij - ﬁumj) -

2. Electro-complex Randers space

We consider a model for complex electrodynamics by considering
metrics F': T'M — [0, 00) of the form

(2.1) F(z,p) = oz, p) + |8(2, 1)

where a(z, 1) = /a5(2) Wi, B(z, 1) = S Ai(2)p' with :

a;7(2), a Hermitian metric on M;

A;(z), a complex-valued potential;

e € R, the energy of the particle;

m € R, the mass of the particle;

a(z, ) ensures positive-definiteness and smoothness of the metric
and f(z,p) introduces an anisotropic direction dependent perturba-
tion influenced by the field. The real part of a(z,u) corresponds to
the kinetic energy induced and |5(z, p)| models the influence of the
external electromagnetic potential.

The Finsler space

(M, F) = a(z,p) + |B(2, 1))

is called electro-complex Randers space.
The next goal is to find the fundamental tensor g;; .
In order to do this, we calculate

(2.2)

da 1 . OB 1 e, 0% SR lG| -
= = — A, ———— =g, = —AA

opt 20 "HH "ot 2|8 m2 KH optop® Gk oo~ m2 "

By a direct calculation, we obtain
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Lemma 1. The fundamental metric tensor of the electro-complex Ran-
ders metric is given by
2 1 1

2
T _ € N LAk
9% = aik+m2 AiAk+2[2aaik |B|+4a 8] m2 (azm" Ap'A; + aul A;AE") —

_ N ™
T Gall gt 18] — om e A Ay Agpital.

The nonlinear Chern connection has the coeflicients

(2.3) N/ = —,
where G are the spray coefficients determined from

i 1,k ( _0%F? 9%F?
G'= 39 (azjaﬁk + 5005 ) -

The coefficients for the canonical metrical connection are

i L g
(2.4) e = 59 " (Okgji + 0590 — B9n)
1
(2.5) = 5911 (akgﬁ +0;94)
with
o .0
(2.6) %= 50~ Nigu

3. Conformal transformations in electro-complex Randers
spaces

We consider a conformal change as
(3.1) F*(z,1) = P F (2, )
where o(z) is a function of z known as conformal factor.

Definition 2. An electro-complex Randers space equipped with
fundamental metric F*is called electro-complex Randers conformally
changed space.

We have F*(z, u) = a*(z, 1) + |5*(z, p)|. So we get
(3.2)

o = "G, B (z, 1) = "D B(z, ), 18 (2, 1) = 2 |8z, )

and by a simple calculation we obtain
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Theorem 3. The fundamental metric tensor of the electro-complex
Randers conformally changed space is

(3.3) gi5(z, 1) = € P g5(z, ).

Theorem 4. The Cartan covariant tensor C* of the electro-complex
Randers conformally changed space is given by

(3.4) Cr = %)

ijk ijk-

In order to determine the coefficients for the Chern connection we
calculate

(35) g*ﬂ — G—QU(Z)giZ
and
g% Do dg.
ij __ 20(z _ gl
(3.6) o =7 (2@%1* W)

Now we can determine

, -0g% - 0 0
(1) F;i _ g*'Ll_Z] _ 6720(z)gzl€20(z (2 o 4 g]l) 3.7

0zk 0zk 9ji 0zk
Jo Zjag[ Jdo i
9 25 R9i1TY 3zjk 2ﬂ(5] +F

Theorem 5. The coefficients for the Chern connection of the electro-
complex Randers conformally changed space are

(3.8) =125 5T,
The curvature coefficients of the electro-complex Randers confor-
mally changed space are
« _ pi __ osi_ 0%
Rjki = Rj - 2(5] SoheT
so, the Ricci curvature is

R — R™ _ _ m__ 0%

jml iml J 92mHzt

Theorem 6. The Ricci curvature of the electro-complexr Randers con-
formally changed space is

R = R — op-Po_

i Yml T Mo
Now we can calculate the scalar Chern curvature
x _ oxjlpx _ ,—20 4l m 9% _ 20 5l _
S*=g R.f—e g (iji noSg) =e g Rﬂ 2nAo

where Ao = gﬂaajg
z Z
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