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Abstract. In this paper, we prove a general common fixed point
theorem for two pairs of mappings satisfying a new type of common
limit range property in semimetric (symmetric) spaces. Our result
relies on the use of an almost altering distance and of implicit rela-
tions and generalizes known results. As applications, we obtain new
fixed point theorems for mappings satisfying contractive conditions of
integral type and for c-class functions.

1. INTRODUCTION AND PRELIMINARIES

Classical fixed point results are usually formulated in metric
spaces and rely essentially on the triangle inequality. However, in
many applications this condition is too restrictive, while the first two
axioms of a distance are still preserved. This motivates the study of
fixed point theory in semimetric (symmetric) spaces, which general-
ize metric spaces but retain a meaningful notion of convergence. To
overcome the lack of the triangle inequality, additional regularity as-
sumptions such as 1-continuity and condition (H.E.) are commonly
employed.
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On the other hand, various generalizations of contractive conditions
have been developed to unify and extend classical results. Altering dis-
tance functions and their recent extension to almost altering distances
provide a flexible framework that includes contractive conditions of
integral type and nonlinear inequalities. Furthermore, the common
limit range property has proved to be an effective substitute for con-
tinuity and strong compatibility assumptions in the study of common
fixed points.

Motivated by these developments, this paper introduces a new vari-
ant of the common limit range property and combines it with implicit
contractive conditions that involve almost altering distance functions
in the setting of semimetric spaces. The results obtained generalize
several known common fixed point theorems and yield new applica-
tions to mappings satisfying integral-type contractions and conditions
involving C'-class functions.

Definition 1.1. For a non-empty set X, a functiond: X x X — R,
1s called semimetric on X if the following two conditions hold:

(S1) d(z,y) =0 if and only if x = y;

(52) d(x,y) = d(y,x) for all x,y € X.

The couple (X, d), where d is a semimetric on X will be called a
semimetric space. In the literature, semimetric spaces are also called
symmetric spaces. In this paper, we will use the name ”semimetric
space”, as symmetric space is also the name of an important concept
in Riemannian geometry.

As in metric spaces, given a semimetric d on X, open balls are
defined and an induced topology 74 is obtained. This topology is
first-countable, but it is not always Hausdorff. Note that there exist
semimetrics for which every open ball is not an open set and every
closed ball is not a closed set [11, Theorem 5.6]. As d generally does
not satisfy the triangle inequality, it is possible to encounter the case
where the function y — d(x,y) is no longer 1—Lipschitz on X for any
reX.

Example 1.2. Consider a nonempty finite set X = {x1, 29, ...,y }
and a symmetric matriz A = (a;;) € M, (R) with nonnegative entries,
having zero entries only on the main diagonal. Define d(x;, ;) = a;;
foralli,j € {1,2,....,m}. Then d is semimetric on X. If there exist
i,j,k €{1,2,...,m} such that |a;; — a;| > aj, then the function y —
d(x;,y) is not 1—Lipschitz on X.
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The definition of a convergent sequence is the same as in metric
spaces: a sequence (Z,)n>1 n X is said to converge to a point v € X
if le d(x,,x) =0.

In order to compensate the lack of the triangle inequality, in the
study of convergent sequences, some additional regularity axioms have
been introduced for the semimetric.

As mentioned in [11], in 1931 Wilson [32] introduced the following
substitutes for the triangle inequality regarding convergent sequences
in a semimetric space (X, d): for all z,y € X and all sequences (x,,),>1,
(yn)n21 and (Zn)n21 in X>

(W1) (The uniqueness of the limit) If limd(z,,z) = 0 and

n—oo

lim d(z,,y) =0, then x = y;
n—oo
(W2) If lim d(z,,x) =0 and lim d(z,,y,) = 0, then lim d(y,,z) =
n—oo n—oo

n—0o0
0;
(W3) If limd(z,,y,) = 0 and limd(y,,z,) = 0, then
n—o0 n—o0
lim d(x,, z,) = 0.
n—oo

In the following, we recall another substitute for the triangle in-
equality with regard to convergent sequences in a semimetric space,
namely the notion of 1—continuous semimetric, which has been in-
troduced in [12], and the condition (H.E.) satisfied by a semimetric,
introduced in [3].

Definition 1.3. (1) A semimetric d on X is said to be 1—continuous
if im d(z,,x) =0 implies lim d(z,,y) = d(z,y), for allz,y € X and
n—00 n—00

all sequences (Ty)p>1 N X;
(2) A semimetric d on X is said to satisfy the condition (H.E) if
lim d(z,,z) = 0 and lim d(y,,z) = 0 imply lim d(z,,y,) = 0, for all
n—oo n—o0

n—oo
x € X and all sequences (xp)n>1, (Yn)n>1 in X.

More conditions used as a substitute for the triangle inequality and
involving convergent sequences are given in [20)].

The notion of weakly compatible pair of mappings was intro-
duced by Jungck in 1996 [19] and was used to prove the existence
of common fixed points for non-continuous self-mappings of a met-
ric space. The sets of coincidence points of f,g : X — X is
C(f,9) = {xr € X: f(x) =g(x)} and the values w = f(z) = g(x)
are called coincidence values of f and g. Two weak compatible map-
pings commute at their coincidence points, as the following definition
shows.
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Definition 1.4. [19] Two mappings f,g : X — X are called weakly
compatible if f(g(x)) = g(f(z)) for all x € C(f,g), i.e. forallz e X
such that f(x) = g(x).

In 2011, Sintunavarat and Kumam [31] introduced the notion of
common limit range property for a pair of self-mappings of a fuzzy
metric space. In 2012, Imdad, Pant and Chauhan [13] introduced the
notion of common limit range property for two pairs of self-mappings
of a Menger space and used this property to prove fixed point results.
In 2013, Imdad, Chauhan and Kadelburg [15] proved fixed point the-
orems for weakly compatible pairs of self-mappings of a metric space,
possessing a common limit range property and satisfying some gener-
alized (1, ¢)—weak contractive condition. The notion of common limit
range property has been used in the study of common fixed points for
self-mappings of metric spaces [14] and self-mappings of semimetric
spaces [10], [17], [23].

Definition 1.5. [13], [15] Let (X,d) be a semimetric space and
A, B, S, T be self-mappings of X. The pairs (A,S) and (B,T) are
said to satisfy the common limit range property with respect to (S,T),
denoted by (CLRgr), if there exist two sequences (Tn)n>1 and (Yn)n>1
in X such that

lim A(z,) = lim S(z,) = lim B(y,) = lim T(y,) =: z,
n—00 n—00 n—00 n—00
where z € S(X)NT(X).

We introduce a variant of the common limit range property as fol-
lows.

Definition 1.6. Let (X, d) be a semimetric space and A, S, T be self-
mappings of X. The pair (A,S) is said to satisfy the common limit
range property with respect to T if there exists a sequence (Z,)n>1 in
X such that

lim A(z,) = lim S(z,) =: z,

n—oQ n—oo

where z € S(X)NT(X).

Obviously, if two pairs (A,S) and (B,T) satisfy (CLRgr), then
(A, S) satisfies the common limit range property with respect to T
The converse is not true for arbitrary B, as the following example
shows.

Example 1.7. Let X = R, and d(z,y) = (x — y)? for 2,y € X.
Then (X, d) is a semimetric space. But (X,d) is not a metric space,



ALTERING DISTANCES AND COMMON FIXED POINTS VIA CLRP 51

as d(x,y) — [d(z,2) +d(z,y)] = =2(z —x)(2 — y) for all z,y,z € X,

hence d(z,y) > d(x, z) + d(z,y) whenever x < z <y ory < z < .
Define the following self-mappings of X: A(zx) = %(wQ + 1),

S(z) = $(x+1) and T(z) = z + . Then S(X)NT(X) = [5,0).

For a sequence (up)p>1 in X such that limu, = 0 we see that
- n—oo

lim A(u,) = lim S(u,) = 3 € S(X)NT(X), therefore, the pair (A, S)

n—oo n—0o0

satisfies the common limit range property with respect to T. Assume

that for some mapping B : X — X the pairs (A, S) and (B, T) satisfy

(CLRgr). Then there exist some sequences (p)n>1 and (Yn)n>1 in X

such that lim A(z,) = lim S(z,) = lim B(y,) = lim T(y,) =: t and

n—00 n—00 n—00 n—00

teS(X)NT(X) = [3,00). Then lim (zn)° = limx, =2t — 1, and
n—o0o n—o0

hence t = % As lim T(y,) = t, it follows that limy, = 4t —1 =1,
n—oo n—oo

1. If B is continuous and B(1) # %, we obtain

a contradiction, therefore, the pairs (A,S) and (B,T) do not satisfy
(CLRgr).

Branciari [9] proved a general fixed point theorem for mappings sat-
isfying a contractive condition of integral type. The notion of altering
distance function ¢ has been used by Khan, Swaleh and Sessa [21] in
proving fixed point theorems for self-mappings of a complete metric
space (X, d), satisfying contractive conditions where a distance d(z, y)
is replaced by ¢(d(x,y)). Popa and Mocanu [28] proved a common
fixed point theorem for two pairs of occasionally weakly compatible
mappings satisfying an implicit relation, using the observation that
some contractive conditions of integral type can be reduced to con-
tractive conditions involving an altering distance function. Popa and
Patriciu [29] introduced the notion of almost altering distance function
in order to formulate contractive conditions used in fixed point theo-
rems for a pair of self-mappings with common limit range property in
G-metric spaces.

while lim B (y,) =t =
n—oo

Definition 1.8. [29] An almost altering distance function is a function
¥ 1 [0,00) — [0,00) which satisfies the following conditions:

(A1) ¢ is continuous on [0,00);

(A2) ¥(t) =0 if and only if t = 0.

An altering distance function is an increasing almost altering dis-
tance function.

Here, the term ”increasing” is used in a non-strict sense, as a syn-
onim for "non-decreasing”, i.e. ¥ : [0,00) — [0,00) is called increasing
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if t1 < to implies (1) < (tz), for all t1,ts € [0, 00).
Obviously, there exist almost altering distance functions that are not
increasing, e. g. 1 : [0,00) — [0,00) defined by ¢(t) =t for t € [0, 1]
and 9(t) = 1 for t € (1, 00).

In 2014, Ansari [4] introduced the notion of C'—class function, as a
control function in contractive conditions.

Definition 1.9. [4] A mapping G : [0,00) x [0,00) — R is called a
C—class function if it is continuous and satisfies the following condi-
tions:

(G1) G(s,t) < s for all s,t € [0,00);

(G2) G(s,t) = s implies s =0 ort =0, for all s,t € [0,00).

Some fixed point theorems via C'—class functions have been proved
in [4] in complete metric spaces, in [5] and [8] in the setting of met-
ric spaces and by Ansari and Kumari [6] in semimetric spaces. Ansari
and Razani [7] proved fixed point theorems for self-mappings of a com-
plete b—metric space, satisfying some general contractive conditions
involving an altering distance function or a so-called C'—class function.

The purpose of this paper is to prove a general common fixed point
theorem in the setting of semimetric spaces, for two pairs of mappings
satisfying a new type of common limit range property, and a con-
tractive condition involving an almost altering distance and implicit
relations. Our main result generalizes Theorem 3.2 in [16]. As ap-
plications, some common fixed point results for mappings satisfying
contractive conditions of integral type are obtained.

2. IMPLICIT RELATIONS

Several fixed point theorems have been unified by using contractive
conditions involving implicit functions [24], [25]. The use of implicit
contractive conditions in fixed point theorems has the advantage of
unifying and generalizing a wide class of classical contractive condi-
tions, usually with simpler proofs.

Imdad and Chauhan [14] used implicit contractive conditions to ob-
tain common fixed point theorems for pairs of self-mappings with the
common limit range property, in metric spaces. Similar results, using
implicit contractive conditions and the common limit range property,
have been proved in the setting of semimetric (symmetric) spaces by
Imdad, Sharma and Chauhan [16] and in the setting of metric spaces
by Popa [26].

Ali and Tmdad [2] introduced the following class of implicit relations.
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Definition 2.1. Let F be the family of all real lower semicontinuous
functions F : RS — R satisfying the following inequalities:

(F1) F (t,0,¢,0,0,t) > 0 for all £ > 0;

(F2) F (t,0,0,t,t,0) > 0 for all £ > 0;

(F3) F (t,t,0,0,t,t) > 0 for all t > 0.

Consider in RS the following vectors : v; = (1,0,1,0,0,1), vy =
(1,0,0,1,1,0) and v3 = (1,1,0,0,1,1). Then the conditions (F1), (F2)
and (F3) can be written in a unified form as: for each k € {1, 2, 3},

F(tvg) > 0 for all ¢ > 0.

Below are some examples of functions belonging to the class F intro-

duced by Ali and Imdad.

Example 2.2. F1 (tl,...,tﬁ) = tl —Gtg —bt3 —Ct4 —dt5 —Gtﬁ, where
a,b,c,dije>0anda+b+c+d+e<1.

Indeed, Fi(tvy) =t(1 —b—e), Fi(tvy) = t(1 — c—d) and Fi(tvs) =
t(1 —a — d — e) are positive for all ¢ > 0.

Example 2.3. [2] F2 (tl, . ,t6> = tl — kmax {tg,t37t4,t5,t6}, where
ke[0,1).

F]xa)mple 2.4. F5(ty,...,ts) = t; —kmax {tg, t3,ty, %}, where k €
0,1).

For each k € {1,2,3}, Fy(tvg) = F3(tvg) = t(1—k) > 0 for all ¢ > 0.

Example 2.5. Fy (t1,...,ts) = t1—ato—bmax {t3, t4} —cmax {t5,ts},
where a,b,c >0 and a+b+c < 1.

For each k € {1,2}, Fy(tv t(1—b—c), while Fy(tvs) = t(1—a—c).

k)
Example 2.6. F5 (t1,...,t5) =t — amax {t, 3,4} — (1 — a)(ats +
bts), where o € [0, 1) and ,b >0 with a+2b < 1.

Indeed, F5(tvy) = t(1 —a) (1 —b), F5(tve) = t(1 —a) (1 —a) and
Fs(tvs) =t (1 — a) (1 —a — b) are positive for all ¢ > 0.

Example 2.7. Fy (t1,...,ts) = t; —aty — blfft;rffw where a,b > 0 and
a+b<1.

Foreach k € {1,2}, Fy(tvy) = t(1— while Fy(tvs) = t(1—a—2b).

Example 2.8. F; (t1,...ts) = t; — max {cty, cts, cty, ats + btg}, where
a,b,c >0 and max{a +b,c} < 1.

Here Fr(tvy) = t(1 —max{b,c}), Fr(tvy) = t (1 — max{a,c}) and
Fr(tvg) =t (1 —max{a+b,c})t (1 —max{a+ b, c}).

1+t>
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Example 2.9. Fg (tl, R ,t6) =11 —aty — b(tg + t4) — c¢min {t5,t6},
where a,b,c > 0 and max {a + ¢, b} < 1.

For each k € {1,2}, Fys(tvg) = t(1 —b), while Fg(tvs) =t(1 —a —c).
For other examples see [2] and [14].

3. MAIN RESULTS

In the following, F is the family of functions given by Definition
2.1. For simplicity, for every self-mapping f of X we denote f(z) by

fx.

Theorem 3.1. Let (X,d) be a semimetric space and A,S,B,T be
self-mappings of X such that for all x,y € X the following inequality
holds

G(d(Az, By)), $(d(Sz,Ty)), ¥(d(Ax, Sx)),
(3:-1) F(w<d<By,Ty>>, ¥(d(By, S1)), w<d<Ax,Ty>>>§0

for some F' € F and some almost altering distance function 1.

If there exist u,v € X such that Au = Su and Bv = Twv, then
Au = Bv and z = Au = Su = Bv = Twv is the unique coincidence
value of A and S and the unique coincidence value of B and T.

Proof. First we prove that Au = Bv. It follows that z := Au = Su =
Bv = Twv is a coincidence value of A and S and also a coincidence
value of B and T.

Substituting z = v and y = v in (3.1), we obtain

Y(d(Au, Bv)), (d(Su,Tv)), ¥(d(Au,Su)),
F ( W(d(Bv,Tv)), (d(Bv,Su)), b(d(Au,Tv)) ) <0

As Au = Su and Bv = T, the inequality above is equivalent to
(3.2)
F(¢(d(Au, Bv)), ¢ (d(Au, Bv)),0,0,¢(d(Au, Bv)),¥(d(Au, Bv))) < 0.

Here we used the axioms (S1) (sufficiency) and (S2) of the semimetric
d.

If Au # Bu, then the axiom (S1) (necessity) shows that d(Au, Bv) >
0, therefore ¢ (d(Au, Bv)) > 0, according to condition (A2) (necessity)
from the definition of an almost altering distance function. In this case,
(3.2) contradicts condition (F3) from the definition of F. We proved
that Au = Bu.

Assume that there exists a coincidence value t € X of A and S, i.e.
there exists w € X such that t = Aw = Sw. Setting v = v and y = v
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in (3.1), we get
F(d(t, 2)), ¥(d(t, 2)),0,0,9(d(t, 2)), ¥(d(t, 2))) < 0.

If t # z, then we conclude as above that the latter inequality con-
tradicts (F3). It follows that ¢ = z, hence A and S have the unique
coincidence value z.

Similarly, z is the unique coincidence value of B and 7. Indeed,
assume that there exists p € X such that Bp = Tp and denote ¢ :=
Bp =Tp. By (3.1), for x = v and y = p we get

F((d(z,q)), ¥(d(2,9)),0,0,9(d(z,q)), ¥(d(z,9))) < 0.

If ¢ # z, then the latter inequality contradicts (F3). It follows that
q = z, as claimed. O

Remark 3.2. In Theorem 3.1, one may relax the assumption that
F € F; it is enough to assume that F : RS — R satisfies condition
(F'3) from the definition 2.1 of the class F.

We recall that the existence of a unique coincidence value ensures
the existence of a unique common fixed point, for a pair of weakly
compatible self-mappings of an arbitrary non-empty set.

Lemma 3.3. [1] Let f and g be weakly compatible self-mappings of
a non-empty set X. If f and g have a unique coincidence value w =
fxr =gz, where v € X, then w is the unique common fixed point of f
and g.

We will consider two pair of mappings satisfying the generalized
contractive condition (3.1) from Theorem 3.1, assumming in addition
that each pair is weakly compatible and that the first pair satisfies
the common limit range property with respect to a mapping from
the second pair, see Definition 1.6. A common fixed point result is
obtained, as follows.

Theorem 3.4. Let (X,d) be a semimetric space, where d is
1—continuous and satisfies condition (H.E.) from Definition 1.3. Let
A, S, B, T be self-mappings of X satisfying (3.1) for all z,y € X,
where F' € F and ¥ s an almost altering distance function.

If the pair (A,S) satisfies the common limit range property with
respect to T', then

(1) A and S have at least one coincidence point and

(2) B and T have at least one coincidence point.

Moreover, if both (A,S) and (B,T) are pairs of weakly compatible
mappings, then
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(3) A, S, B, T have a unique common fized point.

Proof. Since (A, S) satisfies the common limit range property with re-

spect to T', there exists a sequence (x,,),>1 in X such that lim A(z,) =
N n—00

lim S(x,) =: z, where z € S(X)NT(X).

n—oo

Since z € T(X), there exists u € X such that z = Tu. By (3.1) for
r =z, and y = u, we obtain
(3.3)
Ja ( Y(d (AIMBU))) Y(d(Szp, Tu)), P(d(Azy, Sz,)), ) <0.

Y(d(Bu,Tu)), (d(Bu,Sz,)), Y(d(Az,, Tu))
Having lim A(z,) = lim S(z,) =: =z, the l-continuity of d
and the n;)%otinuity of @bni_)rgoply lim ¢ (d(Ax,, Bu)) = (d(z, Bu)),
lim G(d(Sz,, Tu) = W(d(zTw) = 0, lm(d(Bu,Sr,)) =

¥(d(Bu, 2)) and lim ¢(d(Az,, Tu)) = ¥(d(z,Tu)) = 0. In addi-
tion, nh_)rgoA(xn) iﬂjl_{goS(:vn) =: z, the property (H.E.) of d and
the continuity of ¢ imply lim ¢ (d(Ax,, Sz,)) = ¥(0) = 0. Denote
t = (d(z, Bu)). i

Applying liminf in (3.3), taking into account the above limits and
the lower sem?gooﬁtinuity of F', we obtain
(3.4) F(t,0,0,t,t,0) < 0.

If Bu # z, then t > 0, by axiom (S1) (necessity) from Definition
1.1 and axiom (A2) (necessity) from Definition 1.8. If ¢ > 0, then
(3.4) contradicts the assumption that F' satisfies condition (F2). This
contradiction shows that

Bu=z="Tu,

therefore u is a coincidence point of the pair (B, T).
On the other hand, z € S(X) implies the existence of a point v € X
such that z = Sv. Setting x = v and y = u in (3.1), we get

Y(d(Av, Bu)), (d(Sv,Tu)), (d(Av, Sv)),
F ( W(d(Bu, Tw)), (d(Bu, Sv)), w(d(Av, Tu)) ) <0

(3.5) F((d(Av, 2)), 0, b(d( Av, 2)), 0,0, (d(Av, 2))) < 0.

If Av # z, then ¥(d(Av, z)) > 0 and (3.5) contradict the assumption

that F' satisfies condition (F1). It follows that Av = z = Swv, therefore,
v is a coincidence point of the pair (A, S).
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Note that z = Av = Sv = Bu = Twu is a coincidence value for
each of the pairs (A, S) and (B,T). As F satisfies condition (F3), by
Theorem 3.1 it follows that z is the unique coincidence value of A and
S and the unique coincidence value of B and T'.

Finally, assume that both (A,S) and (B,T) are pairs of weakly
compatible mappings. As z = Av = Sv = Bu = T'u, applying Lemma
3.3 for the pairs (A, S) and (B, T') we find that z is the unique common
fixed point of A, S, B and T. OJ

Remark 3.5. In Theorem 3.4, in order to obtain the conclusions (1)
and (2) it suffices to assume that F : RS — R satisfies the conditions
(F1) and (F2) from the Definition 2.1 of the class F.

Considering the special case where the almost altering function
is the identity function, by Theorem 3.4 and the above we obtain the
following result, which generalizes Theorem 1 from [16].

Corollary 3.6. Let (X,d) be a semimetric space, where d is
1—continuous and satisfies condition (H.E.) from Definition 1.3. Let
A, S, B, T be self-mappings of X such that for all x,y € X the follow-
g tnequality holds

(3.6)

F(d(Az, By),d(Sz,Ty),d(Az, Sz),d(By, Ty),d(By, Sx),d(Az,Ty)) <0

for some F : RS — R satisfying conditions (F1) and (F2) from
Definition 2.1.

If the pair (A,S) satisfies the common limit range property with
respect to T', then

(1) A and S have at least one coincidence point and

(2) B and T have at least one coincidence point.

Moreover, if both (A,S) and (B,T) are pairs of weakly compatible
mappings and if F satisfies condition (F3) from Definition 2.1, then

(3) A, S, B, T have a unique common fized point.

The following examples show that the assumptions of Corollary 3.6
can be satisfied simultaneously.

Example 3.7. Consider the symmetric space (X,d) from Ezample
1.7, with X =Ry and d(z,y) = (x — y)? for x,y € X. We check that
d is 1—continuous and satisfies condition (H.E.).

a) Assume that limd(z,,x) = 0, which is equivalent to
n—oo
lim |z, —2| = 0. Lety € X. As |d(z,,y)—d(z,y) =
n—oo

|z, — 2| |z, + 2 — 2y|, for every n > 1 and the sequence (x,)p>1 s



58 V. POPA AND M. MOCANU

bounded in (R, |-|), it follows that lim d(x,,y) = d(z,y). We proved
n—oo

that d is 1—continuous.
b) Assume that lim d(xn,x) = 0 and limd(y,,z) = 0. We will
n—oo

prove that hm d(mn,yn) = 0, which shows that d satisfies the con-
dition (HE) As hm d(:nn, x) = 0 implies hm |z, — x| = 0 and
nh_)nolod(yn, z) =0 zmplzes nh_>r1010 lyn — x| = 0, by the usual triangle in-
equality in R it follows that nhﬁr{.lo |z, — yn| = 0. Then Jgrgod(xn,yn) =

Tim. (2, — yn)? = 0, as required.

Example 3.8. Consider the symmetric space (X,d) from Ezxample
1.7, with X = Ry and d(z,y) = (v — y)? for v,y € X. Let
A, S, B, T be self-mappings of X defined by Ar = ax, Sx = sz,
Bx = bx and Tx = tx, for all x € X, for some distinct positive
constants a,s,b,t. Then S(X) = [0,s] and T(X) = [0,d], hence
S(X)NT(X) = [0,min{s,t}]. We check that the pair (A, S) satisfies
the common limit range property with respect to T, and that (A, S)
and (B, T) are pairs of weakly compatible mappings.

c) Assume that (z,)n>1 15 a sequence in X, with lim z, = 0. Then
n—oo

lim A(z,) = hm S(zn) =0€ S(X)NT(X), therefore (A, S) satisfies

n—oo
the common lzmzt range property with respect to T.

d) Az = Sx if and only if x = 0 and A(S(0)) = S(A(0)) = 0,
therefore A and S are weakly compatible. Similarly, Bx = Tz if and
only if = 0 and B(T(0)) = T(B(0)) = 0, therefore B and T are
weakly compatible.

Now we check that the following condition is satisfied:

e) there exists ' € F such that (3.6) holds for all x,y € X.

Note that d(Az,By) = (ax — by)?, d(Sz,Ty) = (sx — ty)?,
d(Az, St) = (a—s)*x?, d(By, Ty) = (b—t)*y?, d(By, Sz) = (sx—by)?,
d(Ax, Ty) = (ax — ty)>.

We look for some positive constants a,s,b,t and ¢ such that (3.6)
18 SGtiSﬁed with F (tl,tg,t37t4,t5,t6) =1 — k max {tg,tg,t4,t5,t6}, fOT’
some k € [0,1). By Example 2.3, it is known that F € F.

It suffices to require that for all x,y € X one of the following in-
equalities holds:

(3.7) (ax —by)* < k(sz—ty)*;
(ax —by)* < k(a—s)*2?; (ax — by)* < k(b—1t)%y
(ax —by)® < k(sz —by)?; (ax — by)? < k(ax — ty) :
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In general, assuming that a,b,p,q are not all zero, then (ax — by)* <
k(px — qy)? for all x,y € X = R, if and only if there exists A € R
with |A| < Vk such that a = \p and b = Aq.

Since we require k € [0,1) and a, s,b,t > 0, only the first case from
(3.7) is possible, namely (ax—by)? < k(sx—ty)? forallz,y € X =R,
and this condition is satisfied if and only if there exists A € R with
0< A< Vk such that a = \s and b = )t.

Taking k € (0,1), two distinct positive numbers s,t and a = sv'k
and b = t\k, we obtain that the following inequality is satisfied for all
r,y e X =Ry:

d(Az,By) = kd(Sz,Ty)
< kmax{d(Sz,Ty),d(Az, Sx),d(By, Ty),d(By, Sx),d(Az,Ty)}

4. APPLICATIONS

4.1. Fixed points for mappings satisfying contractive condi-
tions of integral type. In [9], Branciari proved the following the-
orem, a strong generalization of Banach contraction principle, which
opened the way for the study of fixed points for mappings satisfying
contractive conditions of integral type.

Theorem 4.1. Let (X, d) be a complete metric space, ¢ € (0,1) and
let f: X — X be a mapping such that, for each v,y € X,

d(fz, fy) d(zy)
(4.1) / h(t)dt < ¢ / h(t)dt,
0 0

where h : [0,4+00) — [0, +00] is a Lebesgue-measurable function which
is summable (i.e., with finite integral) on each compact subset of

0, +00), such that [ h(t)dt > O for alle > 0. Then f has a unique
0
fized point z € X such that lim f"z = 2z for all x € X.

n—oo

Lemma 4.2. [28]Let h : [0, 4+00) — [0, 4+00] be a Lebesgue-measurable
function that is summable on each compact subset of [0, +00), such

that [ h(t)dt > 0 for all e > 0. Define (t) fh Ydr, t € [0, +00).
0
Then 1 1s an altering distance.

Theorem 4.3. Let (X,d) be a semimetric space, where d is
1—continuous and satisfies the condition (H.E.) from Definition 1.5.
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Let A, S, B, T be self-mappings of X satisfying for all x,y € X the fol-
lowing condition, for some F € F and some function h : [0,400) —
0, +-00] which is Lebesgue-measurable and summable on each compact

subset of [0, +00):

d(Az,By) d(Sz,Ty) d(Az,Sz)
f h(t)dt, f h(t)dt, f h(t)dt,
(42) | sy A(By.5) d(AnTy) =0
[ h(t)dt, [ h(t)de, [ h(t)dt
0 0 0

If the pair (A, S) satisfies the common limit range property with re-
spect to T', then

Theorem 4.4. (1) A and S have at least one coincidence point and
(2) B and T have at least one coincidence point.
Moreover, if both (A,S) and (B,T) are pairs of weakly compatible
mappings, then
(3) A, S, B, T have a unique common fized point.

Proof. Define 1 (t) fh Ydr, t € [0, +00). According to Lemma 4.2,

1 is an altering dlstance hence 1 is an almost altering distance. Now
condition (4.2) writes as follows, for all z,y € X:

W(d(Az, By)), ¥(d(Sz,Ty)), (d(Ax,Sx)),
F( ¢(d<By,Ty))7 ¢(d(By,S:p))7 ¢(d(ACL’,Ty)) ) <0.

The above inequality is (3.1) from Theorem 3.1 and Theorem 3.4.
Applying Theorem 3.4, all the claims follow. 0

By Theorem 4.3 and Example 2.3, we obtain the following

Corollary 4.5. Let (X,d) be a semimetric space, where d is
1—continuous and satisfies condition (H.E.) from Definition 1.3. Let
A, S, B, T be self-mappings of X satisfying the following condition, for
some F € F, a constant k € [0,1) and some function h : [0, +00) —
[0, +00], which is Lebesque-measurable and summable on each compact
subset of [0,4+00): for all z,y € X,

(4.3)
d(Sz,Ty) d(Az,Sx) d(By,Ty)
AT f h(t)dt, f h(tydt, [ h(t)dt,
[ b <rmaxd 0 . 0

0 [ h(t)de, f h(t)dt

0
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If the pair (A,S) satisfies the common limit range property with
respect to T', then A and S have at least one coincidence point and B
and T have at least one coincidence point. Moreover, if both (A,S)
and (B, T) are pairs of weakly compatible mappings, then A, S, B,T
have a unique common fixed point.

4.2. Fixed point results in semimetric spaces via C-class func-
tions. Below we give a lemma that provides some general examples of
C'—class functions, a concept introduced by Ansari [4], see Definition
1.9. For particular examples, see [4], [5], [8].

Lemma 4.6. Let G : [0,00) x [0,00) — R. Then G is a C—class
function in each of the following cases:

1) G(s,t) = fa(s) — fi(t), where f1, fo:]0,00) = R are continuous
functions, with f1(t) > 0 for all t € [0,00) and fa(s) < s for all

€ [0,00), such that: fi(t) = 0 implies t = 0 or fo(s) = s implies
s =0.

(2) G(s,t) = f3(s)fa(t), where f3, fs:[0,00) — [0,00) are contin-
uous functions, with fy(t) <1 for allt € [0,00) and f3(s) < s for all

€ [0,00), such that: fu(t) = 1 implies t = 0 or f3(s) = s implies
s =0.

Proof. 1) The continuity of G : [0,00) X [0,00) — R follows from the
continuity of fi, fo : [0,00) — R and the continuity of the projections
p1, P2 [0,00) X [0,00) = [0,00) with pi(s,t) = s and pa(s,t) =t for
all (s,t) € [0,00) x [0, 00).

We have G(s,t) = fa(s) — fi(t) < fa(s) < s for all (s,t) € [0,00) X
[0,00), therefore, the condition (G1) from Definition 1.9 is satisfied.
If G(s,t) = s, then the above inequalities hold as equalities, hence
fi(t) = 0 and fo(s) = s. If fi(t) = 0 implies t = 0, then we obtain
t = 0. If fo(s) = s implies s = 0, then we get s = 0. In any case, it
follows that s = 0 or ¢t = 0.

2) The continuity of G : [0,00) x [0,00) — R follows from the
continuity of f3, f1: [0,00) — R and the continuity of the projections
p1, P2 = 0,00) X [0,00) = [0, 00).

The condition (G1) from Definition 1.9 is satisfied, since G(s,t) =
f3(s)fa(t) < f3(s) < s. Assume now that G(s,t) = s. Then
the latter inequalities hold as equalities, so (i) f3(s) = s and (ii)
f5(s) (fa(t) —1) = 0. If it is assumed that f3(s) = s implies s = 0,
then by (i) we get s = 0. In the case where f3(s) = s # 0, the above
assumption on f3 does not hold, therefore fy(t) = 1 implies t = 0,
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whence using (ii) we get t = 0. In any case, it follows that s = 0 or
t = 0, therefore G satisfies condition (G2). O

In the following examples, G : [0,00) x [0,00) — R is a C'—class
function, 1 is an almost altering distance function, and ¢ : [0, 00) —
[0,00) is a continuous function such that ¢(t) > 0 for all ¢ > 0. In all
these examples, it turns out that the function Hy, : Ri — R belongs
to the class F. So, using C'—class function and almost altering distance
functions many examples of functions belonging to the class F can be
obtained.

For brevity, denote v; = (1,0,1,0,0,1), v, = (1,0,0,1,1,0) and
vz = (1,1,0,0,1,1).

Example 4.7.

H,y (tla s 7t6) = w(tl) -G (w(fl (tla s 7t6))790(f1 (tla s 7t6)>> ’
where f1 (tl, ce ,tﬁ) = Inax {tz, t3, t4, t5, tﬁ}
Example 4.8.

Hy (tr,oote) = () =G (t, - t6)) (2 (B 86)))
where fg(tl,...,t6) = max{tg,tg,t4,(t5—|—t6)/2}.

Example 4.9.
H3 (tla ce >t6) = ¢(t1) -G (d}(fl (tb ce vtﬁ))v ¢<f2 (th s >t6))) )
where fl (tla"'7t6) = maX{t27t37t4vt5at6} and fQ (t17"'7t6) =

max {tg, t3, t4, (t5 + t6)/2} .
Example 4.10.
Hy (t1, ... te) = ¥(t1) — G (V(f2 (t1,- -, t6))s p(f1 (L1, - - -5 t6))) s

’LUh,GTE fl (tl,...,tg) = max{tg,tg,t4,t5,t6} and fg(t]_,...,tG) =
max {tg, tg, t4, (t5 -+ t6)/2} .

Example 4.11.
Hs (t1,...,ts) = ¥(t1) — G @(f3(t1,...,ts)), o(f1 (t1,..-,16))),
where f3(t1,...,ts) = max {v/lats, Visle, Viats, Vists}
and fi (t1,...,ts) = max {ta, t3,t4,t5,t6}-
Example 4.12.

H6(t1,...,t6) = ¢(t1)_G(w(fgl(tl,...7t6))7@(f4(t1,...,tﬁ))),

sty tsts
where fq(t1,...,t¢) = max\ tg,t3,ty, ——, .
f4(1 6) X{2341+t2 1+,
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We will check that the functions given in the above examples are in
the class F.
Let i € {1,2,3,4,5,6}. For each k € {1,2,3}, we have H;(tv;) =
P(t) —G(Y(t), ¢(t)). By condition (G1) from Definition 1.9 H;(tvy) >
0 for all ¢ > 0. According to condition (G2) from Definition 1.9,
H;(tv,) = 0 implies ¥ (t) = 0 or ¢(t) = 0, hence t = 0, by condition
(A2) from Definition 1.8 and the assumption ¢(¢) > 0 for all ¢ > 0.
Then H;(tvg) > 0 for all ¢ > 0 and all £ € {1,2,3}, therefore H;
belongs to the class F, according to Definition 2.1.

Example 4.13.

H;(t1,...,tg) = Y(t1) — G @(f5(t1,. .-, te)), (f2 (t1,...,16))),
where f5 (t1,...,ts) = +tatz + Vtsts + Vst + Viste
and fo (t1,...,ts) = max{ta, 13,14, (t5+ t6)/2}
For k € {1,3}, we have H,(tvy) = (t) — G(¢(t),p(t)) and, as

above, we see that Hy(tvg) > 0 for all ¢ > 0. In addition, Hz(tvy) =
P(t) = G((0), (1) = ©(t) — G(0,¢(t)), but G(0, ¢(t)) < 0 for all
t >0 and ¢(t) > 0 for all £ > 0, hence Hr(tve) > 0 for all ¢ > 0.

In the following example we will assume that v is an altering dis-
tance function, as monotonicity is needed.

Example 4.14.
Hg (t1,...,t)

V(t1) — G (Y(fe (t1,-- -, t6)), o(f1 (t1, ..., 16)))
Vitste + tats + /tsts

1+1t3
and fi (t1,...,ts) = max{to,ts,ty, 15,16} .

For k € {2,3}, we have Hg(tvy) = ¥(t) — G(¥(t),p(t)), hence
Hg(tvg) > 0 for all ¢ > 0. In addition, Hg(tvy) = ¥(t) —
G (v (ﬁt) ,o(t) = ¥(t) — ¥ (i45). As we assumed that ¢ is non-

1+t

where fo (t1,...,tg) =

decreasing and ;& < ¢ for all ¢ > 0, it follows that Hy(tv) >
Y(t) — @b(ﬁt) > 0 for all ¢ > 0. Moreover, if Hg(tvy) = 0, then
(0 (1L+t) =0 or ¢(t) =0, hence t = 0.

Theorem 4.15. Let (X,d) be a semimetric space, where d is
1—continuous and satisfies condition (H.E.) from Definition 1.53. As-
sume that G : [0,00) x [0,00) — R is a C'—class function, 1 is an
almost altering distance function and ¢ : [0,00) — [0,00) is a contin-
uous function such that @(t) > 0 for all t > 0.

Let fi, fa 1 [0,00)°> = [0,00) such that for each i € {1,2}, allt >0
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and all (tg,ts,tq,t5,1t6) € {(0,¢,0,0,¢);(0,0,¢,¢0);(¢,0,0,t,t)}, we
have fz (tg, tg, t4, t5, tﬁ) =1.
Define w : [0,00)° = [0,00) X [0,00) by w = (1o f1, 00 fo).
Let A, S, B, T be self-mappings of X such that for all x,y € X the
following inequality holds
(4.4)
Y(d(Az, By)) < G(w(d(Sz, Ty), d(Az, Sx),d(By, Ty), d(By, Sz), d(Az, Ty))).

If the pair (A, S) satisfies the common limit range property with respect
to T, then

(1) A and S have at least one coincidence point and

(2) B and T have at least one coincidence point.

Moreover, if both (A,S) and (B,T) are pairs of weakly compatible
mappings, then

(8) A, S, B, T have a unique common fized point.

Proof. Define H : [0,00)° — [0, 00) by

H(tlat27t37t4yt57t6) = w(tl)
—G (Y (f1 (to,t3,ta,ts5,t6)) , 0(fa2 (L2, L3, ta, b5, 16))) -

For all £ > 0 and for all

(tg, ts, tyq, 15, ta) S {(O, t,0,0, t) ; (0, 0,t,t, O) ;
by calculations that G (¢ (f1 (t2, t3, 4, 5, t6))
G (1), (1)),

Consider in RS the following vectors : v; = (1,0,1,0,0,1), vy =
(1,0,0,1,1,0) and v3 = (1,1,0,0,1,1). For each k € {1,2,3} and all
t>0,

(¢,0,0,t,t)}, we can see
7%0(]‘?2 (t27t37t47t57t6))) =

H(tvg) = (1) = G (¢ (1), (1)) -

By condition (G1) from Definition 1.9 H(tvy) > 0 for all ¢ > 0. Ac-
cording to condition (G2) from Definition 1.9, H(tvy) = 0 implies
¥(t) =0 or p(t) = 0, hence t = 0, by condition (A2) from Definition
1.8 and the assumption (t) > 0 for all ¢ > 0.
Then H(tvg) > 0 for allt > 0 and all k € {1, 2,3}, therefore H belongs
to the class F, according to Definition 2.1.

The contractive condition (4.4) can be written as: for all x,y € X,

H(d(Az, By),d(Sz, Ty), d(Az, Sx),d(By, Ty),d(By, Sz), d(Az,Ty)) <0,

Applying Corollary 3.6 with F' := H we obtain the claim. 0
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