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GROWTH ESTIMATES BASED ON (q,3,7)-TYPE FOR
THE NEVANLINNA CHARACTERISTIC OF A
DIFFERENTIAL POLYNOMIAL GENERATED BY A
MEROMORPHIC FUNCTION

BISWAJIT SAHA AND CHINMAY BISWAS

Abstract. The notions of («, 3,7)-order and (a, §,7)-type have
been introduced by B. Belaidi and T. Biswas, as tools for the investi-
gation the growth of the solutions of linear differential equations with
meromorphic coefficients. In this paper, the notions of («, 3, y)-order
and («, 8,7)-type are used to estimate the growth of the Nevanlinna
characteristic of a differential polynomial generated by a meromorphic
function by comparison with the Nevanlinna characteristic of a com-
position of this function with another meromorphic function, one of
these functions being entire function.

1. Introduction

Throughout this paper, we assume that the reader is famil-
iar with the fundamental results and the standard notations of the
Nevanlinna theory of meromorphic functions which are available in
[7, 8, 10, 11]. We also use the standard notations and definitions of
the theory of entire functions which are available in [9] and therefore
we do not explain those in details.
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Let f be an entire function defined in the open complex plane C
and M (r) = max {|f(2)| : |z| = r}. When f is meromorphic, one may
introduce another function T (r), known as Nevanlinna’s characteristic
function of f (see [7, p.4]), playing the same role as My (r), which is
defined as

Ty(r) = Ny(r) +my(r),

wherever the function N¢(r,a)(N;(r,a)) known as counting function
of a-points (distinct a-points) of meromorphic f is defined as follows:

t —
Ni(r,a) = /"f( @) t ”f(o’a)dt—i—nf(o,a)log'r

0

Ny(r,a) = /nf(t,a) ;nf(o’a)dt +71s(0,a)logr |,
0

in addition we represent by ns(r,a)(7s(r, a)) the number of a-points
(distinct a-points) of f in |z| < r and an oo -point is a pole of f. In
many occasions N (r,00) and N ;(r,00) are symbolized by N(r) and
N (r) respectively.

On the other hand, the function m¢(r, co) alternatively indi-
cated by ms(r) known as the proximity function of f is defined as:

2
1 )
my(r) = %/10g+ |f(re®)|df, where
0

log" 2 = max(log z,0) for all x > 0.
Also we may employ m(r, f—ia) by my(r, a).

Remark 1.1. If f is entire, then the Nevanlinna’s characteristic func-
tion T¢(r) of f is defined as

Ty(r) = mg(r) for every r > 0.

Further let ng,ni,ng,.....n.  be nonnegative integers. For a
transcendental meromorphic function f, we call the expression M|[f] =
fro(fanm(f@yre (f*®))™ to be a monomial generated by f. The

numbers vy = ng +ny + Ng + ....... +ng and I'yy = ng + 2nq + 3ng +
....... + (k + 1)ny are called respectively the degree and weight of the
monomial. If My [f], Mz [f], ....., M,[f] denote monomials in f, then

Qf] = ar My [f] + aoMs[f] + ... + a, M,[f],
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where a; # 0(i = 1,2, ...,n) is called a differential polynomial gener-

ated by f of degree 7o = max{yy; : 1 < j < n} and weight I'g =

max{I'y;, : 1 <7 <n}. Also we call the numbers g = lgljg vmj and
107 1252

k (the order of the highest derivative of f ) the lower degree and the
order of @ [f] respectively. If v = v¢, Q [f] is called a homogeneous
differential polynomial. o

Now, first of all, let L be the class of continuous non-negative
on (—oo, +00) function « for which there exists some real number z,
depending on a, such that a(z) = a(zg) > 0 for z < zy with a(z)
+00 as € L and and there exist some real constants Ry and ¢ such
that a(a+b) < a(a)+ «a(b)+c for all a,b > Ry and fixed ¢ € (0, +00).
Further we say that o € Ly, if @ € L and a(z+0O(1)) = (14 0(1))a(x)
as * — +o00. Finally, o« € L3 if @ € L and a(a + b) < a(a) + a(b) for
all a,b > Ry, i.e., « is subadditive on [Ry, +00). Clearly L3 C L;.

Particularly, if o € L3 and we fix some Ry > 0, then it follows
by induction over m that a(mr) < ma(r) for all r > Ry and all
positive integers m. Up to a normalization, subadditivity is implied by
concavity. Indeed, if a(r) is concave on [0, +00) and satisfies a(0) > 0,
then for ¢ € [0, 1],

alte) = ate+(1—1t)-0)
> ta(z) + (1 —t)a(0) > ta(x),

so that by choosingt:a%rbort:a%b, we obtain
(a+b) © ofatb)+ —afa+b)
ala = ala —a(a
a+b a+b

< a(aib(a+b)) +a<aib(a+b))

= «afa) + «a(b), a,b>0.

If v is a non-decreasing, then «a(r) satisfies

a(r) < a(r+ Ro) < a(r) + a(Ro)
for any Ry > 0. This yields that a(r) ~ a(r + Ry) as r — +o0
which implies the ratio a(r)/a(r + Ry) is equal to 1 as r — +o0.

Throughout this paper we assume that o € Ly, 8 € Ly, v € Ls.
Heittokangas et al. [6] have introduced a new concept of -
order of entire and meromorphic functions considering ¢ as subadditive
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function. For details one may see [6]. Later on Belaldi et al. [1]
introduced the notions of («, 3, y)-order and («, 3, ~)-lower order of a
meromorphic function f, which are defined as follows:

Definition 1.2. [1] The («,3,v)-order denoted by pwps)[f] of a
meromorphic function f is defined as:

e 200 T0)
sl ] =00 o5 log(a ()

r—-+o00

Definition 1.3. [1] The (a, 3,7)-lower order denoted by Ao, |f] of
a meromorphic function f is defined as:

= limin M
Aa,8,7) [f] = lrﬁ+oof S (log(y(r)))

Belaidi et al. [2] have also introduced the definition of the growth
indicator, called (a, 3,7) type of a meromorphic function f in the
following way:

Definition 1.4. 2] The (o, 3,7) type denoted by 0o p~)[f] of a mero-
morphic function f having finite positive (c, B,7) order
(0 < prasylf] < +00) is defined as :

O(a = limsu exp(a(log (Ty (r)))) '
(@pm|f] = limsup (exp (8 (log(y(r))))) s ]

In this line, Biswas et al. [4] have recently introduced the defini-
tion of another growth indicator (a, 3, 7) lower type of a meromorphic
function f which is as follows:

Definition 1.5. [4] The (a, 3,7) lower type denoted by T (a5 [f] of
a meromorphic function f having finite positive («, 3,) order

(0 < prasylf] < +00) are defined as :
_ o exp(a(log (T (r
T (a8, f] = liminf (aflog (T ( 2))1 ik
Tt (exp (8 (log(v(r))))) >
It is obvious that 0 < T )| f] < Tapmlf] < +o0.

In this paper, we aim to establish some results depending on
the comparative growth properties of composite transcendental entire
or meromorphic functions and some special type of differential poly-
nomials generated by one of the factors on the basis of («, 3,7) type
and (o, 3,7) lower type.
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2. Lemmas

In this section, we present some lemmas which will be needed
in the sequel.

Lemma 2.1. [3] Let f be a transcendental meromorphic function and
F = f"Q[f] where Q [f] is a differential polynomial in f, then for any
n>1
Tr(r) = O{Tp(r)} asr — oo
and Tp(r) = O{Ty(r)} asr — oc.
Lemma 2.2. [5] Let f be a transcendental meromorphic function and
F = f*Q[f] where Q [f] is a differential polynomial in f, then for any
n>1,

Plap) [F] = pasy ] and Na,sq [F] = Aas [f] -
Lemma 2.3. Let f be a transcendental meromorphic function and
F = fQ|[f] where Q [f] is a differential polynomial in f, then for any
n>1,

Ta ) [F] = 0apm [ and Tapq) [F] = Tapq [f]-

Proof. There exist some constants p, ¢ > 1 such that for all sufficiently
large r we have

(1) Ty(r) <p-Tp(r)
and
(2) Tr(r) < q-Ty(r).

Now from (1) it follows that for all sufficiently large values of
T?
logT¢(r) < logTr(r)+ logp,
which implis a(logTy(r)) < (14 o(1))a(logTk(r)),
therefore exp [(a(logTy(r))] < exp[(1+o(1)) a(logTr(r))].
Now using Lemma 2.2, we have for all sufficiently large values of r,
exp [(alog Ty(r))]  _ exp[(1+0(1)) allog Tr(r))]

(exp (B8 (log(y(r)))) s (exp (B (log((r))))) 0V
which implies
exp [(a(log Ty(r))]

exp [(1 + o(1)) a(log Tk(r))]

lim su lim sup

oo (exp (B (log((r))))) esml] oo (exp (B (log(~(r))))) sl

(3) hence, O (a,8,7) [f] < O (a,8,7) [F]‘
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Similarly, from (2) we find that for all sufficiently large values
of r,

logTp(r) < logTy(r)+logg,
so, aflogTr(r)) < (14 o0(1))a(logTy(r)),
hence, exp [a(logTr(r))] < exp[(1+ o(1))a(logTy(r))].

Now using Lemma 2.2, we have for all sufficiently large values of r,

exp [a(log Tr(r))] . exp[(1+o(1))a(log Ty (r))]
(exp (8 (log(v(r)))" = (exp (8 (log(7(r))))) st
: exp [a(log Tr(r))] . exp [(1 + o(1))a(log Ty(r))]
so, limsup P o< lim sup P Gk
r=too (exp (B (log(v(r))))) r=+oo (exp (B (log((r)))))" >
(4) hence, 0'(0475,7) [F] S O'(aﬁﬁ) [f] .

Therefore, from (3) and (4), we get that

O(,8,7) [F] = O (o,8,7) [f]-
In a similar manner, G, g, [F'] = T(a,8,7) [f]-
Thus, the lemma follows. O

3. Main results

In this section, we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function and
g be an entire function such that pupg-)[f © 9] = pasylf], 0 <
T lfl < d@pylf] < +00 and 7apqylf o gl = +00. Also, let
F = f"QIf] where Q|[f] is a differential polynomial in f for some
n > 1, then

L exp(aon (T (1))

im
r—+oo exp(a(log (Tr (1))))

Proof. Suppose that the conclusion of the theorem does not hold.
Then we can find a constant A > 0 such that for a sequence of values
of r tending to infinity

(5) exp(a(log (Tyeq (1)))) < A - exp(a(log (Tk (7).

It follows from Lemma 2.3 and Definition 1.2 that for all sufficiently
large values of r,

(6)
exp(a(log (Tr (1)) < (7asm[f] +€) (exp(Blog(y(r))))) e,

= 4-00.
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From (5) and (6), for a sequence of values of r tending to 400, we
have

exp(a(10g (Tyy (1)) < A (0105 [f] + £) (exp(Blog(y(r)))) s,
exp(a(10g (Tyeg (1))
(o (3og(1() s iea = Aol + o),

therefore, lim inf exp(a(10g (Tyo (1))))

r=+o0 (exp(B(log(y(r))))) s led
Hence from Definition 1.3, we have

which implies,

< 400

T(apmf 0 g] < +o0.

We obtain a contradiction.
Thus, the theorem follows. O

Remark 3.2. Theorem 3.1 is also valid with “limit superior” instead
of “limit” if “Napylfogl = 400" is replaced by “pa,p~)|[fog] = +00”
and the other conditions remain the same.

Theorem 3.3. Let f be a transcendental meromorphic function and
g be an entire function such that 0 < (a8~ [f] < 0(apyf] < +00,

0 <T(apylfog] < 0(apylfogl <+oo and papsylf] = papylfogl
Also, let F = f"Q [f] where Q[f] is a differential polynomial in f for

somen > 1, then

Taslf 0] - explalog (Tye (1))

O(a,8,7) [f] r—=+00 eXp(a(log (TF (r))))
< min {6(0"677) [f o] I(a,8,7) [f og] }

Tasnlfl 7 Oapmlf]
< max {E(fﬁﬂ) [f o 9]’ O(apyf © g]}
Tasnlfl  O@smlf]
i (0 Ty () _ a0 0]
r+oo exp(a(log (TF (r)))) T (0,57 f]
Proof. From the definitions of (4 [f], T(a,89)[f], T(a,s)[f © g] and

T (a8 |f © g] and using Lemma 2.2 and Lemma 2.3, we have for arbi-
trary positive (> 0) and for all sufficiently large values of  that

(7)
exp(a(log (Tjeg(r)))) < (0(asm[f © 9] + £) (exp(Bllog(y(r))))) sl
(8)
exp(a(108 (Trog(1)))) = (Frasylf ©9] ) (exp(Bllog( (1)) Piesn i),

<
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(9)

exp(a(log (Tr(r)))) < (Fapmf] + ) (exp(Blog(y(r))))) s,
(10)

exp(a(log (Tr(1)))) = (o lf] — ) (exp(Bllog(r(r)))Pes

For a sequence of values of r tending to infinity, we get that
xplaio (Trog(r)))) > (010,50 o9 —2) exp(Bllog(y(r))))) s o0,
explaio8 Tyl ) < (G © 9] + €) (exp(Bllog(y(r)))))Pesmld],
" xolalog (To(r) < (Frasnlf] + ) (exp(Bllog(y(r)))))es 1,

" evlalon (o) 2 (0(ason [f] — 2) (exp(Bllog(y(r)))) o2,

Now, from (8), (9) and the condition p(.g)[f © 9] = pasylf], it
follows for all sufficiently large values of r that

exp(a(108 (Tyoy (1) - Fapplf 0.9) =
exp(alog (Te() = Oomlfl+e

As e (> 0) is arbitrary, we obtain from the above that

exp(a(10g (Trog(r)))  T(asmlf © 9]
- (a8 f] '

Combining (12) and (10) and the condition p s.+)[f09] = pra,s4)f];
we get for a sequence of values of r tending to infinity that

(15) l,l,gﬂl&f exp(a(log (TF(T))))

exp(a(10g (Trog(r))) _ T(apmlf o9l +e
exp(a(log (T (7)) = Tapylfl —¢

Since e (> 0) is arbitrary, it follows from the above that

i EP(@0g (Treg (1)) Tasnlf © 9]
(16) lim inf oxp(allos (1)) = T enll]

Now, from (8), (13) and the condition p(,g~)[f © g] = pra,s) [ f]; we
obtain for a sequence of values of r tending to infinity that
exp(a(l0g (Tyog(r))) | T(apmlf o9l —¢
exp(a(log (Tk(r)))) — Tasmlfl+e




GROWTH OF SPECIAL TYPE DIFFERENTIAL POLYNOMIAL 7

As e (> 0) is arbitrary, we get from above that
0 e RO Ty (1) | Fasnlf o5l
oo exp(a(log (Tp(r)))) — Tapyl/]
In view of the condition p,s)[f © 9] = p(asqlf]; it follows from
(10) and (7), for all sufficiently large values of r that
exp(a(l0g (Tyog(r))) _ T(applfogl+e
exp(a(log (Tr(r))) = Tapylf] —¢

Since e (> 0) is arbitrary, we obtain that
log (T a
rtoo exp(a(log (Tk(r)))) T(apS]
Now, from (7), (14) and the condition p.s[f © 9] = p(a,s[f], it
follows that, for a sequence of values of r tending to infinity
exp(a(108 (Tyey(r)))) _ Tplf 06)+ ¢
exp(a(log (Tr(r)))) = glpynfl —¢
As e (> 0) is arbitrary, we obtain that
log (T, a
ho ROl D) _ cwslf o)
r—+oo exp(a(log (Tr(r)))) T (a8, /]

So, combining (9) and (11) and in view of the condition p(,,g.)[f o]
= pPapyf], we get for a sequence of values of r tending to infinity
that

<

exp(a(log (Tyos(r))) _ Ttapnlfogl—¢
exp(a(log (Tr(r)))) Tapmlfl +e
Since € (> 0) is arbitrary, it follows that

im su exp(a(log (Troy(r)))) _ O(apsmlf © 9]
(20) 1r—>+oop exp(a(log (Tr(r)))) = (s ]

Thus the claim of the theorem follows from (15), (16), (17), (18), (19)
and (20). O

The proof of the following result is similar to that of Theorem 3.3
and therefore we omit its proof.

Theorem 3.4. Le Let f be a transcendental meromorphic function
and g be a transcendental entire function such that 0 < T(a,4)[g9] <
Tlapm 9] < +00 and 0 < Fapmlf 09l < owpylfogl < +oo and
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Pl = papylf ogl. Also, let G = ¢™Q [g] where Q[g] is a
differential polynomial in g. Then for some m > 1,

Tapmlfogl . . cexp(a(log (Tre (r))))
Oasmlg]  ~ roteo expla(log (T (1))
< min {E(a,m) [fog]l o@pnlfo 9]}

Gasylgl  Oapmld]
< max {5(3,@7) fog desnlf g]}
T (a,8.7)19 (57 9]

]
mwuemﬁﬂbgﬂﬁﬂﬂ») O(a,8)f © 9]
= 1T~>+oop exp(a(log (T (1)))) = F(apm9]
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